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Optimal size-based opportunistic scheduler for wireless
systems
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Abstract Modern wireless cellular systems are able to utilize the opportunis-
tic scheduling gain originating from the variability in the users’ channel con-
ditions. By favoring users with good instantaneous channel conditions, the
service capacity of the system can be increased with the number of users. On
the other hand, for service systems with fixed service capacity, the system
performance can be optimized by utilizing the size information. Combining
the advantages of size-based scheduling with opportunistic scheduling gain
has proven to be a challenging task. In this paper, we consider scheduling
of data traffic (finite-size elastic flows) in wireless cellular systems. Assuming
that the channel conditions for different users are independent and identically
distributed, we show how to optimally combine opportunistic and size-based
scheduling in the transient setting with all flows available at time 0. More
specifically, by utilizing the time scale separation assumption, we develop a
recursive algorithm that produces the optimal long-run service rate vectors
within the corresponding capacity regions. We also prove that the optimal op-
erating policy applies the SRPT-FM principle, i.e., the shortest flow is served
with the highest rate of the optimal rate vector, the second shortest with the
second highest rate etc. Moreover, we determine explicitly how to implement
the optimal rate vectors in the actual time slot level opportunistic scheduler. In
addition to the transient setting, we explore the dynamic case with randomly
arriving flows under illustrative channel scenarios by simulations. Interestingly,
the scheduling policy that is optimal for the transient setting can be improved
in the dynamic case under high traffic load by applying a rate-based priority
scheduler that breaks the ties based on the SRPT principle.
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1 Introduction

We consider optimal scheduling of downlink data traffic in modern wireless
cellular systems. The traffic consists of finite-size flows that are transmitted
to users in a single cell area. We assume that the scheduler operates in a very
fast time scale of milliseconds transmitting in each time slot to exactly one
user. From the flow level performance point of view, a scheduler is optimal if it
minimizes the mean flow delay (that is, the time from the start of the transmis-
sion to its completion). The static version of the optimal scheduling problem
considers a transient system where all the flows in the system are available at
time 0 and no new flows arrive. Minimizing the mean delay corresponds to the
minimization of the total completion time. In the dynamic version, new flows
arrive randomly and the objective is to minimize the long-run mean delay (or,
the steady-state mean number of flows, as well, by Little’s result).

A fundamental phenomenon in all wireless systems is that the users per-
ceive time-varying channel conditions due to fast fading phenomena. Roughly
said, the better the instantaneous conditions, the higher the transmission
rate, which can be exploited by channel-aware schedulers that get information
on the changes in these conditions. This has led to opportunistic scheduling
schemes, such as the Proportional Fair (PF) scheduler, that favor users with
good channel conditions [4,11,21,14]. With opportunistic schedulers, the ser-
vice capacity is no longer fixed but increases as the number users increases,
which corresponds to a queueing system with scalable service capacity (or,
briefly, a scalable queue).

If the scheduler is not channel-aware, then, from the scheduling point of
view, the system boils down to a single-server queue with a fixed service capac-
ity: Each user is served with its own average transmission rate. In such a case,
the best that a size-based scheduler can do, which is aware of the remaining
flow sizes, is to transmit to the user whose flow has the smallest remaining
transmission time (which is the remaining size divided by the average trans-
mission rate). This corresponds to the Shortest-Remaining-Processing-Time
(SRPT) discipline, which is known to be optimal for the single-server queues
[18].

The idea of SRPT is to minimize the delay by getting rid of flows as
soon as possible. However, with fewer flows part of the opportunistic gain
is lost, which is the basic dilemma. Combining the advantages of size-based
scheduling with opportunistic scheduling gain has proven a challenging task.
Two different modeling approaches have been presented to solve the problem.
A direct approach [20,10,12,3] is based on time slot level models, while the
other approach [17,2] utilizes a time scale separation argument, which leads to
flow level models. A good baseline is provided by the PF scheduler that does
not utilize size information at all.

The time scale separation assumption [7,9,16,13,6,17,2] implies that, at
the flow level, the flows experience the time-average transmission rates pro-
duced by the time slot level opportunistic scheduler. The assumption is jus-
tified if the channel conditions can be modeled by a stationary and ergodic
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process and the flow transmission times are much larger than the time scale
where the scheduler operates. For a given number of flows in the system, the
set of achievable rate vectors that the time slot level scheduler can support
is characterized by the notion of the capacity region. Assuming further that
the channel conditions for different users are independent and identically dis-
tributed (up to a user-specific coefficient) results in symmetric capacity regions
[7]. The solution to the optimization problem for the flow level model gives the
optimal rate vectors within the corresponding capacity regions. How to imple-
ment these optimal rate vectors in the time slot level opportunistic scheduler
needs still to be solved separately.

Using a time slot level model and assuming that the channel conditions in
different time slots are independent and identically distributed, Tsybakov [20]
formulated the optimal scheduling problem for the transient system (without
arrivals) as a dynamic program, which can be solved numerically. However,
the dynamic program does not allow to extract any structural properties of
the optimal policy. Hu et al. [10] developed heuristic algorithms that combine
opportunistic scheduling with size-based information, and derived bounds for
their flow level performance in the transient setting. Ayesta et al. [3] considered
a slightly different problem without exact size information. They applied the
theory of restless bandits to bring in more structure for the (nearly) optimal
time slot level scheduler for the transient system. The approach, however,
requires a Markovian description of the system and is therefore limited to
geometric flow size distributions with the memoryless property. In addition,
their Potential Improvement (PI) scheduler reduces to the PF scheduler in the
symmetric setting.

Sadiq and de Veciana [17] applied the time scale separation argument and
considered the optimal scheduling problem for the transient system with a
flow level model. They were able to derive the optimal rate vectors for nested
polymatroids that are compact, convex, coordinate-convex, and symmetric ca-
pacity regions, and showed that the optimal policy applies the SRPT-FM
(SRPT-Fastest-Machine) principle, i.e., the shortest flow is served with the
highest rate of the optimal rate vector, the second shortest with the second
highest rate etc. In their proof, Sadiq and de Veciana utilized the known op-
timality result of the SRPT-FM discipline for the heterogeneous multi-server
queues [15]. While the result gives a complete structural characterization for
the optimal operating policy, its applicability (as such) is rather restricted,
since, as Sadiq and de Veciana note, capacity regions are nested polymatroids
only in some very special cases. However, the result can be utilized to find out
an optimistic bound for the flow level performance whenever capacity regions
are nested and convex.

