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Abstract

The main objective of bandwidth sharing in telecommunications net-
work is to use all available bandwidth without disrupting the constraints
and maintain a certain fairness. The achieved fairness depends closely on
the used fairness criterion. Different fairness criteria favor or discriminate
single sources or whole traffic classes on different basis. In this paper the
notion of fairness is introduced, essential static fairness criteria and their
relationship is studied. A network model is presented and the behavior of
different fairness criteria is examined via two simple network setups.

1 Introduction

Basically any telecommunication network can be considered as a set of links
with finite capacities as resources and a finite number of sources as network
users. The most simple traffic model is such that a data flow between a sending
source and the receiving point occupies a constant amount of link capacity in all
the links through which it traverses. When several sessions have to compete for
the finite resources or capacity of a network, the rate allocated for sources has
to be regulated by some control mechanism to avoid congestion and to reduce
packet losses in the network. Because of the finite resources, the bandwidth
share or equally the rate allocation is a compromise that should be fair, which
leads to the concept of “fairness”.

Notion of fairness has no unique definition. It may depend on several dif-
ferent session priorities and service requirements, e.g. a session can require a
minimum guaranteed rate for sending data or has a maximum on allowed net-
work delay. It is generally accepted that traffic with the same priority should
be treated equally. The most simplified definition is to allocate the same share
to each connection. Different fairness criteria favor or discriminate sources or
traffic classes on different basis. The objective can be to use the network capac-
ity as effectively as possible without considering a single source (the throughput
maximization), or on the contrary, the goal can be to ensure as equal sharing
of the resources as possible (max-min fairness).

As a mathematical notion fairness can alternatively be thought of as an
optimization problem, where the objective is to find a rate allocation that min-
imizes or maximizes a utility function specific for the used fairness criterion. In
this approach e.g. a cost for achieved rate allocation can be easily added to the
examination. Further, the optimization approach provides a generalization of
the concept of fairness.

In this paper our objective is to introduce the notion of fairness from the
viewpoint of telecommunications and study essential fairness criteria and their
relationship as they are considered in some earlier papers, and further, con-
cretize these results via two different example cases. Some assumptions and
simplifications are made concerning the network and the traffic. The network
topology, consisting of the links with constant capacities and sources, is fixed
and known. All sources send elastic traffic with adjustable constant rate to
a single target via a fixed route. Round trip times and processing delays are
neglected. Thus, this study is limited to static fairness criteria.

Organization of the paper is as follows: in Section 2 the network model of
this study and two different example network setups are presented. The notion



2 Network model 2

of fairness is briefly discussed in Section 3 and basic fairness criteria are studied
in Section 4. Weighted fairness criteria containing some additional parameters
are presented in Section 5 and in Section 6 fairness as a optimization problem
is studied more closely. Relation between the criteria presented in previous
sections and the utility approach is stated. The paper is concluded in Section
7.

2 Network model

In this section the basic network model is presented and two different network
setups are introduced.

In the following network model some assumptions are made; we assume that
there is a fixed number of flows and routes in the network. Also each sources
sending rate x4 is assumed to be constant. In a way, the used network model is
statical, sending rates, number of flows or used routes do not vary in time.

A network can be considered as a set of links £, each link [ € £ has a finite
capacity C; > 0. Let S denote the set of all sources in the network and let z,
denote the sending rate of source s € S. A route r is a non-empty subset of L.
Denote by R the set of all routes used by the sources s € S.! Let | € » denote
that link [ belongs to route . A 0 — 1 matrix A is defined as follows:

A= (Ais) (1)

where Ajs = 1,2, € Land s € S.

Finite capacities of the links set some restrictions to the rate allocations that
can be carried out in the network. A rate allocation that does not disrupt these
limitations is called feasible.

Definition 1 (Feasible allocation). A rate allocation {xs}scs is feasible if
xs > 0Vs €S and it satisfies the capacity constraints

> Apr, <Gy leL. (2)
s€ES

Let x = {xs}scs denote a rate allocation vector and C = {C}}ic, a vector
of the link capacities. Thus, Definition 1 can be presented in a matrix form as
follows:

Definition 2 (Feasible allocation). A rate allocation x is feasible if x > 0
and it satisfies the capacity constraints

Ax < C (3)

Let F denote the set of all feasible rate allocations, i.e. F e {x | x is feasible}.
The set F is convex, which is proved as follows:

Proposition Set F is convex.

