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ABSTRACT

We examine the area coverage of random sensor networks in bounded domains under a Boolean coverage disk
model where all sensors are assumed to have a common sensing range. We solve the expected area coverage
analytically for a circular domain with border effects and for an arbitrary bounded domain without border
effects, i.e., when the locations of the sensors are and are not, respectively, confined to the domain to be covered.
We also consider the problem of full coverage of the domain and recognize that this problem, like that of network
connectivity, reduces to the problem of determining the distribution of a well-defined threshold range. Focusing
on a square domain, again with and without border effects, we utilize existing asymptotic results in building
empirical regression models for the threshold range for full coverage. These models allow predicting the relation
between the parameters of the sensor network and the probability of full coverage.

1 Introduction

In [1], Liu and Towsley defined different coverage and
detectability quantities of wireless sensor networks. For
instance, modelling the sensing area of a single sensor
as a disk characterized by a common sensing range, they
defined the area coverage f, as the fraction of the geo-
graphical area that is within this sensing range from at
least one sensor. In the case of random sensor networks,
they determined the area coverage in the infinite plane
using known results of homogeneous Poisson point pro-
cesses.

The analysis of random sensor networks is motivated
by visions where large amounts of tiny sensors, often re-
ferred to as “smart dust”, are scattered over some terrain
from, say, an aircraft. Sensor mobility is another element
that can incorporate randomness into sensor locations.

However, the finiteness of realistic scenarios is some-
thing that should be taken into account in the analysis.
This is the goal of this paper. We address the area cov-
erage f, of a random sensor network in a bounded do-
main. In this case, the area coverage is a random vari-
able with a continuous probability distribution between
0% and 100% and point probabilities at 0% and 100%.
We solve E f, analytically for a circular domain with bor-
der effects and for an arbitrary bounded domain without
border effects, i.e., when the locations of the sensors are
and are not, respectively, confined to the domain to be
covered.

We also consider the problem of full coverage charac-
terized by P(f, = 100%), which constitutes the major
part of this paper. This problem resembles that of con-
nectivity of a multihop network under a similar Boolean

model: if all network nodes are assumed to have a com-
mon transmission range within which direct communi-
cation is possible, the connectivity of random networks
boils down to the distribution of the greatest edge length
in the minimum spanning tree of the nodes, which is the
threshold range for connectivity as pointed out in [2].
This distribution is known only asymptotically and is
given in [3]. In this paper, we show that the problem
of full coverage also reduces to determining the distribu-
tion of a threshold range which is now found from the
Voronoi diagram of the nodes. We recognize that the an-
alytical results derived by Janson in [4] can be interpreted
as the asymptotic distribution of the threshold range for
full coverage when border effects are eliminated. We
present an approximate extension of this distribution to
the case involving border effects. Focusing on a square
domain, with and without border effects, these distribu-
tions are taken as the bases for empirical regression mod-
els that can be used to predict full coverage.

This paper is structured as follows. The next section
concentrates on expected area coverage, first focusing on
a case involving border effects and then on one free of
border effects. The problem of full coverage is consid-
ered in Section 3. Starting with the related analytical
results, the section then presents the empirical models
along with their diagnostics and validation. Section 4
concludes the paper.

2 [Expected area coverage

Suppose that a given number of sensors with a common
sensing range r are randomly and uniformly distributed



over a bounded domain. We wish to determine the ex-
pected area coverage in the domain, which is equivalent
to determining the probability that a random point inside
the domain is covered. This probability, in turn, depends
on whether or not sensors are also distributed outside the
domain: if not, points at the boundary of the domain are
less likely to be covered than those in the interior. This
is referred to as the border effect.