In [2], we also made the time scale separation assumption and considered
the optimal scheduling problem under opportunistic scheduling gain in the
transient setting. We focused on the situation, where the capacity regions are
compact and symmetric (including, e.g., all nested polymatroids). We gave
a condition under which (i) the optimal rate vector does not depend on the
sizes of the flows as long as their order (in size) remains the same and (ii) the
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optimal policy applies the SRPT-FM principle. We also developed a recursive
algorithm to determine both the optimal rate vector and the minimum mean
delay. Unfortunately, our condition is rather implicit. In addition, we did not
consider the problem of implementing the optimal rate vectors in the time slot
level scheduler.

The optimal scheduling problem in the dynamic setting with new flow
arrivals for the systems with opportunistic scheduling gain is still unsolved.
Only some heuristic algorithms have been proposed and experimented with
that try to combine opportunistic scheduling gain with size-based scheduling
[10,13,12,3,17]. In this context, even stability may be an issue and, indeed,
the only available theoretical results are limited to stability analysis of some
families of policies (a-fair and priority based), see [7,9,8,1].

In this paper, we prove that the implicit condition given in [2] is, indeed,
satisfied under the assumption that the channel conditions for different users
are independent and identically distributed (up to a user-specific coefficient).
As a result, we have a recursive algorithm that produces the optimal flow level
rate vectors that minimize the mean delay in the transient setting. While the
original recursive algorithm developed in [2] requires an explicit representation
of the capacity regions, we develop another recursive algorithm that avoids this
requirement by directly utilizing the time slot level channel model. Moreover,
we also determine explicitly how to implement the optimal rate vectors in the
time slot level opportunistic scheduler. Thus, we are able to combine oppor-
tunistic and size-based scheduling optimally in the time slot level (as long as
the transient system is concerned), which is the main theoretical contribution
of the paper.

In addition to the static setting, we also explore the dynamic setting by
comparing the following opportunistic schedulers under some channel scenar-
ios: (i) PF, the baseline policy that allows an explicit performance analysis
in the symmetric setting [7]; (i) SRPT-P, a priority based policy, for which
the priority is based on the channel conditions and ties are broken according
to the SRPT discipline [12]; (iii) SRPT-OPS(k), a policy that applies PF for
(at most) k users with the shortest remaining transmission times [17]; and
(iv) TR-OPT, the optimal policy for the transient system (developed in this
paper). Since the theoretic analysis is still beyond mathematical tractability,
we rely on simulations when comparing the policies in the dynamic setting.
Interestingly, the scheduling policy TR-OPT, which is optimal for the tran-
sient case, can be improved in the dynamic setting under high traffic load by
applying the rate-based priority scheduler SRPT-P.

The rest of the paper is organized as follows. In Section 2, we introduce the
time slot level scheduler model and the corresponding flow level capacity re-
gions. The flow level operating policies together with the time scale separation
assumption are presented in Section 3. Section 4 includes the main theoretical
results of the paper, which are related to the optimal scheduling problem in
the transient setting. The theoretical results are illustrated in Section 5 by
numerical examples including certain channel scenarios. In Section 6, we ex-
plore the dynamic setting based on simulations performed with two different
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simulators (one based directly on the time slot level model, and the other that
utilizes the time scale separation assumption). Section 7 concludes the paper
and also discusses some future research directions.

2 Time slot level scheduler model and capacity region

We consider downlink data transmission in a wireless cellular system, where
the base station always transmits to a single user within a time slot, as in
1xEV-DO systems (with the time slot equal to 1.67 ms). The traffic consists
of elastic flows (corresponding roughly to file transfers) that the users are
downloading through the base station to their mobile terminals. In the rest of
the paper we refer to flows, users and terminals interchangeably.

Assume now that there is a fixed number of users, n, in the system. The
users (and the corresponding flows and terminals) are indexed by ¢ = 1,...,n.
The instantaneous rate (in bps) of user i varies over time according to some
stationary and ergodic process R;(t) taking values in R C Ry. Let R; refer
to the corresponding steady-state variable. We assume that the instantaneous
rate processes of different users are independent and identically distributed®
with the mean denoted by v = E[R;(t)]. The opportunistic gain -y, is defined
by

Yo = Emax{R1(t), ..., R.(1)}]. (1)

Thus, we have
Vn = /000 P{max{Ri(t),...,Rn(t)} > r}dr
= /000(1 — P{R:(t) < r}™)dr.

To simplify the presentation in this section, we assume (as in [7,9,12]) that R
is a finite set. However, the theoretical results given in this paper do not require
this restrictive assumption. Finally, let R(t) = (Ry(t),..., Rn(t)) denote the
corresponding vector process taking values in R™ C R’}.

We assume that the scheduling decision is based on the instantaneous rate
vector R(t). More precisely said, we consider opportunistic schedulers m char-
acterized by the probabilities pT(r) with which flow ¢ is scheduled in state
r € R" satisfying

Note that there may be a positive probability that the scheduler is idle even
if there are flows in the system. Let II,, denote the family of such schedulers.

1 In fact, by adjusting the corresponding flow sizes, we could, as well, have assumed that,
for each user i, there is a constant a; such that processes a;R;(t) are independent and
identically distributed, cf. [7,17].



6 Samuli Aalto et al.

In addition, we assume that the traffic sources are saturated at the time slot
level [14,5,19], i.e., if time slot ¢ is scheduled to user ¢, the user will receive
data with rate R;(t) in this time slot. Thus, the long-term throughput for
user ¢ under scheduler 7 € II,, is as follows:

07 = > ripf (r)P{R(t) =r}. (2)

reRm”

The (opportunistic) capacity region is defined by all feasible throughput vec-
tors,
Co= ((6F.....67) €RY -7 € IT,}.

The capacity region C, has the following three properties:

(i) Cn is a compact subset of R, i.e., C, is closed and bounded;
ii) C, is symmetric, i.e., if ¢ € C,,, then any permutation ¢ of its components
Y y
also lies in Cp;
(iii) Cy is convex.

For n = 1, we clearly have
Cr =1[0,m].

In addition, for n > 1, the capacity regions generated by this model are natu-
rally nested, i.e., for all k =2, ..., n and ¢ € Cy,

(c1,...,ch—1) € Cr—1.

