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Characterization of the output process for some fluid queues

Background: ordinary single server queue
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* Busy period B:

B= i,gfliz?nzlxm\inmzlxm < znm:1tm}
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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues fed by a single on-off source

e Fluid queues fed by multiple on-off sources

* Fluid queues driven by Markov jump processes
 Tandem fluid queues
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Characterization of the output process for some fluid queues

1 CHCHCH ,

5 CHCH >

. [0 CHCHCHCE

: > |:||:||:|O (BCB  CRCRCECE

N-1 >

N 13
Input lines Buffer Output line
i=1,2,....N

24-6-99 Samuli Aalto




Characterization of the output process for some fluid queues

- [ | O

CICH  CICHCICD

vV v v vV vV VY

Input lines Buffer Output line
i=1,2,....N

24-6-99 Samuli Aalto




Characterization of the output process for some fluid queues

* Input rate Ry(1)
— varying randomly
— gradual input!
» Buffer size
— we assume: infinite
* Leakrate ¢;
— max output rate
— gradual output!

OI_II_I;

Z(t) =Z(0) +}R0(u)du—} R, (u)du
0 0

R0 = émin{Ro(t),q} Jif Z(t)=0

G Jf Z(t) >0
» Buffer content process Z(1)
» Output rate process R(1)
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Characterization of the output process for some fluid queues

Input rate  ro(t) |
Ry (f) j J|_|—|_|7 ¢, Leak rate ¢q
o Timet
Buffer content  z(t) ] :
20 ® gradual input
gradual output
et _
t Time t
Outputrate ) |
R1(1) j JJ G Leak rate ¢
'[= Time t
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Characterization of the output process for some fluid queues

Evolution assumed that Ry(t) > ¢; whenever Ry(t) >0

A
Input rate
Ro(?) Leak rate ¢y
> Time t
A
Buffer content
Z(t)
> Time t
Output rate
Ry (1) Leak rate ¢y
Time t
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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues fed by a single on-off source

e Fluid queues fed by multiple on-off sources
* Fluid queues driven by Markov jump processes
 Tandem fluid queues
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Characterization of the output process for some fluid queues

» On-off source with rate ¢, :
— Silent periods ~ Exp(\) (o e(on) _o T4,
— Active periods ~ F(1) A1

* Cp< Cq =>Iinput = output

e Assumption:

Co- G

=> output looks like another on-off source (with rate c;)
- silent periods ~ Exp(A)
- active periods?
« Notation:
c=d
Co
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Characterization of the output process for some fluid queues

Evolution

Input rate
Ro(D)

Buffer content
Z(1)

Output rate
R1(1)

>
A
Oy ©
W/ N
>
A S, A S,

Source rate Co
Leak rate ¢

Time t

Time t

Leak rate ¢

Time t
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Characterization of the output process for some fluid queues

e Result:

— active periods A on the output line ~
busy periods B in an M/G/1 queue with

arrival rate (1 - ¢)A and service time distribution function F(ct)

* Proof:
A= {3 i S5 1 (Co = Cr)am < 3 s i
Multiply by co/(c1(cp - €1)):

N 3
A= '”f{Z”mﬂ?

n=1

> nmzl% <> nmzl%}
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Characterization of the output process for some fluid queues

Construction of the related M/G/1 workload process
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Characterization of the output process for some fluid queues

Result:

— tail distribution of the buffer content Z [
tail distribution of the workload Vin an M/G/1 queue with

arrival rate A/c; and service time distribution function F(z/(c,-c,)):
P{Z>2Z =y[P{V >z

|dea of the proof:
— Z(?) = buffer content during silent periods of the source
« in the beginning of silent period s, : jumps up a,(c, - ¢;)
« during silent period s, decreases linearly at rate -c;
- V(t) = Z(t/c,)

P{z>2Z4C P{zZ;>2Z =P{V>27
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Characterization of the output process for some fluid queues

Construction of the related M/G/1 workload process

a S &

LY
N

Buffer content
Z(1)