2.1 A setting with border effect

Assume now that the domain is a circular disk with ra-
dius R and center at the origin O and that n sensors are
randomly placed on the disk. Given a point x on the disk,
the probability that it is not covered by any of the sensors
is (1—|B.(r) N Bo(R)|/(mR?))", where B,.(r) denotes
the disk with radius r centered at x and |B,(r)] its area.
The area of the intersection depends on the radial coor-
dinate p of x: if p < |R — r|, (allowing also r > R,) itis
equal to min{7r?, mR?}. If p > |R — 7|, it is given by
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as presented in [5]. The overall probability is obtained
by conditioning on p:

P(not covered) = fp P(not covered|p) f(p)dp, where
f(p) is the probability density function of p. For
uniform density all over the disk, we have f(p) =
dip ((mp?)/(mR?)) = 2p/ R?. We finally get the expected
area coverage:

Ef, = 1-P(not covered)
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2.2 A setting without border effect

Now let the domain to be covered be a bounded set D
in the plane and assume that the n sensors are uniformly
distributed on a larger set that contains all points within
the range r from D (hence there is no border effect). Let
the area of this larger set be A. Then we simply have
P(not covered) = (1 — 772 /A)™ for all points inside D.
Denoting the average node density by A = n/A and sub-
stituting n = AA yields for fixed A and r

lim Ef, =1— lim P(not covered)
A—oo A—o0

=1 — exp(—Amr?), )

which is equal to the area coverage in the infinite plane
given in [1]. Note however that while this is the exact
area coverage in the infinite plane, it is only the expected
area coverage in D, and with A\,r > 0, the distribution
of f, is nonzero in the whole interval including 0% and
100%.

Note also that we get the same limit from (1) for fixed
rand A = n/(mR?) by substituting n = ArR? and let-
ting R — oo, because the weight of the integral term —
the border zone — diminishes. Letting the circular disk
grow infinitely therefore gives the result of the infinite
plane. In this limit, however, the distribution of f, nar-
rows down to a single known value.

Figure 1 illustrates how the border effect affects the
expected area coverage.
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Figure 1: The number of nodes (per area 7 R?) required
to ensure Ef, = 99% on a disk with radius R when r/R
ranges from 0.1 to 0.5, in a setting with border effect (us-
ing (1) numerically; solid line) and without border effect
(using (2) with A = n/(7R?); dashed line).

3 Probability of full coverage

3.1 Analytical treatment

In the problem of full coverage, we are interested in char-
acterizing P(f, = 100%) as a function of the sensor den-
sity and the sensing range when the sensors are assumed
to be placed uniformly at random over some target do-
main. This problem is equivalent to finding the distri-
bution of the threshold range for full coverage (condi-
tional to the sensor density): for a given set of sensors
with known locations, we define the threshold range for
full coverage as the smallest value of the sensing range
for which the target domain is completely covered by the
sensors. The probability that a random set of sensors
with sensing range r completely covers the domain then
equals the cumulative distribution function of this thresh-
old range, evaluated at r.

Like the expected area coverage, the probability of full
coverage largely depends on whether or not the locations
of the sensors are confined to the bounded target domain.
Figure 2 shows an example of both cases: for a set of
sensors located inside the domain, the threshold range
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Figure 2: Example of the threshold range for full coverage when a) 25 sensors are placed randomly inside the unit square,
and b) on average 25 sensors per unit area are scattered uniformly over the whole plane. The critical coverage ranges are

shown with solid circles.

for full coverage can be deduced to be the longest dis-
tance from a sensor to the edge of its Voronoi cell in
the sensors’ Voronoi diagram restricted to the domain.
(When the boundary of the domain is piecewise linear, it
is sufficient to concentrate on cell corners.) On the other
hand, when the border effect is eliminated by allowing
sensors to reside outside the domain to be covered, all
the sensors whose Voronoi cells intersect with the do-
main must be taken into account when determining the
threshold range.

The probability of full coverage is difficult to evalu-
ate analytically when the number of sensors is finite; ex-
plicit lower and upper bounds have been derived in [6].
The remainder of this subsection is devoted to presenting
asymptotic results derived by Janson in [4] and adapting
these results to a form suitable for application to empiri-
cal models in the remaining subsections.