An important subfamily of the opportunistic schedulers IT,, consists of
weight-based schedulers II)Y. A weight-based scheduler © € II)Y is defined by
a vector w = (wy, ..., w,) of weights w; > 0 for which wy + ...+ w, > 0.
Scheduler 7 allocates time slot ¢ to a user ¢* for which

wi= Rix (t) = ,ax w; R;(t),
augmented with a suitable tie-breaking rule.

A well-known fact (see, e.g., [7]) is that any non-dominated feasible through-
put vector ¢ € C,, can be achieved by some weight-based scheduler 7 € II}Y so
that ¢ = (07,...,0%).

We furthermore note that, in this symmetric setting, the throughput vector
produced by the PF scheduler equals the throughput vector of the weight-
based scheduler that applies an equal weight w; = 1 for all flows i (see, e.g.,

[7]). Thus,
OFF, . 0PF) = (yu/n, ..., /D). (3)

The following observation related to the weight-based schedulers is needed
later on.

Proposition 1 Assume that w; >0 for all i =1,...,n. Then

n

max wic; = B[ max w;Ry).
ceCy 4 1 i=1,...,n
1=
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Proof Note first that

n n
max w;C; = Mmax w; 07
celC, 4 7well, 4
i=1 1=1
n
= max » w; Y rpf(r)P{R(t) =r}
well, 4
i=1 reRn»

n

— o =

= max > wiripf (r) P{R(t) = r}.
reR” i=1

Since maximizing the required expression in each state separately leads to a

feasible policy, we have

maxZwici = max Z Zwimpf(r)P{R(t) =r}

well,

i=1 reR™ i=1
=2 (me > wirip) <r>> P{R(t) = 1}
reR” i=1
= Z ( max wﬂ"l) P{R(t) =r}
rern \Thn
= E[_ilax w; R; ()],
which completes the proof. O

3 Time scale separation and the flow level operating model

As in [7,9,17], the flow level performance analysis and optimization is carried
out under the time scale separation assumption given below.

While the actual opportunistic scheduler operates in a very fast time scale
(typically milliseconds), the flow level performance is related to a much slower
time scale. With the current transmission rates, the file transfers typically take
from seconds to minutes. Thus, we may reasonably assume that, as long as the
number of flows remains unchanged, the flows are served in continuous time
and with fixed rates that correspond to some operating point in the capacity
region, which is called the time scale separation assumption.

At the flow level, the flows no longer look like infinite traffic sources but
they have finite sizes. Assume that there are n flows in the system, say at time
0, with sizes s;, 2 = 1,...,n. Without loss of generality, we may assume that

S1 >8> ...2 8.

According to the time scale separation assumption, these flows are served
with rates ¢; determined by the operating point ¢ = (¢1,...,¢,) € Cp. The
operating point is implemented with the time slot level scheduler 7 € II,, such
that ¢; = 07 for all i.
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We say that the operating point ¢ € C,, applies the SRPT-FM principle if

c1<cp<...<¢c,.
In other words, the shortest flow is served with the highest rate of the operating
point, the second shortest with the second highest rate etc. Note that such an
operating point preserves the order of the flow sizes for the whole period until
the number of flows changes, i.e., for any t € [0, s,/c¢y,) (assuming no new flow
arrivals),

s1(t) > sa(t) > ... > sp(t),

where s;(t) denotes the size of flow i at time ¢.
Below we consider some operating points applying the SRPT-FM principle,
which are used later on.

(i) Operating point

CPF = (F)/n/n;a'yn/n)

corresponds to the PF scheduler, see (3). The operating point may be im-
plemented (at the time slot level) by a weight-based scheduler with weight
vector

wit =(1,...,1).

(ii) Operating point

CSRPT—OPS(k) _ {(0,~-,0,7k/k,~-,Vk/k), k <n,
(Fyn/n?a'yn/n)a kzna

with min{n, k} non-zero elements refers to the SRPT-OPS(k) scheduler
[17] that applies the PF scheduling discipline among the min{n, k} flows
with the shortest remaining flow sizes. The operating point may be imple-
mented by a weight-based scheduler with weight vector

WSRPT*OPS(k): (05"'a0515"')1)5 k<TL,
(1,...,1), k>n,

which has min{n, k} non-zero elements.
(iii) Operating point

SRPT—P _ (ySRPT—P SRPT—P
c = (03 e O )

3

where

05T =" rP{Ry < r} " 'P{Ry = r}P{Ry <r}""",
r€R

corresponds to the SRPT-P scheduler [12], which is a priority based policy,
for which the priority is based on the instantaneous rate and ties are broken
according to the SRPT discipline.
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(iv) Operating point

¢TR-OPT _ ( *

GRS

where ¢ are defined recursively in Section 4, is the optimal operating
point for the transient system, see Theorem 1. The operating point may
be implemented by a weight-based scheduler with weight vector

wIOPT _ (G Gy,

where G are defined recursively in Section 4, see Theorem 2.

4 Optimal trade-off in the transient system

Our main results in this section are given in Theorems 1 and 2. We show
that the optimal operating points that minimize mean delay in the transient
system are given by the rate vectors cj, defined recursively below in (4). These
operating points apply the SRPT-FM principle, and they are not depending on
the actual sizes of the flows (but only on their relative order). In addition, we
show that these optimal operating points can be implemented by a sequence of
weight-based schedulers with the weights wy, = G}, defined also in (4). While
the recursive algorithm given in (4) and originally presented in [2], requires an
explicit representation of the capacity regions, we develop another recursive
algorithm (6) that avoids this requirement by directly utilizing the time slot
level channel model.

4.1 Transient system

Assume now that, at time 0, there are n flows in the system with sizes s; (in
bits). Without loss of generality, the (original) flows are indexed in such a way
that

S§1 >8> ...2 8.

In this section, we do not allow any further arrivals but consider a transient
system that remains busy only until the completion of all original file transfers.