Buffer content

Z4(® &
\ .
>
Workload
%6 N
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Characterization of the output process for some fluid queues

e Let
Co Ab
C 1+ AL

e Since E[ZX = )*E[VX], we have (whenever p< 1)

By = E[a¥] p=

E[Z]: 162 Co-G P
26,1+ AB1-p

E[72] = Bs (co—c)® p +oHP2 g (co—cy)” H P BZ
36, 1+AB 1-p B Col+AB) [1-pL
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Characterization of the output process for some fluid queues

* Fluid queue
* Fluid queues fed by a single on-off source

e Fluid queues fed by multiple on-off sources

* Fluid queues driven by Markov jump processes
 Tandem fluid queues
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Characterization of the output process for some fluid queues

e Assumption:
Co > G 2

=> output looks like another
on-off source (with rate ¢;) ~

* Rubinovitch (1973): ¢y = ¢; =>

A
@@

A
(o) (on)

Kt e
A

]

]

(o) (on)
4_

A

— active periods on the output line ~
busy periods in an M/G/1 queue with

arrival rate (N - 1)A and service time distribution function F({)

« Boxma & Dumas (1998), Aalto (1998) [4].

— active periods on the output line ~
busy periods in an M/G/1 queue with

arrival rate (N - ¢)A and service time distribution function F(cf)

- sil. periods ~ Exp(NA)
- active periods?
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Characterization of the output process for some fluid queues

e Assumption:
cg) > ¢, foralli 2

=> output looks like another
on-off source (with rate ¢;) ~

« Kaspi & Rubinovitch (1975): ¢/, = ¢, for all j =>

A
@@
1

A
(oe>(on)
. Fy(0) -
(] )\ (]
(o e>(on)

Fa(D)

- sil. periods ~ Exp(ZA;)
- active periods?

— characterization of the active periods on the output line by
giving an implicit formula for the Laplace-Steltjes transform

« Boxma & Dumas (1998), Aalto (1998) [4].

— similar characterization
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Characterization of the output process for some fluid queues

Idea of the proof: insert intermediate buffers

Al
@Clo —> O ¢1

2

—94 C)C\l1> Oi>

)

l@

|
D0 O

=
x

CtiZy(t) = Zgg(t)- ...- Zyn ()~ Zp(t)

=> outputs from the two systems are identical!
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Characterization of the output process for some fluid queues

* Fluid queue
* Fluid queues fed by a single on-off source
e Fluid queues fed by multiple on-off sources

* Fluid queues driven by Markov jump processes

 Tandem fluid queues
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Characterization of the output process for some fluid queues

A
| H(CrmaCHINS
 A-M-S model first analysed by H

Anick, Mitra & Sondhi (1982) f-_» % N,
e Assumption: H

# A
0rH RCHrma )
e |nput rate is modulated by a :

finite state Markov birth-death process J(1): Ry(f) = J(f)cy
e Aalto (1994) ITC-14:

— characterization of the output rate process by constructing another
Markov jump process, which modulates the output rate:

Ri(t) = f(I(1))
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Characterization of the output process for some fluid queues

* Input rate is modulated by the following birth-death process J(¥):

DT+« @D

(NI

* In general, the ouput rate is modulated by a 3-dimensional
Markov jump process (with an infinite state space)

« However, if ¢y > ¢4, then the output looks like an on-off source
and it is modulated by the following birth-death process:

NA (N—0)A—(N—-Q)A—(N—Q)A
OEOR Oz dE

— note that, the active periods of output line ~
busy periods in an M/M/1 queue with parameters (N - ¢)A and clt
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Characterization of the output process for some fluid queues

Input rate
Ro(D)

ro) |

J|_|—|_|7 ¢, Leak rate ¢q

o Timet

Buffer content  Z(t) 1
Z(1)
et _

t Time t

Output rate  r (t) |
R1(1) j JJ G Leak rate ¢
'[= Time t
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Characterization of the output process for some fluid queues

* Input rate modulated by a (general) Markov jump process J()