The results in [4] deal with covering a fixed “big
set” K with independent identically distributed random
”small sets”. (The theorem is quoted in a slightly re-
stricted form, with some notations written in full for clar-
ity.)

Let | A| denote the Lebesgue measure of A and define

r(A) = sup,c alz|.

Theorem 3.1. Suppose that K is a bounded subset
of R, d > 1, with |Boundary(K)| = 0, that
Closure(K) C Interior(V) and that |V| < oco. Sup-
pose further that A is a random convex subset of R% with
E|A| > 0 and Er(A)%*¢ < oo for some € > 0, and that
m is a positive integer.

For a > 0, let the small sets have the same distribu-
tion as aA + X, where X is (a set of random points)
uniformly distributed on 'V, and let N, , be the number
of small sets required to cover K m times.

Let a(A) be a constant dependent on the shape and
variation of A and let U have the extreme value distribu-
tion P(U < u) = exp(—e™™). Then, as a — 0,

ElaA| |K| |K|
N, —log =L (d+m—1)logl
vy Nam —log gron — (d+m—1)loglog Zrn
+log(m — 1)l —loga % UL ?3)

For example, « = 1 when d = 2 and A is a square
or a disk of fixed size, and o« = 1 always whend = 1
(Section 9 in [4]).

Let us now translate this theorem to the context of our
sensor coverage problem. We are interested in single
coverage in the plane, so m = 1, d = 2. Let K be the
unit square (for reasons becoming evident shortly) and
let A be the disk with unit radius representing a single
sensor — hence, A is no longer random so E|aA| = |a 4|,
and a = 1. For convenience of notation, we replace a
with r, thus making the area |aA| = 7r?. Equation (3)
now gets the form

2

lir%P %NT + log 7r? — 2log(— 10g7r7"2) <u
= exp(—e_u),

where we have dropped the subscript m = 1 from V. ,.
Instead of expressing this result in terms of the number
of disks N, needed with a given r, we may as well use
the threshold range for full coverage — denote this with
R, — with a given number of disks n: either way, this
result characterizes the asymptotic joint distribution of
the number of sensors and their range required for full
coverage. We may therefore write equivalently

lim P |

|V|7TR’21 +log mR% — 2log(—logmR%) < u



= exp(—e™"), 4)

which gives us the asymptotic distribution of the thresh-
old range for full coverage.

The purpose of having the set V' completely encom-
pass K in Theorem 3.1 is to avoid complications result-
ing from the otherwise likely event that the boundary of
K is the last part to be covered. In other words, the re-
sults above apply to the case without border effects as
depicted in Figure 2(b). As a counterexample to the con-
dition Closure(K') C Interior(V'), the author in [4] lets
V = K = [0,1]? and the set A = [~1/2,1/2]%, i.e. he
considers covering the unit square with small squares of
side a and centers uniformly distributed inside the unit
square. Under these assumptions, he derives the follow-
ing:

Corollary 3.1. Let V = K be the unit square [0, 1]? and
let A be the square [—1/2,1/2)%. Take m = 1. Then

Ela4] K| K|
Ny m—1 —(d+m—1)logl
V| ; 8 ElaA| (d+ ) log log ElaA|
+log(m — 1)! = log « LU (5)

with P(U < u) = exp(—2e~%/2 — %),

(The derivation is shown in Appendix.) The conclu-
sion is that the asymptotic behavior is governed exclu-
sively by the border of K, the interior being covered
much sooner. The probability density functions of the
distributions involved in Theorem 3.1 and Corollary 3.1
are shown in Figure 3.

Looking at the derivation of Corollary 3.1, we see
that if we choose the set A to be a disk, the case be-
comes more complicated and the result no longer holds.
Namely, with the choice of the square, the problem in-
volving border effects could be decomposed into sub-
problems in one and two dimensions, both free of bor-
der effects. In the case of a disk, covering the edge of
the unit square no longer implies covering the strip be-
tween the edge and the interior, and this decomposition
is no longer applicable. We may however conjecture
that the real distribution does not differ much from the
one in Corollary 3.1. To assume the contrary, consider

Figure 3: The probability density function involved in
Theorem 3.1 (solid) and Corollary 3.1 (dashed)

the very conservative bound obtained by replacing the
square with side a with a disk with radius r = a/ V/2 that
encompasses the square. Accordingly, we may substi-
tute E|laA| = a® = 2r? = (2/7) - mr? = k - 712, where
k = 2/x, into the result of Corollary 3.1:

krr?N, —log(kmr?)~! — 2loglog(knr?)~* 4.