As mentioned above, the operator of the system chooses at time 0 a rate
vector ¢ = (¢1,...,¢,) € Cp. From that on, each flow i is served with rate ¢;
until the number of flows changes, and a new rate vector is chosen. We assume
that when choosing the rate vector the operator is aware of the (remaining)
sizes of the flows. Recall that a rate vector ¢ € C,, is achieved by an oppor-
tunistic scheduler m € II,, such that 67 = ¢; for all « = 1,...,n. Note also
that it is only the flow level operator (operating in a much slower time scale)
that needs to be aware of the remaining sizes of flows, not the opportunistic
scheduler (operating in the fast time scale of time slots).
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4.2 Problem formulation

An operating policy ¢ is defined by a sequence of rate vectors, (cq,...,cy),
where ¢ = (ck1,...,ckx) € C for all k = 1,...,n.2 In other words, the
operator applies the rate vector ¢, when there are k flows in the system (called
hereafter phase k). It is assumed that when a flow completes, the remaining
k — 1 flows are re-indezed in such a way that the remaining sizes s;_1 ; again
satisfy

Sk—1,1 = Sk—1,2 = ++- = Sk—1,k—1-

Thus, in the next phase, the longest flow is served with rate cy—1,1, the second
longest with rate cx—1 2, etc. Let @,, denote the family of all operating policies,

&, ={¢p=(c1,...,¢pn) : ci € Cy, for all k}.

Note that any operating policy ¢ = (c1,...,c,) is implemented at the time
slot level by choosing a sequence of opportunistic schedulers (71, ..., m,) such
that 7w € Il forall k=1,...,n and

0
91' b= Cki

foralli=1,...,k.
The total completion time [15] for operating policy ¢ € @,, is defined as

T¢ = zn: kT,
k=1

where T,f refers to the length of phase k for policy ¢. Note that the mean delay
of a flow is now given by T /n.

In this section, we consider the scheduling problem in which the optimal
operating policy minimizes the total completion time (or the mean delay, as
well) in the transient system. Let ¢* denote such an optimal policy. Thus,

T¢" = min T°.
PPy
In fact, it is even more important to find the optimal schedulers (77, ..., 7))

that implement the optimal policy ¢* at the time slot level.

There is a clear trade-off between size-based operating policies and the
opportunistic gain. The number of flows is reduced most effectively by choosing
the rate vector that gives the highest maximum rate to the shortest flow, but
the service capacity is maximized by choosing the rate vector that gives the
highest total rate. The optimal operating policy should find the best possible
compromise between these two extremes.

2 In the present paper, it is natural to define operating policies ¢ as a sequence of rate
vectors (c1,...,¢n) due to the time scale separation assumption made in Section 3. For
more generic capacity regions, the optimal control in continuous time would, of course, be
a relevant question.
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4.3 Optimal solution

Let g1,...,9n be a sequence of functions with gx(cy) defined on Cy for all k,
1,..., G asequence of scalars, and cj, .. ., ¢} a sequence of rate vectors with
c; € Cy, for all k. These sequences are defined recursively as in [2, Equation (1)]:

{91(01) = éa
G = gl(ci) = ming, ec, g1(c1),
(4)
{gk(ck) = (’f Dy G;‘Cki) ,
% = gx(ck) = mine,ec, gr(ck), k=2,...,n.

Note that the existence of the minimum values G}, is guaranteed by the com-
pactness of capacity regions Cj, (Property (i) mentioned in Section 2). In par-
ticular, we have
1 1
Gl = min -
cel0,71] C
Coefficients G have the following interpretation. Consider two flows with
equal (unit) sizes s; = s = 1. In this case, the minimum completion time
clearly satisfies

2 1
min 7% = min (— + (1 — 02—1> —*>
PeP2 c2€C2 \ C22 C22 ) C]

1 1
= min (— (2—02—*1>> + =
c2€Ca \ C29 C1 cy

1
= min (— (2—G1‘021)> -i-GjlF

c2€Ca \ C29

=G5+ G

By a dynamic programming argument, this can be generalized to any number
of unit-size flows n (for which sy =1 for all k =1,...,n),

n
. ¢ _ *
w17 = 2 G
Thus, G}, can be interpreted as the cost per unit size for flow £ under the
optimal operating policy. Theorem 1 reveals that this interpretation is justified
also in the general case with non-equal flow sizes.

In [2], we proved that, if the sequence G7,..., G is stricly increasing, i.e.,

G <Gy <...<Gr, (5)

then cj, are optimal operating points to minimize the mean delay in the tran-
sient system. To have a self-contained paper, the result is repeated below, see
Theorem 1. However, in [2], we worked with an abstract capacity region model
(without any connection to the time slot level schedulers) so that we were not
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Fig. 1 Example with i.i.d. Exp(1) channels (Scenario A in Section 5.1). G5 = 1 as it
is simply the inverse of the average rate. For two flows, G5 results from an optimization
problem over the capacity set: the contours of the objective are lines that cross the ca;-axis
at 2/G7 and coz-axis at 2/ga(c2) (dashed line represents the contour at the optimum). As
G is fixed from the previous step, it remains to minimize g2(c2), which results in G} such
that G5 > G7. This is also in line with the result for generic capacity regions (given in [2,
p. 189]) saying that, if ca1 + c22 < 2/G7 for all co € Ca, then G5 > G7.

able to give more explicit conditions for the optimality result. Now we have
the connection (defined in Sections 2 and 3) that allows us to prove that the
implicit condition (5) is, indeed, satisfied in our opportunistic scheduler model.
This will be done in Proposition 3 below. An example is given in Fig. 1 that
illustrates the result in the special case that n = 2.

To prove Proposition 3, we need the following auxiliary results, i.e., Propo-
sition 2 and Corollary 1.

Proposition 2 Forallk=1,...,n,

k k
kx> 0, Gy >0, Inax Zchki = Zchzz =k.
i=1 i=1
Proof 1° For k =1, we have
1
Gi=ci=m>0 Gi=—>0, ser =L o,
ga! 71

2° Let then k > 2. Assume now that the claim is true for k — 1. We will
show that it is also true for k.
Let ci € Ck. Since the capacity regions are nested (as mentioned in Sec-
tion 2), we have
(Ckl; .. .,Ckykfl) €Cr_1
implying, by the induction assumption, that
k—1

ZGeriSk—l.

=1
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Thus,
1 = 1
grler) = — | k=> Giew | > —.
Ckk P Ckk

We see that gi(cx) — oo as cgr, — 0. It follows that
Czk > O
and

1
G >—>0.
Ckk

In addition, by definition,

k—1
* * 1 * sk
G, = gi(cp) = o (k - ZGiC’ﬂ) ’
kk i=1

implying that
k

ZG;‘cZi =k.

