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e Introduction, bandwidth sharing, insensitivity ...

e Network models: physical network, Whittle queueing network
e Balance property, balance function, balanced fairness

e Examples: lines, grids, trees, cycles

e How to calculate the balance function: parking lot

e Normalization constant and performance measures

e Recursive algorithm for the normalization constant and throughputs
e Examples: line, parking lot, trees; comparison with bounds

e Limited access rate

e State dependent arrival rates, adaptive routing

e Open problems, future research
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Introduction

e Traffic theory and network design

— The objective is to characterize the demand-capacity—performance re-
lationship accounting random flow arrivals.

— Can we operate the network so that this relationship depends only on
simple traffic parameters — like the Erlang formula in telephone net-
works?
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Bandwidth sharing and the notion of utility

e Static bandwidth sharing
— Max-min fairness (Bertsekas & Gallager, 1987)
— Proportional fairness (Kelly, 1998)

— More general utility-based allocations (Mo & Walrand, 2000)
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Bandwidth sharing (continued ...)

e Dynamic bandwidth sharing with random traffic

— A single link: explicit results for fair sharing (Ben Fredj & al., 2001)

x Insensitive to any traffic characteristics

— A homogeneous line, grid or hypercube (Bonald & Massoulié¢, 2001)

x explicit results for proportional fairness only

x also insensitive to any traffic characteristics
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Questions posed by Bonald and Proutiére
Can we characterize the set of allocations leading to insensitivity?

Can we approximate the performance of usual allocations (max-min, TCP...)?
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Insensitivity in stochastic networks

e Insensitivity: the state distribution does not depend on the service time
distributions.

e Literature: Barbour, Kelly, Baccelli, Baskett et al., Schassberger, Whittle,
Miyazawa, Henderson, Burman, ...
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Insensitivity (continued .. .)

e Insensitivity in GSMP (Schassberger, 1977)
— Partial balance is equivalent to insensitivity.

— But this does not cover simple stochastic networks — not even
the M/GI/PS queue.

— Usual networks are covered by more general processes, R-GSMP
(Schassberger, 1986, Miyazawa, 1993),

x partial balance is equivalent to product form decomposability,
which implies insensitivity,

x the converse is not true in general.
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Insensitivity (continued . ..)

e Bonald and Proutiéere

— proved that for state dependent processor sharing networks partial bal-
ance is equivalent to insensitivity,

— characterized insensitive allocations in data networks.

e Balanced fairness

— Flow level performance metrics are independent of detailed traffic char-
acteristics: flow size distribution, distribution of the number of flows
per session, correlation between successive flow sizes and think-time
durations ... as far as session arrivals are Poisson.
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Physical network model

e Network: L links

— capacities C'1,...,C,

e Flows: K flow types (classes)
— route r; (a set of links)
— arrival rate )\
— mean flow size 1/u;

— network state z = (z1,...,zx): number of flows in each class
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Whittle queueing network model (session/flow level)

e Network: K processor sharing nodes

— Each node represents a flow class (route) or a think time.

— Node is served with capacity ¢;(x) (depends on the network state).

— External Poisson arrival rate to each node v;

x represents session arrivals starting with flow <.

— After completion of flow i the session moves to another node j

* probability p;;: session generates another flow or goes idle




\é HELSINKI UNIVERSITY OF TECHNOLOGY Balanced falrneSS

12

Constraints

Total arrival rate of type 7 flows determined by

i = v+ pijhj, Pi = Ni/ i
J

Bandwidth constraint

Z ¢Z(x) < Cl7 \V/l,

1€F]
Stability condition
Z pi < Cl7 Vi,

i€F

where F; = the set of flow classes going through link I.
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Example 1

e A data network represented as a processor sharing network

b
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Example 2

e From Poisson arrivals, i.i.d. exponential services and Bernoulli routing to
very general traffic characteristics: one can represent any type of session
(succession of correlated flows and think times) by adding new nodes.

e For example, a session on a route with 2 flows types with Erlang-2 and
exponential sizes. The exponential flow is repeated separated by an expo-
nential think time:

1
[0 4@ =z
@(x)

- = L O #2) = i)

A H@ =g

___________________
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Insensitive PS networks: balance property

e \Whittle network: PS network satisfying the balance property
¢i(x —ej) _ ¢j(z —ep)

Vi, g, ©; > 0, L 4 > 0,

0 @(x)
X-€, X
j | Bxe) @(x) ¢i(x)pi(x —e;) = ¢j(x)p;(x—e;)
X-ej “left path” — “nght path”
P(x-e)
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Balance property (continued ...)