Switching again the role of the random variable and
keeping in mind the fairly centralized distribution of U
(see Figure 3), we may say that in the limit, for a fixed
probability of coverage, i.e. a fixed quantile in the distri-
bution,

krR2n ~ log(krR2)*+2loglog(knR2) ™ %' f(n),

i.e. kmR2n increases approximately like the function
f(n). Substituting k7 R2 recursively into the first log-
arithm yields

krR2n ~ logn — log f(n) + 2loglog(krR2)~!
= logn + O(loglogn), 6)

because 2 log log(kmR2)~! dominates — log f(n). This
means however that nmR2 — the average number of
disks covering any fixed point (ignoring complications
at the boundary) — increases with n like 1/k - log n with
1/Ek > 1 which, by the observations made in e.g. [7] and
[8], implies that the probability of full coverage tends to
one asymptotically. Thus this conservative bound clearly
overshoots the real asymptotic distribution.

On the other hand, we may repeat the steps in the
derivation of Corollary 3.1 with the set A chosen as a
disk with unit radius, making aA a disk with radius a.
With this choice, as shown in Appendix, requiring only
that the interior [a, 1 — a]? of the unit square and its nor-
mal projections to the boundary are covered results in the
distribution function P(U < u) = exp(f\%e’“/2 —
e~ ") in Corollary 3.1; this distribution is shown in gray
in Figure 3. We will assume that given these coverings,
the remaining parts will also be covered asymptotically
with very high probability. Therefore, in what follows,
we estimate the correct asymptotic distribution for the
threshold range for full coverage, when the set A is a
disk and V' = K is the unit square, with

lim P [n7R2 4 logmR; — 2log(—log mR2) < u]

n—oo

= exp (—%eu/2 — e“) . @)

3.2 Empirical models, a setting with bor-
der effect

Let us now focus on the case depicted in Figure 2(a) and
work under the assumption presented in (7). We define

nmR2 +logmR? — 2log(—log mR%) = a(n, R,).

Note that with fixed n, this is a monotonically increasing
function of R,,. Hence the event { R,, < r} is equivalent



to {a(n, R,) < a(n,r)}, which implies that their prob-
abilities are also equal. Therefore, if r, is the g-quantile
of R,, (with given n), a(n,r,) is that same quantile of
a(n, R,). Because of this one-to-one mapping between
fixed quantiles of R,, and a(n, R,,), each can be solved
given the other, either by direct substitution (when r is
known) or numerically (in the other direction). Thus,
if we have a model that gives us a desired quantile of
a(n, R,) with given n, we can find the same quantile of
R,, i.e., the value of the sensing range that, with n ran-
domly placed sensors, provides full coverage with the
probability corresponding to the quantile.

With this in mind, fixing the right hand side of
(7) to a certain probability ¢ (corresponding to u, =
—2log(y/4/m —logq — 2/4/7)) shows that as n tends
to infinity, the g-quantile of «(n, R,,) — denote this by
aq(n) — tends to the constant u,. This allows us to find
empirical models for individual quantiles of «a(n, R,,)
when n is finite, with the correct limit u, in the asymp-
totic distribution, by using quantile estimates of R,, ob-
tained by simulation. As shown above, these models in
turn serve as quantile models for R,: one only needs to
solve 1, numerically from the model of a,(n) with the
value of n of interest. (Or, alternatively, to solve n given
the range: the model can be thought of as a curve in the
n/r-plane representing the constant probability ¢.)