=1

On the other hand, again by definition, we have, for all c; € Cy,

k—1
1
GZ < gk(ck) = _Ckk (k — E G;‘C]ﬂ) .
=1

Thus, for all ¢; € Cy,

iG;‘cki <k= iG;‘czi,
i=1 i=1
which completes the proof. O
Combining Propositions 1 and 2 gives immediately the following corollary.
Corollary 1 Forallk=1,...,n,

E[_Plaka;‘Ri] =k.

i=1,...,

Since the rate processes R;(t) are assumed to be independent, we have

E[ max GIR; :/ P{ max G;R; >r}dr
; k o i=1,...k

00 k
= / (1 - H P{G;R; < T}) dr.
0

=1
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By combining this with Corollary 1, we get an alternative recursion to deter-
mine the sequence G7,...,G:

Gy=1,
71

/ 1— H P{GiR; < r}P{aR; < r}> (6)
G =i !( 2,...,n.
Note that function fi(a) is clearly strictly increasing with

k—1

0= [ : (1 - [l PiGiRi < r}> ar = B[ _max  GIR]=k-1

=1

and fx(a) — 00 as a — oo. Thus, the inverse function f, *(b) is well defined
on [k — 1,00) (including value k).

The advantage of recursion (6) is that it utilizes directly the time slot level
model for the rate processes R;(t), while the original recursion (4) requires
that the flow level capacity regions Cy be determined.

Next we show the important result that the G}, sequence is strictly increas-
ing in our opportunistic scheduler model, which is based on i.i.d. rate processes
R;(t) for separate users .3

Proposition 3 For the opportunistic scheduler capacity regions defined in
Section 2, we have

G <Gy <...<Gr.
Proof 1° Define G = 0. Then

* 1 *
Gi=—>0=4Gj.
"
2° Denote Xg =0 and, forall k=1,...,n—1,

Note that Xg, X1, ..., X,—1 is a non-decreasing sequence of random variables.
In addition, for all k = 0,1, ...,n—1, define functions hx(a), a € R, as follows:

hk(a) = E[(CLRk+1 - Xk)l{aRk+l>Xk}]'

Note that hy(a) is non-decreasing as a function of @ for all k. Furthermore, by
definition and Corollary 1, we have, for all k =0,1,...,n — 1,

h’k (GZ+1) = E[(GZ+1Rk+1 - Xk)l{GZ+le+1>Xk}]
= E[Xpp1 — X = 1.

3 An example is given in [2, p. 189] demonstrating that the result is not necessarily true
for more generic capacity regions.
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Now, let £k =1,...,n — 1, and assume that, for all j =0,1,..., k-1,
G > G

(7) If the steady-state rate distribution is deterministic (i.e., P{R; =y} =
1), then clearly P{G;Rr41 > X} =0 and

hi(Gy) = E[(GLRk+1 — Xk)1(G: Ry > X0} = 0.

(74) Assume now that the steady-state rate distribution is non-deterministic.
In this case, by the induction assumption,

P{GZRkJrl > X > kal}
> P{Ry4+1 > Rr > Rp—1>...> R1} > 0,

which implies that

GZRkJrl - Xk)l{G’,;Rk+1>Xk}]
GrRi+1 — Xi) (G Rijy > X0 > X1 })
GiRi+1 — Xi)Y(Gr Ry > X=X 1}
GiRp+1 — kal)l{GZRk+1>Xk}]
GiRi+1 — Xk—1)1(G: Ry 1> X0 1))
(GLRr — Xk—1) (G Ri> X5 1}
=hp-1(Gy) = 1.

N A+
oo e [ fls Rc Jc

Thus, we have hi(G}) < 1 in both cases ((¢) and (i7)). Since hi (G, ;) =1
and hi(a) is a non-decreasing function, we conclude that
Gri1 > Gy,
which completes the proof. O

Another monotonicity result is given below (cf. [2, Proposition 1]).

Proposition 4 For all k=2,...,n,

* * *
o1 S o< S Cpge

Proof 1° Let k€ {2,...,n} and j € {1,...,k — 2}. In addition, let ¢} denote
the modification of ¢ where the service rates ¢j ; and ¢j ;. ; have changed
their places,

~% * * * * * *
¢, = (ckyl, s Chim15 Ch i 1s Chjo Ch jp2s - - .,ckyk).
Note that ¢; € Cy, since Cy, is symmetric (Property (ii) mentioned in Section 2).
Now
* * ~
crr (gr(cr) — gr(er))
% * * * * * * *
= GGyt ;G — ¢ GT = Gl

= (C;:,j - C;:,jﬂ)( ;+1 - G;)
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Since cy, (gr(cy) — gr(€;)) < 0 by definition, and G, — G > 0 by Proposi-
tion 3, we conclude that
Chj— Crj+1 < 0.

2° Consider now the remaining case where k € {2,...,n} and j =k — 1.
* _ * *
If ¢,y = 0, then k-1~ Chk < 0 for sure. Thus, we may assume that
¢ p_1 > 0. Now, let ¢ denote the modification of ¢} where the service rates
k. k—1 and ¢, have changed their places,
~% * * * *
Cp = (Ck,la s Cp k—25 Ck ko Ck,kfl)'

Note again that ¢; € Ci, since Cy, is symmetric. Now

k-1 (9r(Ck) — gr(Ct))

k—2

* * * * *

Ck k—1 k — E ijGj - Ck,kflefl
j=1

k—2
* * * * *
— i | k- E ijGj — ekGro1
j=1

k—1
= (chra— ) | E= DG — cinGia
j=1
= (Cz,kfl — Ckk) (CZkGZ - C;:kGltfl)
= (ko1 — ) (G — Gi_y).
Since cjyc x1 (9k(cy) — gr(€;)) < 0 by definition, and G}, — G;_; > 0 by
Proposition 3, we conclude that

CZ,H — e <0,
which completes the proof. O

Due to Proposition 3, the optimality result given in Theorem 1 below
follows now from [2, Theorem 1]. For completeness, however, we give the proof
also in this paper. In addition, we are now able to give the implementation of
the optimal flow level policy at the time slot level, see Theorem 2 below.

Theorem 1 For all flow sizes s1 > sg > ... > s,, the optimal operating

policy is ¢* = (ci,...,ck). The minimum total completion time T¢" satisfies

i.e., the optimal policy applies the SRPT-FM principle.
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Proof The monotonicity of the optimal rates is already shown in Proposition
4. The optimality result itself is proved below by induction.
1° For n = 1, the result is clearly true:
S1

* S
79" = 2L — min 22 = minT%.
7 c1€C1 C1 )

In addition, G} = 1/7; so that T¢" = G%s; as claimed.

