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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues driven by a single on-off source

* Fluid queues driven by multiple on-off sources
* Fluid queues driven by Markov jump processes
 Tandem fluid queues

11-5-99 Samuli Aalto




Characterization of the output process for some fluid queues
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Characterization of the output process for some fluid queues
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Characterization of the output process for some fluid queues

* Input rate ry(?)
— varying randomly
— gradual input!

» Buffer size
— finite or infinite

* Leakrate c;
— max output rate
— gradual output!

Z(t) =Z(0) +}r0(u)du—}r1(u)du
0 0

mmin{ro(t), ¢}, if Z(t) =0

r(t) =

O=0 ¢ it zm>o
» Buffer content process Z(1)
« Output rate process ry(1)
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Characterization of the output process for some fluid queues
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Characterization of the output process for some fluid queues

Evolution assumed that ry(t) > ¢, whenever ry(t) >0
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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues driven by a single on-off source

* Fluid queues driven by multiple on-off sources
* Fluid queues driven by Markov jump processes
 Tandem fluid queues
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Characterization of the output process for some fluid queues

» On-off source with rate ¢, :
— Idle periods ~ Exp()) (o (on) _ o, Th—2,
— Active periods ~ F() A

* Cp< Cq =>Iinput = output

e Assumption:

Co- G

=> output looks like another on-off source (with rate c;)
- idle periods ~ Exp(A)
- active periods?
* Notation:
c=d
Co
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Characterization of the output process for some fluid queues

Evolution
A a4 I a Iy ay g
Input rate Peak rate ¢,
ro(f) Leak rate ¢
> Timet
A
Buffer content
oy \
Z(1) Y ¢
> Timet
Output rate A, A, b
r1(9 Leak rate ¢
> Timet
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Characterization of the output process for some fluid queues

Result:

— active periods A on the output line ~
busy periods B in an M/G/1 queue with

arrival rate (1 - ¢)A and service time distribution function F(ct)
Proof:

Zm—l C Zm—l(am +'m)}

A=inf{sh %

n=1
Since

Zm—l s S m=1(@m +im) = Zm—laml €<y matim

we get

Zm—l C Zm—ll- }

= Inf
n=1

Zm—l C
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Characterization of the output process for some fluid queues

Construction of the related M/G/1 workload process
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Characterization of the output process for some fluid queues

e Result:

— tail distribution of the buffer content Z [
tail distribution of the workload Vin an M/G/1 queue with

arrival rate A/c; and service time distribution function F(z/(c,-c,)):
P{Z>2Z =y[P{V >z

* |dea of the proof:
— Z{(1) = buffer content during idle periods of the source
« in the beginning of an idle period: jumps up a,(c, - ¢;)
« during idle period: decreases with rate -c;
- V(Clt) = Z/(t)

P{z>2z2C P{z,>2 =PV >27
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Characterization of the output process for some fluid queues

Construction of the related M/G/1 workload process
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Characterization of the output process for some fluid queues

e Let
Co Ab
C 1+ AL

e Since E[ZX = )*E[VX], we have (whenever p< 1)

By = E[a¥] p=

E[7] = f2C-C p
26,1+ AB 1-p
p2z)= P2 G~ b,

360 1+AB 1-p

BB B - p g@cl_ 1 %
LiC 1+AL [1-p[ [Cp 2(co—c)A+A5)
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Characterization of the output process for some fluid queues

* Fluid queue
* Fluid queues driven by a single on-off source

* Fluid queues driven by multiple on-off sources

* Fluid queues driven by Markov jump processes
 Tandem fluid queues
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Characterization of the output process for some fluid queues

e Assumption:
Co > G 2

=> output looks like another
on-off source (with rate ¢;) ~

* Rubinovitch (1973): ¢y = ¢; =>

A
@@

A
(o) (on)

Kt e
A

]

]

(o) (on)
4_

A

— active periods on the output line ~
busy periods in an M/G/1 queue with

arrival rate (N - 1)A and service time distribution function F({)

« Boxma & Dumas (1998), Aalto (1998) [4].

— active periods on the output line ~
busy periods in an M/G/1 queue with

arrival rate (N - ¢)A and service time distribution function F(cf)

- idle periods ~ Exp(NA)
- active periods?

11-5-99 Samuli Aalto

18




Characterization of the output process for some fluid queues

e Assumption:
cg) > ¢, foralli 2

=> output looks like another
on-off source (with rate ¢;) ~

« Kaspi & Rubinovitch (1975): ¢/, = ¢, for all j =>

A
@@
1

A
(oe>(on)
. Fy(0) -
(] )\ (]
(o e>(on)

Fa(D)

- idle periods ~ Exp(ZA;)
- active periods?