The statistical behavior of R,, in the unit square was
simulated with n varying in the range from 10 to 350
and using a sample size of 5000. As an example, Figure
4 demonstrates the quantitative difference between ex-
pected area coverage and the probability of full coverage.
Even though the two curves are not directly comparable,
the figure shows that for any significant probability of
full coverage, the expected area coverage must be very
high.

In Figure 5(a) the estimates of « 5(n) — obtained by
substituting the estimated medians of R,, into a(n, R,)
— are given, together with a fitted regression model of the

Figure 4: The expected area coverage in a circular do-
main according to (1) (solid line) and the empirical cu-
mulative distribution of the threshold range for full cov-
erage in a square domain (dashed line) when n = 100.
In both cases, the unit of the range has been chosen so
that the area of a coverage disk with radius 1 is equal to
that of the domain.
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Figure 5: The model (a) and its residuals (b) obtained
for a 5(n), and the overall absolute (c) and relative (d)
residuals for the 50% quantile of R,,.

form

aq(n) = an? +en~4 4 Ug, a,b,c,d>0, (8)

i.e. a composite power law where a slow-decaying com-

ponent characterizes the tail of the model and the more
rapid supplement describes the behavior up to n ~ 50.
Figures 5(b-d) show the residuals (the differences be-
tween the data points and the fitted model) plotted for the
model for ag 5(n) and the corresponding model for the
median of R,,. We see that the residuals do not show any
visible trend, meaning that the overall statistical trend
is well captured by the model. It is also worth noting
that Figures 5(b) and 5(d) are almost identical in pattern,
which implies that fitting the parameters by minimizing
the sum of squared errors of c,(n) is nearly equivalent
to minimizing the sum of squared relative residuals of
the g-quantile of R,,. This is a sensible choice because,
as shown by Figure 5(c), the variance of R,, (and hence
that of its quantile estimates) decreases with n, and the
data points with smaller variance yield more accurate in-
formation and therefore deserve more emphasis when fit-
ting the model.

The 50% quantile was chosen for building the model
to maximize the accuracy of the quantile estimates ob-
tained from limited-size samples. However, the model
(8) is applicable to other quantiles as well: Figure 6
depicts the relative residuals for other selected quantile
models for R,,. The parameter estimates for all these
models are given in Table 1. Parameter a shows a steady
increase with the quantile, whereas the magnitude of pa-
rameter b does not seem to change significantly. The es-
timates for the parameters c and d develop in an inconsis-
tent manner from one quantile to the next and therefore
convey little useful information. This behavior is due to
the fact that as the quantile increases, fewer data points
within n < 50 satisfy the condition |K|/(7R2) > 1 re-
quired for a(n, R,,) to be real-valued and can be used in
estimating the parameters.

To gain some idea on the validity of these models —
and also of the approximate distribution (7) — additional
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Figure 6: Relative residuals for various quantiles of R,

Quantile a b C d

50% | 749 0.168 253 2.11
75% | 11.6 0200 322000  4.67
90% | 11.9 0.150 2120 2.42
95% | 152 0.160 12300  2.98
99% | 205 0.151 3.85-103% 225

Table 1: Parameter estimates for the model (8) for ay (1),
for different quantiles of R,,

simulations of R,, were carried out when n = 1000. Be-
cause of the extensive simulation times, the sample size
was only 1000. Figure 7 illustrates how the predictions
of the quantile models presented above relate to the em-
pirical cumulative distribution of Rqggp. Slight devia-
tions are noticeable, which may be due to errors in the
approximation (7) or the model (8), inaccuracy in the
model parameters, or the small sample size of the vali-
dation data. The fact that the deviations do not all have
the same sign makes the latter two seem more likely.