2° Assume now that n > 2 and the result is true for all values 1,...,n—1.
We will show that it is also true for value n.

It follows from the induction assumption that the optimal policy applies
rate vectors cj, for all k = 1,...,n— 1. Thus, for any policy ¢ = (c1,...,¢p) €
®,,, the modified policy ¢ = (ct,...,c5_q1,¢,) € &, results in a smaller total
completion time so that

¢ > 1°
n—1 B
=nT)+> kTy
k=1
-~ n71 -~
k=1
=n——=—+)>» Gy (Sl(k) Cn,i(k))
Cn,i(n) kzl Cn,i(n)
Sl n
= - (()) ( Z chn 1(k)> + Z Gksz(k)
n—1
= n((Cni1)s - -+ Cnin))Sin) + >, GrSith),
k=1

where i(k) refers to the original index of the flow that completes at the end
of phase k under policy ¢. Note that (c i1),---,Cn,i(n)) € Cn, since ¢, =
(cniy-- -, Cnn) € Cp and Cy, is symmetric (Property (ii)). Thus,

gn((cn,i(l)a ) Cn,l(n))) > G;;

implying that

¢ > iGZSi(k) > iGZSka

k=1 k=1

where the latter inequality follows from the facts that s; > ... > s, (by
assumption) and G} < ... < G (by Proposition 3).
Consider then policy ¢* = (cj,...,c}) and let i*(k) denote the original

index of the flow that completes at the end of phase k under this policy ¢*. It
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follows from Proposition 4 that i*(k) = k for all k. Thus,

n—1
T =nT¢ + 3 kT
k=1

+2Gk (5k T nk>
= *" (n - Z chflk> + i G5,
k=1

TLTL
* *
c)sn + E Gk
k=1
n
- E G;:Sk
k=1

so that T% > T¢" for any ¢ € &,,. O

Theorem 2 The optimal operating policy ¢* = (ci,...,ck) can be imple-
mented by a sequence of weight-based schedulers that, in phase k, use the
weight vector wy, = (Gf,...,Gy) and break the ties by giving the time slot

t to the flow with the highest index v* such that
G} Ri+(t) = max{GiR1(t),...,GLRk(t)}.

Proof Let k =1,...,n. For k = 1, the result is trivially true. Thus, we may
assume that k£ > 1.

Let 7 denote the weight- based scheduler based on weight vector wj =
(G1,...,G3). In addition, let ¢™ = (07, ...,07) € Ci denote the corresponding
throughput vector. Note that, for all: =1,... k,

1—1
o7 RH1{GR>GR}H1{GR>GR}]
Jj=1 J=t+1

Below we will show that

gk(c™) = min gi(c) = Gy,
cr€Cr
which, by (4), implies that the claim is true.
First, by Proposition 1, we have

_ >> * ﬂ'
E[lnllax G} R;] Icn%):;G ci ZG 0 (7)
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On the other hand, by definition,

k i—1
> Grer ZGERnl{GR>GR}H1{GR>GR}]
1=1 1=1 Jj=1 J=t+1
ZGR Hl{G 'R >GiR;} H LG:ri>G2R,}]
J=t+1
=FE[ max G;‘Rl] (8)
Equations (7) and (8), together with Proposition 2, imply that
k k
> Gif =max > Gie; =k
— ceCy =
Thus,
1 k—1 1 k—1
0le") = 5 (k— > i ) i (ZG ;G;‘oz> -G,
which completes the proof. O

5 Numerical examples for the transient system

In this section, we present numerical examples for three different channel sce-
narios and illustrate the differences in the flow level performance of the tran-
sient system when policies mentioned in Section 3 are applied. Scenarios A
and B reflect two extreme cases: in Scenario A, the opportunistic gain grows
without limits as the number of users increases, while it is rather restricted and
bounded in Scenario B. The third one, Scenario C, lies somewhere between
the two and is motivated by a practical system.

5.1 Scenario A: Exponential channel

In the first channel scenario, we assume Rayleigh fading and linear data rate to
SINR dependency. In this model, the rate process is exponential, R; ~ Exp(1),
and the opportunistic gain 7 in phase k is the maximum of k& independent
Exp(1) random variables, which equals the harmonic number Hy,

W
”Yk:Hk:Z;-
i—1

Note that the opportunistic gain for this model is unbounded, v, — oo as
k — oo. Recursion (6) is now based on

fk<a>_/0°° (1_ (1—et f[(1_e w)>dr
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from which optimal weights G can be computed numerically utilizing a simple
line search. The corresponding optimal flow level operating point c¢; can then
be computed numerically as follows:

oo _gt,
Cri = / re " H 1—e % |dr
0

J#i

5.2 Scenario B: Two-state channel

In the second scenario, the instantaneous rate process has only two discrete
values, Tmin and Tmax, With 7min < max. Let p = P{R; = Tmax}. In all
forthcoming numerical examples, we use values ryin, = 1, rmax = 10 and
p = 1/2 (to have a significant difference in the rates).

The opportunistic gain 7 in phase k is now

Yk = Tmin (1 - p)k + T'max (1 - (1 - p)k)a

which clearly converges to ry.x as k — oo.

To compute G}, we define m(a), a > 0, as the maximumm € {0,...,k—1}
for which G}, rmax < @rmin, with the convention G§ = 0. Recursion (6) is now
based on

k—1

fk (CL) =a (Tmin (1 — p)k—m(a) + Tmaxp) + T'max Z Grp(l - p)kiia
i=m(a)+1

allowing a numerical solution for Gj. Once G, is determined, let my = m(Gy,).
The optimal rate vector cj, is obtained in a straightforward fashion:

Oa 1 < m,
Cri = 4 TmaxP(1 — )k, my <1<k,

i
T'min (1 - p)kimk + Tmax Ps i=k.

Note that the SRPT-P policy results in a rate vector which is the same as
above but with my = 0. Indeed, the only difference between the SRPT-P and
the optimal policy is that in the optimum only the & — my, shortest flows are
served with non-zero rates whereas SRPT-P serves (in principle) all. Naturally,
the “cut point” and thus the difference between the policies depends on the
parameters of the model, i.e., "min, Tmax, and p.