1Set R can contain identical elements, i.e. several sources can use exactly the same route.
2More generally, we may assume that A € [0, 1], which corresponds to splitting the traffic
over parallel paths. [5, 4]
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Proof Let x; and x5 be two rate allocations such that x;,x, € F. Now,

A(tX1+(1—t)X2)=tAX1 —|—(1—t) AX2 StC—F(l—t)C:C
~— ~~

<c <c
x1€F xoE€F

< A(txy + (1 —t)xg) < C Vt € [0,1]
S itx;+ (1 —t)xe € FVt€[0,1]
< F is convex [1, Def 2.1.1]. O

In Sections 2.1 and 2.2 two simple linear network setups are introduced.
These networks are used in the later sections to demonstrate the differences
between various fairness criteria.

2.1 Network setup 1

This network setup (Figure 1) is a widely used example to illustrate the com-
plexity related to fairness (see e.g. [2]). There are L links and L + 1 traffic
classes Ry, ..., Ry, each containing n, flows, r = 0,..., L. Flows of class Rg
travel through all links and flows of class R; only through link [, [ =1,... L.

routes in R,

| . link 1 o link 2 o link 3 . link L
. F o S >
|r0utes inR, l« |routes inR, l« |routes in R, l« |r0utes inR; »L

Figure 1: The linear network.

In the following sections Ezample 1 refers to this network setup with follow-
ing parameter values: L =2, C; =1 and n; < no.

2.2 Network setup 2

This network setup (Figure 2) is also known as the “parking lot” scenario.
There are L links and L traffic classes R1,..., R each containing n, flows,
r=1,...,L. Flows of class R; travel through links /,/+1,...,L, I =1,...,L. In
link [ there are flows of classes R, ..., R; competing of the links finite capacity.

link 1 link 2 link 3 link L

I I i i L

I
routes inR; routesinR, routes in R, routes in R;

Figure 2: The linear network (the “parking lot” scenario).

In the following sections Ezample 2 refers to this network setup with follow-
ing parameter values: L =2, Cy =1and Cy; =c > 1.
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3 Fairness criteria

The main objective of bandwidth sharing is to use all available bandwidth with-
out disrupting the constraints and maintain a certain fairness. The achieved
fairness depends closely on the used fairness criterion. Different fairness criteria
favor or discriminate single sources or whole traffic classes on different basis. The
objective can be to use the network capacity as effectively as possible without
considering a single source (the throughput maximization), or on the contrary,
the goal can be to ensure as equal sharing of the resources as possible (max-min
fairness).

In the following sections various definitions of fairness criteria are introduced.
It is assumed that all the sources use a fixed route and send with a constant rate.
Also the whole network, its resources and topology is known. Examinations of
fairness are restricted to the unicast case, i.e. flows are traversing from one source
to a single destination. Thus, the criteria are considered as static, varying of
any component in time is excluded from this study.

4 Basic fairness criteria

The most common fairness criteria have no additional parameters. As basic
fairness criteria are concerned throughput maximization, max-min fairness, pro-
portional fairness and potential delay minimization.

4.1 Maximum throughput

A straightforward objective for bandwidth allocation is to find a feasible rate
allocation that maximizes the total throughput [2, 7, 9, 4]. In a way, it would
be the most efficient way to use the network resources. Formulated as an opti-
mization problem:

maximize u(x) = sz (4)
s€S
subject to x € F

Example 1 Let as denote n;x; = ZseRi xs, that is, x; is the mean rate
allocation for flows in the class R;, ¢ = 0,1,2. In a link [ the allocated rate
for class R; has to satisfy equation ngxg + n;x; < 1. In fact, we clearly have
mx; = 1 — ngxg. The total throughput of the network is then ZSGS Ty =

212:0 nx; = 2 — 2ngxg, which attains its maximum 2 when g = 0. Thus, we
have g =0 and z; = n%’ l=1,2.