Figure 7: Predictions of five quantile models for R
and the empirical cumulative distribution

3.3 Empirical models, a setting without
border effect

The case depicted in Figure 2(b) may be approached as
above, by using similar models. Now we have even the
exact result (4). Correspondingly, we define

n

n
mR2 +log R —2log(—log TR2) = « (—,Rn> ,
14 V]

where we now include |V| explicitly. Namely, we main-
tain the average node density n/|V| at the same values
as in the previous simulations for comparability. The set
V' where each density is applied is obtained by enlarging
the unit square in all directions by a length which must
be more than the threshold range for full coverage in any
resulting realization (this is assured afterwards; if the re-
quirement is not met, the set V' is enlarged more and the
simulations are repeated). This way, sensors outside V'
would not have any effect.

Figure 8 shows the behavior of the estimated medians
of the threshold range for full coverage with and without
border effects. For comparison, the corresponding values
for the threshold range for connectivity (i.e. the longest
edge length in the Euclidean minimum spanning tree of
the nodes) have also been added. This shows that with
low n, the latter is between the former two in magnitude.
However, we may say that just as for full coverage with
border effects, nr? must grow like log 7+ O(log log n)
also without border effects, by starting from (4) and re-
peating the steps leading to (6). On the other hand, we
know that for connectivity, nmr? ~ log n asymptotically,
as shown in [3]. This means that the two upper trails in
Figure 8 must eventually cross.

Based on (4), we know now that the limit of
the ¢-quantile oy (n/|V]) of a(n/|V],R,) is u, =
—loglogg~'. The results of applying the model (8)
again are shown in Figure 9 and Table 2. Because the
threshold ranges are now smaller, data points as low as
n = 5 could be utilized in building the models. As a

120
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Figure 8: Squared inverses of the estimated medians of
the threshold range for full coverage, without border ef-
fect (upper points), with border effect (lower points), and
of the threshold range for connectivity (smaller points).
All the simulations have been carried out in the unit
square.
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Figure 9: Relative residuals for various quantiles of R,,
in the absence of border effect

Quantile a b c d

50% 335 0.148 176 1.18
75% 534 0200 115 2.04
90% 345 0.0988 26.7 1.02
95% 443 0.123 577 1.30
99% 7.64 0.197 511 2.14

Table 2: Parameter estimates for the model (8) for
a(q,n/|V|), for different quantiles of R,

result — if we disregard the 75% quantile — the param-
eter estimates now seem to behave in a more consistent
manner.

Because the uncertainty about the correct asymptotic
distribution can now be ruled out, one should be entitled
to assume that these models have at least as good a pre-
dictive power as those in the case of border effects.

4 Conclusions

This study focused on the area coverage of a random sen-
sor network in a bounded domain, more specifically, the
expected area coverage and the probability of full cov-
erage. The former quantity can be addressed analyti-
cally, whereas the latter poses a difficult problem in the
non-asymptotic regime. It should be pointed out at this
point that also the probability of zero-coverage is trivial
to solve analytically: it is the probability that no sen-
sor exists within the common sensing range from the do-
main to be covered. Although not very interesting from
a practical point of view, this is the only quantile of the
distribution of the area coverage for which we have an
analytical expression.

Regarding the problem of full coverage, the analytical
results in [4] and their implications played a key role in
the approach taken. By using the notion of the thresh-
old range for full coverage and interpreting the analyti-
cal results as the asymptotic distribution of this threshold

range, full coverage can be predicted using regression
models describing the convergence of individual quan-
tiles to this asymptotic distribution. In the presence of
border effects, the asymptotic distribution had to be ap-
proximated. Despite this approximation, the correspond-
ing regression models proved to have satisfactory predic-
tive power.

The border effect is a dominant phenomenon affecting
area coverage. From the viewpoint of practical applica-
tions, border effects can be ignored in sensor network
design provided that the deployment region of the sen-
sors is properly expanded. As this should be possible in
most cases, the corresponding models seem more likely
to have practical value.

Acknowledgements

I thank S. Janson for his enlightening clarifications re-
garding [4], Jorma Virtamo for helpful discussions on the
matter, and the anonymous reviewers for their construc-
tive comments. This work has been financially supported
by the Academy of Finland (grant n:o 202204) and the
Finnish Defence Forces Technical Research Centre, and
in part by a grant from the Nokia Foundation.