5.3 Scenario C: HDR channel

The last channel model example is motivated by the empirical distribution for
the achievable rates in an actual HDR system, see [4]. The model has been
used, e.g., in [7]. In this case, there are 11 rates, given below in kbps,

r = {38.4,76.8,102.6,153.6,204.8, 307.2, 614.4,921.6, 1228.8, 1843.2, 2457.6},
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with the respective probabilities
p ={0,0.01,0.04,0.08,0.15,0.24, 0.18,0.09,0.12,0.05, 0.04}.

The optimal weights G, and the corresponding optimal flow level operating
points ¢j can be computed similarly to the two-state model but we omit the
computational details for brevity.

5.4 Performance comparison at flow level

To compare the performance of different policies in the transient system, we
consider the three channel scenarios introduced above. The considered policies
¢ are the optimal policy TR-OPT together with PF and SRPT-P introduced
in Section 3. As PF represents our baseline policy, in the results below we
always study the performance relative to PF. The performance is measured
by the total completion time under the time-scale separation assumption, i.e.,
based on the flow level model.

First, the total completion time of the different policies ¢ relative to the
total completion time under PF, i.e., the ratio

T®
TPF ?

is shown in Fig. 2 (left), which depicts the performance ratio as a function
of n, the initial number of flows in the system, for 1000 randomly selected
initial sizes drawn from an exponential distribution. In Scenario A, the rate
distribution is continuous and thus PF and SRPT-P are identical policies,
but the optimal policy TR-OPT produces a significant benefit over PF. In
Scenario B, the benefit from the optimal policy TR-OPT is more significant
(close to 50% for large n), and interestingly it gives numerically identical
performance to SRPT-P. However, this is a result of the rather large difference
between 7,i, and rpax, recall the discussion on the relation of SRPT-P with
the optimal policy in Section 5.2. Finally, in Scenario C the benefit of the
optimal policy TR-OPT is somewhere between Scenarios A and B, and SRPT-
P is somewhat inferior to the TR-OPT policy.

To further illustrate the differences of the policies, we examine the total
service rate of the policies ¢ relative to the total service rate of PF, i.e., the
ratio

cf:l +...+ cf:n

PY 4+ BE
Note that since SRPT-P always gives priority to the highest instantaneous
rate, the total service rate is exactly the same as that achieved by PF, only
the division of the rate among the flows is different between SRPT-P and
PF. Thus, we only consider the ratio for the TR-OPT policy. The results are
given in Fig. 2 (right). There is a striking qualitative difference in the behavior
between Scenario A and Scenarios B-C. In Scenario A, where the opportunistic
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Fig. 2 The ratio of the total completion time for different policies relative to the total
completion time under PF (left) and the ratio of the total service rate of the optimal policy
TR-OPT relative to the total service rate with PF (right) for Scenarios A, B and C.

gain is unbounded, the ratio is less than one and appears to be decreasing,
i.e., the total service rate achieved by the optimal policy TR-OPT is clearly
behind that of PF. However, in Scenario B the ratio is equal to one (up to
numerical accuracy) and in Scenario C the ratio appears to approach one as
n increases.

5.5 Performance comparison at time slot level

The optimal time slot level scheduler for the transient problem without assum-
ing time-scale separation can be solved numerically using dynamic program-
ming, see [20,12]. In the following, we investigate how close the performance of
the time-slot level implementation of the TR-OPT policy, as well as SRPT-P
and PF, are to the performance of the optimal time slot level scheduler. The
numerical complexity of solving the dynamic program limits our analysis to
the two-state channel (Scenario B with varying rate ratio rmax/"min) and two
flows (n = 2). We note that the performance of the time slot level implemen-
tations of TR-OPT, SRPT-P and PF can also be obtained numerically using
so-called Howard equations, cf. [12, Sect. 4].

For TR-OPT and its implementation at the time slot level, we conclude
that if 7max/Tmin < 2 then G5 = 2G5 and the scheduler always serves the
shorter flow until completion. Otherwise, if Tmax/Tmin > 2, it holds that

2— 1- max 1- min max *
G = 2220 = D)o/ (1= P)Tmin + PTimax) o
(1 - p)2rmin + P Tmax

and the scheduler serves the initially shorter flow 2 in all channel states except
when R1(t) = rmax and Ra(t) = Tmin.

In Fig. 3, we show the ratio of the mean completion time of TR-OPT,
SRPT-P and PF policies to the optimal time slot level policy as a function of
the mean size of the flows, E[X] (initial flow sizes X, expressed in time slots,
obey a geometric distribution). In the left panel, the ratio rmax/Tmin = 1.5,
and TR-OPT very quickly becomes as good as the optimal solution as the
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Fig. 3 The ratio of the total completion time for the time slot level implementations of
TR-OPT, SRPT-P and PF relative to the total completion time of two flows under the
optimal time slot level scheduler for two-state channel as a function of mean flow size with
max/Tmin = 1.5 (left) and Tmax/7Tmin = 5 (right).

mean flow size grows, while for SRPT-P a small gap remains. In the right
panel, the ratio rmax/Tmin = 5 and the difference between TR-OPT and the
optimal time slot level policy is now greater and somewhat larger flow sizes
are needed until the difference disappears. Interestingly, in this case, SRPT-P
gives practically identical performance as TR-OPT. Finally, in both cases PF
performs worst and a clear performance gap remains.

Our numerical experiments demonstrate that the time scale separation
assumption is not that bad even if the flow sizes are only one or two orders of
magnitude greater than the length of the time slot. In addition, the difference
between the truly optimal scheduler and the time slot level implementation of
TR-OPT becomes marginal when the mean flow size is sufficiently large.

6 Dynamic scheduling problem

It is also interesting to investigate how the optimal policy of the transient
system, TR-OPT, performs in the dynamic scheduling problem, where flows
are not fixed at the beginning but arrive randomly.

To study the dynamic problem, we utilize two independent simulators. The
flow level simulator (implemented in Mathematica) assumes the time scale
separation. Flows arrive according to a Poisson process with rate A and in
each flow level state n they are served using a rate vector chosen from the
corresponding capacity region C, according to the given policy. The second
simulator, referred to as the packet level simulator, is applied to the same flow
level scenario, but in this case the scheduling decisions are done on the packet
level: In each time slot ¢ the rate process values R;(t) are drawn independently
from their respective steady-state distributions and the policy defines which
flow is served in each time slot. For example, the TR-OPT policy schedules
the flow with maximum G R;(t) in time slot ¢. The packet level simulator was
implemented in C++.