Example 2 As before, all flows in the same class R, have the same mean rate
Z,. The maximum of the total throughput is ¢ = C5 and it is obtained with
all rate allocations x € F that fulfill the condition nix; + nexs = ¢ such that
niry < 1. This gives 0 < 7 < n% and z9 = n%(c — nyx1). Thus, there is an
infinite number of feasible rate allocations that maximize the throughput, e.g.
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rate allocation

x1=9{0,...,0 ,¢/na,...,¢c/na}
—_—— —- — —
ny elements no elements

or

xg ={1/n1,...,1/n1,(c—1)/na,...,(c—1)/na}.

ny elements no elements

Still, it can be questioned whether the rate allocation x; is as “fair” as xs.

4.2 Max-min fairness

Max-min fairness [2, 4, 9, 7] is the most common definition for the concept of
fairness. Its objective is to maximize the minimum of the given bandwidths, i.e.
the rate of any source can not be increased without decreasing the rate of some
other source that already has a smaller rate.

Definition 3 (Max-min fairness). A rate allocation x is maz-min fair if
x € F and

Vs €S 31 s such that Zl:xi =C; and s = ngxlxxz (5)
(=]
The bandwidth allocation fulfilling the Definition 3 can be proved to be
unique [9, 7].
An alternative definition of max-min fairness is that every source has a
“bottleneck link” [2, 4]. 3 A bottleneck link is defined as follows:

Definition 4 (Bottleneck link). A link [ € L is called a bottleneck link for
source s € S if link [ is saturated, i.e.

> Az, =G leL (6)

seS

and source s that sends through link l has the maximum rate among all the other
sources using the link 1, i.e.

T > x; Vo such that A, =1, i€ S (7)

where x5 denotes the rate allocation of source s € S.

Example 1 Let x be a max-min fair rate allocation. All flows in the same
class R; have the same rate z;, [ = 0,1, 2. By definition the sources using routes
of class Ry have a bottleneck link. The bottleneck link is the most crowded
link, that is, for the bottleneck link k it holds k¥ = argmax;>1 n; = 2. Thus, the
following equation holds: ngzg + noxs = 1. Since link 2 is also the bottleneck
link of class Rs, we have xy = xo, from which it follows that zo = In

no+nsz”

3The equality of these definitions is proved e.g. in [2, 4].
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the other link 1 the excess capacity is used by the flows of class R;. Thus, the
max-min fair rate allocation is

1
2, — | motm for r € Ry,
L_n2_ forre Ry, | €{1,2}.

ny no+nz

In the case n, = 1 we have x, = % and the total throughput is % Max-
min fairness gives a smaller total throughput than achieved with throughput
maximization, but guarantees that all the classes are given an equal proportion
of the bandwidth available. Thus, max-min fairness can be considered as a
more “fair” bandwidth sharing objective than pure maximizing of the total

throughput.

Example 2 Let x be the max-min fair rate allocation. All flows in the same
class R; have the same rate x;, [ = 1,2. By definition the sources using the
routes of class Ro have a bottleneck link 2. Thus, the following equation holds:
n1x1 + noxe = c. If the link 2 is also the bottleneck link for flows of class Rq,
then z1 = x9. Thus, 1 = 25 = m Now, if n1xz1 > 1, then the bottleneck

link for flows of class R; is link 1. That is, if & < —<— and further, if

1 ni ni+ng
n1>£—21,thenx1:n—llandx2:‘:;2 }

In the case n, = 1 we have r1 = vy = § if ny < 2, that is, if ¢ < 2.
Otherwise 1 = 1 and z3 = ¢ — 1. In both cases max-min fairness gives the
maximum total throughput ¢, but as a contrast to throughput maximization,

the rate allocation is unambiguous.

4.3 Proportional fairness

Proportional fairness was proposed in [6]. In proportional fairness deviation
from the fair allocation causes a negative average change.

Definition 5 (Proportional fairness). A rate allocation x is proportionally
fairif x € F and

l_
Z%govfef (8)
sES s

The bandwidth allocation fulfilling the Definition 5 can be proved to be
unique [9, 7].