Appendix

In order to account for the border effects, we need the
following result from [4] (the notations of Theorem 3.1

apply):
Lemma 4.1. Suppose that K is a bounded set in R¢ such
that |Boundary(K)| = 0 and that Er(A)**¢ < oo for

some € > 0. Under certain conditions that hold almost
surely (see Lemma 7.3 in [4]), if a — 0 and

K K
E|laA|\(a) — log K] dloglog K] log a
a

ElaA| E|aA|
—u, —oo < u < 00, )
then
P(Ex(q),q covers K) — exp(—e™"). (10)

Here, =Y, , denotes the set {aA; + X;} in which
X; are the points of a d-dimensional Poisson process re-
stricted to the set V, with intensity A(a). The superscript
is omitted when V' = R?. The intensity \(a) is defined
so that the limit » holds (see Section 3 in [4]).

Now let V = K = [0,1]? and A = [-1/2,1/2)?
(hence, @ = 1). Applying Lemma 4.1, supposing
that a — 0 and a?*X\(a) — loga™2 — 2logloga™2 —
u, implies that P(Ey(a),a covers [a/2,1 — a/2)?) —

o and =y (q),, coincide on this

exp(—e ") since Y,y
interior of [0, 1]2. However, on the boundary, e.g., on
{0} x [a/2,1 — a/2], Ey(a%a consists of intervals of
length a with intensity A;(a) = aA(a)/2. Since by

the earlier limit u, a\;(a) — loga™! — logloga™! —



u/2 + log2, Lemma 4.1 yields P(ZY ) , covers {0} x
[a/2,1—a/2]) — exp(—Le~*/2). Covering the (interior
of the) edge {0} x [a/2,1 — a/2] in turn implies cover-
ing the strip [0,a/2] x [a/2,1 — a/2] between the edge
and the interior [a/2,1 — a/2]?. Although not indepen-
dent events, the probability of covering K is asymptoti-
cally obtained as the product of probabilities of covering
the interior and its normal projections to the boundaries:
P(E,), covers K) — exp(—2e~%/% — ¢~%). This is
equivalent to Corollary 3.1.

Then let A be a disk with unit radius (recall that thus
again a = 1). Now, letting @ — 0 and 7a?\(a) —
log(ma?)~! —2loglog(ma?)~* — u, we have P(E;/(a)’a
covers [a,1—a]?) — exp(—e~") by Lemma 4.1. On the
boundary {0} x [a,1 — a], EX(a),a has intensity A1 (a) =
aX(a) and consists of intervals of length 2v/a? — D?
where the distance D of the disk center from the bound-
ary is uniformly distributed in [0, a]; the expected length
is ma/2. In order to utilize Lemma 4.1, we now wish
to evaluate the limit of wa?\(a)/2 — log(wa/2)~!
log log(ma/2)~! with respect to u. To do this, we write
ma? = (wa/2)?(2/+/7)? and develop the limit u as fol-
lows:

! — 2loglog(ma?)~!

V3

—log Xo
g =5

u «—ma*\(a) — log(ra®)~

ra’A(a
=2 <# — log(ra/2)~*

—log <2 log(ma/2)~" — 2log \/QE)>

ma’Ma ™
=2 <# — log(ra/2)~! — log %

)

—log2 —log <1og(71'a/2)1

54
na* M a)/2 — log(ra/2) ™' — loglog(ra/2) ™!
)
—)MT@ —log(ma/2)"" — log (log(ma/2)"
—log \/4/7‘1’)
—u/2 + log /7
as a — 0, since in  this  limit
log <log(7ra/2 —log \/4/7r) loglog(ma/2)~!
0. Lemma 4.1 now yields PEY, Ma),a COVers
{0} X [a,1 — a]) — exp(—Te*“/Q) Accord-

ingly, the probability that the interior [a, 1 — a]? and its
normal projections to the boundary are covered with the
specified intensity has the limit exp(— % =€ —u/2 ),
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