In the simulations, we considered the same channel scenarios as in Sec-
tion 5, i.e., Scenarios A-C. The simulations were run for exponentially dis-
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tributed flow sizes. The flow level simulations were run with 5-10° arrivals. In
the packet level simulator, the time slot length and the mean file size were kept
fixed and the arrival rate A\ was varied to change the load. For Scenarios A
and B, the time slot duration and the mean size of the flows were chosen so
that the time-scale separation is reasonably well preserved, which resulted in
time slot duration of 0.001 and mean size of 1. For Scenario C, the time slot
duration was taken from the specifications of HDR systems and thus the time
slot duration was 1.67 ms and the mean file size was 50 KB. The simulation
runs in the packet level simulations also consisted of 5 - 10° arrivals.

In addition to the policies compared in Section 5 with PF serving as the
baseline policy, we also considered the SRPT-OPS(k) policy introduced in
Section 3. In the results below, we have optimized the value of k separately for
each value of the load. However, the optimization was not done in an exhaustive
manner over a fixed range of k, but instead, as the load was increased, the
optimization was done by searching for the next local minimizer when starting
from the current optimal value valid for the previous load value. Below the
optimized SRPT-OPS(k) policy is briefly referred to as OPS*. The simulations
with this policy were run with 108 arrivals.

6.1 Scenario A: Exponential channel

Scenario A, with a continuous rate distribution and infinitely growing oppor-
tunistic gain, resulted in the mean occupancies as a function of A as depicted in
Fig. 4 (left). The results from the flow level simulator are shown with continu-
ous lines, and the results from the packet level simulations are indicated with
dots. PF and SRPT-P are identical policies in this case, and even the OPS*
policy resulted in almost identical performance (the difference being so small
that it can not be distinguished in the figure). The TR-OPT policy is clearly
getting increasingly worse as the arrival rate A increases, indicating possible
stability problems. Recall also that the total service rate in Scenario A for
TR-OPT does not achieve the same as for PF, see Fig. 2 (right).

Fig. 4 (right) gives the ratio of the mean number of flows under TR-OPT
relative to PF as a function of the arrival rate A\. Note that the stability limit
of the corresponding constant rate non-opportunistic M/G/1 queue (in which
the channel information is not utilized) is at A = 1. From the figure we observe
that at low loads, and slightly beyond the M/G/1 stability limit, TR-OPT is
still able to achieve a slight gain over PF and the other policies.

6.2 Scenario B: Two-state channel

Scenario B, the two-state channel model, represents a case where the capacity
is bounded from above by rpax. The results are shown in Fig. 5. The results
for the mean number of flows as a function of the load is given in the left panel
and the relative performance compared with PF is shown in the right panel.
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Fig. 4 Mean number of flows with different policies (left) and ratio of the mean number of
flows relative to PF (right) as a function of load for Scenario A.

The load parameter is given by p = AX /rmax, where X denotes the mean file
size, and the necessary condition for stability reads p < 1. In this case the
stability limit of the corresponding M/G/1 queue is just 7/rmax = 0.55, where
7 denotes the mean rate.

Throughout the load region, the TR-OPT and SRPT-P policies yield prac-
tically identical performance, and the performance is significantly better than
with PF and also clearly better than with OPS*.
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Fig. 5 Mean number of flows with different policies (left) and ratio of the mean number of
flows relative to PF (right) as a function of load for Scenario B.

6.3 Scenario C: HDR channel

Finally, Scenario C, the 11-state channel model gives the results shown in
Fig. 6, where the left panel gives the mean occupancy and the right panel the
relative performance compared with PF, as a function of the load. Here the
load is defined as in Scenario B but with r,,x representing the maximum HDR,
rate and the stability limit of the M/G/1 system is approximately at 0.27.
The results from the flow level simulator are shown with continuous lines,
and the results from the packet level simulations are indicated with dots. As
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can be seen, the time scale separation is nicely realized even in this scenario
that is based on realistic parameters.

The results confirm partly the observations from the two-state model with
SRPT-P exhibiting best performance over all loads and being superior in par-
ticular at high loads, while TR-OPT performs clearly worse at high loads than
in the two-state model. The OPS* policy is practically the same as PF, and
its irregular behavior at high loads is a result of the local optimization of the
k-parameter of the policy.
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Fig. 6 Mean number of flows with different policies (left) and ratio of the mean number of
flows relative to PF (right) as a function of load for Scenario C

6.4 Summary

As a synthesis for the dynamic case based on these three different scenarios, we
find that the scheduling policy SRPT-P is uniformly better than the baseline
policy PF or the optimized SRPT-OPS(k) policy, OPS*, and almost uniformly
better than TR-OPT. Even in the cases where SRPT-P is not the best one,
its difference to the best policy (TR-OPT) is rather marginal. The TR-OPT
policy performs well whenever the traffic load is light or the opportunistic gain
is very restricted.

7 Conclusions

In this paper we have considered the problem of combining optimally op-
portunistic and size-based scheduling in the context of data transmission in a
wireless cellular system. Our model covers the symmetric case where the chan-
nel conditions for different users are independent and identically distributed
(up to a user-specific coefficient), and our approach is based on the time scale
separation assumption that allows us to define the optimal scheduling prob-
lem at the flow level. We have found the optimal trade-off in the transient
setting where all the elastic traffic flows are available at time 0 and no new
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flows arrive. The optimal policy is characterized both at the flow level (by giv-
ing the optimal operating points in all the phases of the service process) and
at the time slot level (by giving the parameters of the optimal opportunistic
scheduler). We have also explored the dynamic case with randomly arriving
new flows by simulations in three very different scenarios. Interestingly, the
scheduling policy TR-OPT, which is optimal for the transient system, can be
improved in the dynamic case under high traffic load by applying a rate-based
priority scheduler that breaks the ties based on the SRPT principle.

While we have already been considering the trade-off between opportunistic
and size-based scheduling in our earlier works [12,1,2], in the present paper, we
are, for the first time, able to combine opportunistic and size-based scheduling
optimally at the time slot level. The results cover the symmetric case in the
static setting with a fixed number of flows. Thus, the future challenge relates to
extending the results to cover the asymmetric case with user-specific channel
conditions and/or the dynamic setting with randomly arriving new flows.
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