Example 1 Let us assume that the proportionally fair allocation is

L_mtn: — for p ¢ Ry, 1 € {1,2}.

ny no+ni+na

. — f € Ro,
Ty = {no+n1+n2 orr 0 (9)

which is proved as follows:

Proposition The rate allocation x proposed in (9) is proportionally fair.
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Proof Lety e F. Inlinks 1 and 2 it holds that ngyo + niy; < 1.

2
Ys — Ts Yy — xy Yo — Xo Y1 — X1 Y2 — T2
E 7=§ ny =ng +n + ng
Ts -0 Xy

X X X
seS 0 1 2
<l-noyo =l—ngxg <l-noyo =1l—ngzo
= A~ =
noYo — NoLo niyy — Nixy naYy2 — N2X2
= - -
To x1 T2

Sno(yo—xo)(l—l_l)

o I T2
© _ _om
= no (Yo — o) (no +n1 +ng . (no +n1 + na)
n2

=0 VyeF.

Thus, based on Definition 5 rate allocation (9) is proportionally fair.

O

In the case that n, = 1 we have xg = %7 T = Ty = % and the total
throughput is 1% ~ 1.667. Proportional fairness gives a smaller total throughput
than achieved with throughput maximization, but greater than achieved with
max-min fairness. Proportional fairness seems to penalize long routes more than

max-min fairness with tendency to achieve greater total throughput.

Example 2 Let us assume that the proportionally fair allocation is

(& 3 no
S {nﬁm if ny < 3,
1 1

— otherwise
ni

and

C : no
if
Xro = {n1+7l2 ni < c—17

e otherwise

which is proved as follows:

(10)

Proposition The rate allocation x proposed in (10) is proportionally fair.

Proof Lety € F. It holds that nyy; <1 and nyy; + nays < c.

2
Ys — Ts Yy —x Yy — 21 Y2 — X2
E - = E ny =ny + N2
s i Ty 3

sES
<e—miyr =c—ni1z1
AN ~ =
_ My — iy T n2Y2 — N2Z2
T T2

< (n1y1 — nixy) (1 _ 1)

T T2



4.4 Potential delay minimization 8

Now, if ny < %, it follows from (10) that x; = x5 and further i - ?12 =0.

Otherwise z1 = 771’ from which it follows that

11 n
(myr —miz1) <Oand — — — = ny ——2_ >
1o ) ~~ c—1

<1 =1

ie.

Yl Tco wyer
s€S Ts

Thus, based on Definition 5 rate allocation (10) is proportionally fair.

O

In the case that n, = 1 we have 1 = xy = § if ny < 2%, that is, if ¢ < 2.
Otherwise 1 = 1 and x5 = ¢ — 1. In both cases the total throughput is ¢, that
is, same as in all the previous cases.

4.4 Potential delay minimization

Objective in potential delay minimization is to minimize the time delay needed
to complete transfers [7]. The time delay is thought to be inversely proportional
to the sending rate of the source. Thus, a fair rate allocation x € F can be
defined as solution to following optimization problem:

minimize u(x Z — (11)

SGS
subject to x € F

Example 1 Routes inside the same class R, get equal allocation of the band-
width z,.. It is required that ngzg + nyx; = 1, from which it follows that

x = 1‘;& A fair rate allocation minimizes the utility function u(x), where

2 2
1o ny +nj

E —=— 7+7_7+17
T T — Nox

ses ¥ 1 2 0 00

Differentiating gives

u o ”% + n% 2 2 (. 2 2
— = - —=_=0&(1- =
Oz x3 o (1 — ngzg)? (1= nowo)” =5 (nl - nz)
1 \/n? + n2
= 19 = and 3y = ——Y 12 +

n0+\/n%+n2 nlnoJr\/nlJrn2

Thus

1
no+ nf+n§
xT =
" 1 _\/ni4ng f Rl 1.9
orr € Ry, 1 €{1,2}.
M no+y/ni+n3

for r € Ry,
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In the case that n,, = 1 the rate allocation is xg = ﬁ, T, = % forr > 1and

the total throughput is 3 — /2 ~ 1.586. Thus, the bandwidth allocation given
by this criterion is in between when compared to max-min and proportional
fairness.