— characterization of the active periods on the output line by

Laplace transforms

« Boxma & Dumas (1998), Aalto (1998) [4].
— characterization of the active periods on the output line by

Laplace transforms
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Characterization of the output process for some fluid queues

Idea of the proof: insert intermediate buffers

noR

=
x

)

l@

|
D0 O

Zl=Z~11- cee’ ZlN - ZZ

=> outputs from the two systems are identical!
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Characterization of the output process for some fluid queues

* Fluid queue
* Fluid queues driven by a single on-off source
* Fluid queues driven by multiple on-off sources

* Fluid queues driven by Markov jump processes

 Tandem fluid queues
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Characterization of the output process for some fluid queues

A
| H(CrmaCHINS
 A-M-S model first analysed by H

Anick, Mitra & Sondhi (1982) f-_» % N,
e Assumption: H

# A
0rH RCHrma )
e |nput rate is modulated by a :

finite state Markov birth-death process J(1): ry(f) = J(f)Cy
e Aalto (1994) ITC-14:

— characterization of the output rate process by constructing another
Markov jump process, which modulates the output rate:

() =d(J (1)
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Characterization of the output process for some fluid queues

* Input rate is modulated by the following birth-death process J(¥):

DT+« @D

(NI

* In general, the ouput rate is modulated by a 3-dimensional
Markov jump process (with an infinite state space)

« However, if ¢y > ¢4, then the output looks like an on-off source
and it is modulated by the following birth-death process:

NA (N—0)A—(N—-Q)A—(N—Q)A
OEOR Oz dE

— note that, the active periods of output line ~
busy periods in an M/M/1 queue with parameters (N - ¢)A and clt
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Characterization of the output process for some fluid queues

Input rate
ro(t)

Buffer content
Z(1)

Output rate
ry(%)

ro) |

J|_|—|_|7 ¢, Leak rate ¢q

o Timet
Z(t) A
= _
t Time t
|
j j G Leak rate ¢
'[= Time t
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Characterization of the output process for some fluid queues

* Input rate modulated by a (general) Markov jump process J()

| ro(t) = fo (I (1))
e Assumption 1:

fo(]) Zc forall |

e Assumption 2:

— visits to underloaded (f,()) < ¢;) and overloaded (f,()) > c;) states
constitute an alternating renewal process

» Aalto (1998) [3]:

— characterization of the output rate process by constructing another
Markov jump process, which modulates the output rate:

r(t) = fr(I (1))
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Characterization of the output process for some fluid queues

* In general, the ouput rate is modulated by a (2d+1)-dimensional
Markov jump process (with an infinite state space), where d
refers to the dimension of J()

 Example (Fluid gueue driven by an M/M/oo queue):
— Input rate is modulated by the following birth-death process J():

A A A A
e D s e

— If ¢, > ¢4, then the output looks like an on-off source and it is
modulated by the following birth-death process:

A A A A
@—.C_;@TC_J@—,C_;@%’ ¢ oo M/M/1
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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues driven by a single on-off source

* Fluid queues driven by multiple on-off sources
* Fluid queues driven by Markov jump processes

 Tandem fluid queues (joint work with Werner Scheinhardt)
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Characterization of the output process for some fluid queues

» On-off source with rate ¢, :
— Idle periods ~ Exp()) (o (on) S, Th-4 Th-2
— Active periods ~ F() A
* Ciq < c;=> buffer i empty
e Assumption:

o - G B

=> output from buffer /looks like another on-off source
(with rate c)

- idle periods ~ Exp(A) A ¢y c,
- active periods? 47 g O >
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Characterization of the output process for some fluid queues

Evolution
A a / a I a I
Buffer content 1A of U2 3 3
, Q
Z,() W/ "4
>
A
Output rate c,
ry(9)
>
A I A, |
Buffer content ! 12y 2
Gy 22 Ka
Z,(1) = N2
>
Output rate
I’2(t) C2
>
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Characterization of the output process for some fluid queues

e Result:

— non-empty periods of buffer i ~
busy periods in an M/G/1 queue with

arrival rate A(c,-c)/c, and service time distribution function F(c;t/c,)
* |dea of the proof: combine the two buffers

A C c c A C c
—> 0 1 2 —> 0 2
o= _[o—=>  [o= | = || (Dl => [0

A A

Z,-2,=2,

=> outputs from the two systems are identical!
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Characterization of the output process for some fluid queues

* Let
_ k R — k - =T P
=E@]  Ac=Elao)] A=
* Result: If 0;< 1, then

1 i — 4

e 2,31%“\,315 ai—10;

D [Z]_ /83 g(al—l al
3B, +A,31 a’a;

~ 4
(a —1 0’ | _ _
g@H TR (@11 20, ~40pia 1)
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Characterization of the output process for some fluid queues

e Let
g = 4P3f1

333

(1+AB;) —4A5;

* Result: If 0, <1, then
2 2
g @0 ta1)ma;  (ag +apa; +a1)a;
2 04y

Corr[Zl, Zz] =

J Bagal +ag(ag + 201)\/ Balzaz +aq(aq +20a5)

* |dea of the proof:
2Cov[Zy,Z,] = D?[ 2y + Z,] - D?[Z4] - D?[Z,]
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Characterization of the output process for some fluid queues

Example (1)

@ | > o> T
Exp(1)

Stability condition:

1=cy>c,>cy,>0.2
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Characterization of the output process for some fluid queues

Example (2)

11-5-99
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Characterization of the output process for some fluid queues

 Tandem fluid queue driven by multiple on-off sources

A
1| (o) g,

F() 1 2 M
A, c
2 ‘F(_) *ﬁ @) —>Cl @) —>02 XX _;CM_ _>CM
[
. . /
([ J )\ ([ J
—>
CHr=Cy
H?)
e Assumption:
C0>C1>C2>...>CM
=> output from buffer /looks like another on-off source
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Characterization of the output process for some fluid queues

=\
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