Ro(t) = To(J(1))

e Assumption 1:
fo(]) Zc forall |

e Assumption 2:

— visits to underloaded (f,()) < ¢;) and overloaded (f,()) > c;) states
constitute an alternating renewal process

» Aalto (1998) [3]:

— characterization of the output rate process by constructing another
Markov jump process, which modulates the output rate:

Ri(t) = f1(J (1))
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Characterization of the output process for some fluid queues

* In general, the ouput rate is modulated by a (2d+1)-dimensional
Markov jump process (with an infinite state space), where d
refers to the dimension of J()

 Example (Fluid gueue driven by an M/M/oo queue):
— Input rate is modulated by the following birth-death process J():

A A A A
e D s e

— If ¢, > ¢4, then the output looks like an on-off source and it is
modulated by the following birth-death process:

A A A A
@—.C_;@TC_J@—,C_;@%’ ¢ oo M/M/1
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Characterization of the output process for some fluid queues

* Fluid queue

* Fluid queues fed by a single on-off source

e Fluid queues fed by multiple on-off sources

* Fluid queues driven by Markov jump processes

 Tandem fluid queues (joint work with Werner Scheinhardt)
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Characterization of the output process for some fluid queues

» On-off source with rate ¢, :
— silent periods ~ Exp(\) (o (on) S, Th-4 Th-2
— active periods ~ F() A
* Ciq < c;=> buffer i empty
e Assumption:

o - G B

=> output from buffer /looks like another on-off source
(with rate c)

- silent periods ~ Exp(\) A, ¢y c,
- active periods? 47 g O >
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Characterization of the output process for some fluid queues

Evolution
A a S a S a S.
Buffer content 17 0»2 2 3 73
, Q
Z,(D W/ "%
>
A
Output rate c,
R1 (1)
>
A S, A S
Buffer content ! 172y 72
Gy 22 Ka
Z,(1) = N
>
Output rate
Rz(t) CZ
>
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Characterization of the output process for some fluid queues

e Result:

— non-empty periods of buffer i ~
busy periods in an M/G/1 queue with

arrival rate A(c,-c)/c, and service time distribution function F(c;t/c,)
» |dea of the proof for i = 2: combine the two buffers

A C c c A C c
—> 0 1 2 —> 0 2
o= _[o—=>  [o= | = || (Dl => [0

A A

Ct:Zy(t)- Zo(t) = Zy(t)

=> outputs from the two systems are identical!
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Characterization of the output process for some fluid queues

e Let
By =E[a]  Bi=El(cd*] m= Do _ P

* Result: If 0;< 1, then

B>
z)= 2 B Aﬁlgm. ki)

i ﬁg gw. ki),
T 3p +)|,31

B e en
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Characterization of the output process for some fluid queues

e Let

b=+ 28) 208,

335
* Result: If 0, <1, then

b(ko +K1) +K§ +Koky +KT

Corr[Zy,Z5] =
[£1, 2] J(2b+ 2k + K1)k (2b+2K1 + K5)K

* |dea of the proof:
2CoVv[Z1,Z5] =Var[Z, - Z,]- Var[Z,]- Var[Z5]
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Characterization of the output process for some fluid queues

Example (1)

@ | > o> T
Exp(1)

Stability condition:

1=cy>c,>cy,>0.2
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Characterization of the output process for some fluid queues

Example (2)

24-6-99
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Characterization of the output process for some fluid queues

Example (3)
1~
0.9
0.8
0.7
06
0.2 04 06 08 1
—>
¢

24-6-99 Samuli Aalto




Characterization of the output process for some fluid queues

 Tandem fluid queue fed by multiple homogen. on-off sources

A
1| (o) g,

F() 1 2 M
A
2 | Do) |~ 2 X T 2 To-2 «ee %% o

F(t) : /
A °
v | @ie(on)

A

e Assumption:
Ch>C=>C=>...2C\

=> output from buffer /looks like another on-off source
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Characterization of the output process for some fluid queues

=\
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