Example 2 Routes inside the same class R, get equal allocation of the band-
width z,. It is required that nix1 + nexs = ¢, from which follows x5 = %
A fair rate allocation minimizes the utility function u(x), where

1 ny  nNa N n2
2
U(X) § :
Ts X1 Ty Ty C— NI
sES

Differentiating gives

ou nq n2

2
=gt =0& (c—nx)” = 27n;

0z x7 (c —nixq)
C
c C—MN1— c
=11 =—— and 29 = matny
ny + no ng ni + ng

if the link 1 is not the bottleneck, i.e. n; < *%. Otherwise we have

1 c—1
1 = — and x9 = .
ni T2

That is, the solution reduces to same as in the previous cases

C : n2
oy = P if ny < e
— if otherwise

and

e=1 if otherwise
na

Ty = {mj—nz if ny < 25,
In the case that n, = 1 the total throughput is c.

5 Fairness criteria with parameters

Concept of weighted shares provides generalizations for max-min and propor-
tional fairness and potential delay minimization. A weighting factor ¢, is asso-
ciated with source s € §. Increase in weight leads to increase in the received
share [7, 9]. Thus, weights can be used e.g. to give a higher rate allocation to a
single source in a a specific flow class, or further, to all sources of a flow class.

In the following examples it is assumed that in Fzample 1 the weight ¢g = 1
for flows of class Ry, ¢1 and ¢o are the weights for flows of classes R and R,
respectively. It is also demanded that ¢1n1 < ¢dang. In Ezample 2 the weight
¢1 = 1 for flows of class Ry and ¢ is the weight for flows of class Rs.
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5.1 Weighted max-min fairness
Max-min fairness defined with weights [7, 9]:

Definition 6. A bandwidth allocation x is maz-min fair with weights ¢s if
x € F and

Vs e S d1 € s such that sz Cy cmd(ZS —mglxai
i3l 8 ! i

The definition leads to a rate allocation, in which a single source s is con-
sidered as ¢ sources. This is verified with following examples.

Example 1 All flows in the same class R; have the same rate z;, [ = 0,1, 2.
Because ¢1n1 < ¢ong, the link 2 is the bottleneck link. By Definition 6 in

the bottleneck link xg = % and ngxg + noxe = 1, from which it follows that

Ty = m and xo = ¢oxp = ETITrE In link 1 the excess capacity is used
by the flows of class Ri. Thus, the max-min fair rate allocation is

1
2, = | noToans for r € Ry,
L_dam2_ for e Ry 1 e {1,2).

n; no+oans

Example 2 All flows in the same class R; have the same rate x;, [ = 1,2.
Flows of class Ry have a bottleneck link 2. Thus, the following equation holds:
n1x1+nsre = c. If the link 2 is also the bottleneck link for flows of class R, then
by Definition 6 we have x1 = = . Thus, z; = — and 72 = ¢ox1 = mfzim

Now, if nixq > 1, then the bottleneck link for1 flows of class Rq is link 1 That

is, if nll < and further, if n; > ¢2”2 , then z; = n—ll and x5 = —. In
summary,

c ; Pan2 ¢ac : P2m2
.rl:{n1+¢2n2 lfn1<clv and$2:{n1+¢2”2 lfn1<cl7.

n1 +¢2n2

L otherwise cn_ll otherwise

ny

5.2 Weighted proportional fairness
Weighted proportional fairness [7, 6] is a generalization of proportional fairness.

Definition 7 (Weighted proportional fairness). A bandwidth allocation x
is proportionally fair with weights ¢ if x € F and

Z%ng:g

seS s

f<ovx eF (12)

Similarly as in the case of the weighted max-min fairness, the definition leads
to a rate allocation, in which a single source s is considered as ¢ sources. This
is verified with following results.

Example 1 The weighted proportionally fair allocation is

1
o {n0+¢1n1+n2¢>2 for 7 € Ro, (]_3)

1 dinitdony
n; no+P1ni+eana for r < R, le {17 2}

Derivation of this result is presented in Section 6.2.
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Example 2 The weighted proportionally fair allocation is

c : pana
T, = {n1+¢2n2 if ny < c—17

L otherwise
ni
and (14)
Pac : Pana
ZTo = ni1+@ana if ny < c=17
% otherwise

Derivation of this result is presented in Section 6.2.

5.3 Weighted potential delay minimization

Potential delay minimization defined with weights: a fair rate allocation x € F
can be defined as solution to following optimization problem:

minimize u(x) = 3 2 (15)

SES
subject to x € F

Example 1 All flows in the same class R, get equal allocation of the band-
width x,. It is required that ngzg + nyx; = 1, from which follows x; = 1_27?””0
A fair rate allocation minimizes the utility function (15), where

Z Os _ Mo  $1m | Pana Mo $1nf + pon3

T 1 T T 1 —noxq

seS

Differentiating gives

ou ng $1n? + an3 2 2 2 2
Oxo 9:(2) + 7o (1 —ngmg)? (1= noo)” = ag (6171 + $an3)
1 1 /b2 3
= Tg = and xr; = — ¢1n1 + ¢2n2

ng + \/ (25171% + QbQTL% Ny ng 4+ 4/ d)ln% + (ZSQTL%

Thus

L fi
—_— orr € R
no+4/d1n3+pan3 o

Tyr = [h 2 3
L_ Vet gy e Ryl e {1,2}.
T ng+4/d1ni+¢an?

Example 2 All flows in the same class R, get equal allocation of the band-
width z,.. It is required that nix1 + nexe = ¢, from which follows x5 = %
A fair rate allocation minimizes the utility function (15), where

X2 T C— N1y

2
s n1 n n n
ZQS: ¢22_ 1_|_ Pan;

sES
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Differentiating gives

ou ny ¢52n% 2 2,2
=——4n——= =0 (c—nix = nsx
Oy x2 "le = nyaq)? ( 10)” = Gyt
c Vpac
>3 =————and 9= ——F——
ny +/Pang ny + v/ gang
if the link 2 is the bottleneck, i.e. njz; = —™ME— < 1, that is ny < ¥22n2
n1++vdana c—1
Otherwise we have
1 c—1
r1 = — and x5 = .
ni n2

Thus, we have

c : Vdans
T, = ni+voana if n < c—1 7
n% otherwise

and

ni+veana c—1 7

ezl otherwise
ng

T =

{¢26 ifn1<@

As a difference to the case of weighted max-min fairness and weighted propor-
tional fairness, the effect of the weights is less significant; comparison between
previous two examples and the corresponding non-weighted examples shows that
with the weighted criterion a single source s is considered as /¢ sources.

6 Utility approach

Utility approach is a more general concept of fairness [4]. Every source s € S
has a utility function us, where us(x) indicates the value to source s of having
the rate xs. Every link [ € £ has a cost function g;, where ¢;(f;) indicates the
cost to the network of supporting an amount of flow f; on link [. A “utility fair”
allocation x € F is defined as solution to following optimization problem:

maximize H(x) = Zus(xs) - Zgz(fl) (16)

sES leL
subject to x € F

where
fl = Z Alsxs
seS

Different fairness criteria can be presented with criterion specific utility and cost
functions, and the fair rate allocation is found by this constrained optimization
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problem. The fairness criteria presented in sections 4 and 5 share a common
cost function g;, that guarantees the feasibility of a rate allocation:

() = {o forf, < Ci,

(0%e] fOI"fl > (.

Disrupting the feasibility constrain causes an infinite cost, and thus forces the
rate allocation into the feasible region.

6.1 General utility function

The following form of the objective function was introduced in [3], based on the
criterion introduced in [8]:
ug (z) =

{qbs logz ifa=1, a7

1—a .
¢s5— otherwise.
—

Local optimal solution of (16) is unique global optimum, if function H : F
R : H(x) is strictly concave for all x € F and set F # () is convex [1, Def
3.1.1, Th 3.4.2]. Convexity of F is proved in Section 2. Now, let us proof the
concavity of function H(x) = > s ug(xs) in two parts.

Proposition Let us define function f, as follows:

det |logz ifa=1,
fa (37) = pl—e .
otherwise.

l—«a

Function f,(z) is strictly concave for all z > 0 and o > 0.

Proof Function f, is strictly concave, if its second derivative is negative for
all z > 0 [1, Def 3.1.1, Th 3.3.8]. Let us first examine the case o = 1:

0? 1
In case o # 1 we have
62 xlfoc e
>0 V>0
Thus, function f,(x) is strictly concave for all x > 0 and « > 0. O

We have u,(z) = ¢ fo(z), where ¢, > 0. Multiplying with a positive constant
maintains the concavity, thus also function u?, is strictly concave.

Proposition Let {f;};cz be a finite set of strictly concave functions,
fi + F — R, where F is a nonempty convex set. Let us define function g as
follows:
g:FoRigx)E Y filx)
ieT
Function g is strictly concave.
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Proof Let x1,x2 € F. Now,

gltxy + (1= t)xa) = Y _ filtx1 + (1 — t)xa)
T i)+ (11 fi(x2)

fi is strictly concave
> (tfilxa) + (1= 1) fi(x2))
€L
=ty fit) + (L= filxa)
i€l i€l
=tg(x1)+ (1 —t)g(x2) Vte]0,1] Vx1,x2 € F

& g is strictly concave. O

Now, function H is a sum of strictly concave functions and thereby function
H(x) is also strictly concave, when x € F and F is convex. Thus, we have
proved that the solution of (16) is unique global optimum. We can define a
general utility function as follows:

UGen : F — R : ugen(X) def Z’ufx(:rg) (18)
sES

With different values of o and ¢ different fairness criteria are achieved [3, 8].
Let us consider the case ¢; = 1. Now, when o — 0, optimization problem (16)
reduces to (4) and the solution is the allocation that maximizes the throughput.
When o — 1 the solution of (16) is proportionally fair [8]. In the case that
a — 2 optimization problem (16) reduces to (11) and the solution minimizes
the potential delay. In the case that o — oo the solution of (11) is equal with
solution of (5) [8]. Weighted versions of proportional fairness and potential
minimization are achieved when ¢4 # 1.

6.2 (p,a)-Proportional fairness

(p, &)-Proportional fairness (presented in [8]) is a generalization of proportional
fairness.

Definition 8 ((p,«)-Proportional fairness). A bandwidth allocation x is

(p, @)-proportionally fair if x € F and

,_
Yop e covx eF (19)

€T (0%
seS s

where o € R .

Note that if ps = ¢ and a = 1, (19) reduces to (12). Further, if p; = 1 and
a =1, (19) reduces to (8).

In [8] it is proved that (p, «)-proportionally fair bandwidth allocation is also
solution of optimization problem (16), where H = ugen, as defined in (18). All
basic fairness criteria can be derived from (p, «)-proportional fairness and also
the weighted potential delay minimization is achieved when ps; # 1 and o = 2.
An interesting observation is that when o — oo, the (p, «)-proportionally fair
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allocation is max-min fair regardless of the values of parameters p,*. This is
confirmed in the following two examples.

Now, let us derive previous results by solving optimization problem (16),
where H(X) = ugen(x). Note, that g'g‘;‘: = ¢sx,~ for all . Thus, it is not
required to divide following examinations into two parts.

Example 1 All flows in the same class R, get equal allocation of the band-
width z,. It is required that ngzg + nyx; = 1, from which follows z; = 1727?””0
(p, a)-Proportionally fair rate allocation maximizes function u(x), where

u(x) = Zua (Is) = Zniua(xi)
1=0

seS

1 —npx 1 —npx
e v (L2 s (12
nq UP)

Differentiating gives
9 1— -
L = nowo ™" + (noxo) (_no>
(91'0 ny ny

1 —npxg e o
+ngpy [ ———— -
N2 n2
=ng (z0~* — (¢111% + $2n2®) (1 — noze) ™) =0
& (1 =npzo)® = (p111" + Panz®) o
& 1 —ngrg = ml‘o

1 1 no
=29 = and ;= — | 1—
no + YP1n1% + pong® ng no + Y11 + pong®

Thus

1
T, = {"0+ ‘\X/¢1¢n1”‘+¢2¢n2“ for € Ro, (20)
1 Vo1n1*+gana®
ot it forreRyle {1,2}.

Now, different fairness criteria are achieved with different values of parameters
a and ¢;: When a@ — 0 and 1 < ¢1 + ¢o < 00, solution (20) maximizes the
throughput, i.e. solution reduces to be a solution of (4). If 0 < ¢1 + ¢2 < 1,
letting a — 0 leads to solution in which all the capacity is allocated for class 0
flows. This actually minimizes the total throughput. When oo — 1, solution (20)
reduces to (13) giving the weighted proportionally fair allocation. Setting ¢5 = 1
gives the non-weighted solution (9). When a — 2, solution minimizes the
potential delay, i.e. solution reduces to be a solution of (15). Setting ¢s = 1 gives
the solution of the non-weighted criteria (11). When a — oo and 0 < ¢ < o0,
solution (20) is max-min fair.

4Weighted max-min fairness is achieved as a solution of optimization problem (16), where
l—a
H(x) =3 ,cs 7(%?21 and a — o0
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Example 2 All flows in the same class R, get equal allocation of the band-

width x,. It is required that nix1 + noxs = ¢, from which follows zo = %

(p, &)-Proportionally fair rate allocation maximizes function u(x), where

u(x) = Zua(xs) = Ny Uq (21) + Noug (z2)
seES

C—N1xy
= N1Ua (1) + N2l <>
T2

Differentiating gives

a _ —Q
T ™ oy (Cﬂlfl) <_M>
1 no o
=ny (217" = dama®(c — myz1) %) =0

& (c— 1) = pano“x

& c—niT1 = / Panam

N c d 1 ( nic )
r1=— — anday=—[c— ————
YT+ ans > ng ny + Y¢ana

if the link 2 is the bottleneck, i.e. nixz; = #\}%ﬁz < 1, that is n1 < @
Otherwise
1 c—1
r1 = — and x9 = .
n1 U»)
Thus,

c : Vdan2
T = {n1+ Vhana ifny < c—1 7
1

ni

otherwise
and (21)
{“@520 if ny < %Tzlnz

ni+ Vdana c ’
c—1

na

X9 = A
otherwise

Now, different fairness criteria are achieved with different values of parame-
ters a and ¢5: When o — 0, two different solutions are achieved depending on
the value of ¢o; if 1 < ¢p2 < 00, all the capacity is given to class 2 flows, whereas
case 0 < ¢o < 1 leads to allocation in which class 1 flows are given the maximum
amount of capacity. Nevertheless, solution (21) maximizes the throughput, i.e.
solution reduces to be a solution of (4). When o — 1, solution (21) reduces
to (14) giving the weighted proportionally fair allocation. Setting ¢s = 1 gives
the non-weighted solution (10). When @ — 2, solution minimizes the potential
delay, i.e. solution reduces to be a solution of (15). Setting ¢s = 1 gives the
solution of the non-weighted criteria (11). When o — oo and 0 < ¢s < o0,
solution (21) is max-min fair.
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7 Conclusions

In this paper we have presented all the most common static fairness criteria
and derived the rate allocations given by these criteria in two simple example
network setups. We have also examined the relations between different criteria
and presented the equality of some fairness criteria and the utility approach,
which generalizes the concept of fairness.

The main objective of bandwidth sharing is to use all available bandwidth
without disrupting the constraints and maintain a certain fairness. The achieved
fairness depends closely on the used fairness criterion. Different fairness criteria
favor or discriminate single sources or whole traffic classes on different basis.

As it was verified by the examples, the throughput maximization gives the
most efficient rate allocation at the expense of a single sources or some flow
classes. The max-min fair allocation can be considered as the most fair criterion
on the grounds that its objective is to provide as equal rate allocation as possible
to all sources. This happens at the expense of the total throughput. The
proportional fairness penalizes long routes more than max-min fairness with
tendency to achieve greater total throughput. The objective of potential delay
minimization is to minimize the delay needed to complete transfers and the
provided rate allocation is between when compared to max-min and proportional
fairness. In the case of a single bottleneck, all basic criteria provide the same
allocation.

The study in this paper was strongly bounded and a great number of sim-
plifications was made concerning the network model, traffic and the time scale.
Fairness in TCP traffic and the relation between different congestion control
schemes and the realized fairness are topical themes concerned in recent re-
search. Thus, this paper can be considered as preliminary study for further
work.
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