e Remark: if for all classes : the allocation ¢; depends only on z; and not
on the number of flows in other classes, the system is balanced;

— because then ¢;(z —e;) = ¢;(x)

— e.g., multibitrate systems
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Balance function

e Let p be a path of length n from state 0 to o X
state x with n flows

y §

p=(zx,x—ep,x—€x, —€pyy...,T—€x,—...—€x ., 0) | '
. R Y Y Y
e \When the balance property holds the product . SR P |
O, () pr,(x —ex,) - dn, (@ —ex, — ... —ex, ) SRR |

is independent of the path between 0 and x.

e The inverse of the product is called the balance function
1

D —=
(@) Pi, ($)¢k2(x - ekl) o P, (2 — €y — 0 T ekn—l)
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Balance function (continued .. .)

e Any positive function ®©(x) will do as a balance function and defines a
balanced allocation.

e Given the balance function, the capacity allocated to class i is
D(x —e;)

Vi, x; > 0.

e An acceptable allocation has to satisfy the capacity constraints

Y ogi(z)<C = Y ‘D(x ez) <C = d(z)> A Z d(x — e;), Vi
1€ 1€ zE]:l

e Even then there are an infinity of different balanced allocations.
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Balanced fairness

e Balanced fairness refers to the balanced allocation with the property that
In each state at least one link is saturated.

e Balanced fair allocation is uniquely defined by the recursion

1
d(z) = max{— > P(z—eg)
C kcF;

that is, ®(x) is reduced until a capacity constraint is encountered.

e Balanced fairness defines the most efficient balanced allocation
(not necessarily Pareto efficient).




g
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Balanced fairness: example of the basic recursion

e The recursion

d(x) = max 1 > P(z—ey)

L Cllien,

e In the case of a 2-branch tree the maximum of these:
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Balanced fairness: a trivial example

e A single link of capacity C' shared by two classes.

e The balance function 2
11C  o(x)
d(x) = (number of paths) x C(pathllength) e
(331+332) 1
x1 COT1+TT2
e Capacity allocation: ¢;(z) = Pla—ei) — _ 2o ;=12
- Qg CD(:B) r1+zo 77 ) &
C

e Each flow is allocated the capacity T1Fz5 @ single PS system.
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How to determine the balance function: parking lot

e Parking lot topology

X1—{ ):@

C, C, C

|

e Special case of a multi-level tree
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How to determine the balance function (continued ...)

X3
1
1 -
o )(5131) =
> X, 1
1C,
X4
X3
@) (21, 27) =
I:ngl: Z yl—I—CIZ‘Q—l Cb(l)(xl—yl)
q:’(1)()(1'3/1) e e e . > % y]_ Cyl+x2
, > e e . . Y <z1 2
1
%
< 1/C,
X, 1/C, \¢(2)(X1,X2)
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How to determine the balance function (continued ...)

Y2
| |

S (gq, ..., zp) =

Z (yl + - F Y1t xn — 1) SV (z1 —y1,. .., Tpo1 — Yn—1)
LyeeoyYn—1<Tp_1 Yiy - -y Yn—-1 Cgl_}_'"_'_yn—l_i_xn




\é HELSINKI UNIVERSITY OF TECHNOLOGY Balanced falrness 25

State distribution under balanced fairness

e In a dynamic setting where flows arrive and are transferred across the
network until completed the network state = is a random variable.

e The invariant measure (unnormalized distribution) is
7'('(513]_, e 733K) — ¢(x17 e ,xK)Pijl o pC[c(K
— p; = X\;/p; is the load of flow class ¢ (1/u; is the mean flow size),

— p; has the dimension of rate, e.g. kbit/s.
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State distribution (continued .. .)

o If p;; = O for i« # j, balance property implies detailed balance and the
form of the invariant measure is obvious but it holds also for the queueing
network.

e The invariant measure is insensitive to any traffic characteristics.

— Whittle networks are the only insensitive PS networks.
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Insensitivity

e From exponential service times (flow sizes) to general distribution.

e Replace node : by a set of sub-nodes S,
such that each node . € S; represents an 5 O
exponential phase of a phase type service
time distribution;

— let y, be the number of customers in sub-node ., ZLGSz' Y = x;,

— total capacity ¢;(z) allocated to node i is equally shared by all cus-
tomers in the node no matter which phase (sub-node) they are in,

— the capacity v, (y) allocated to sub-node . is then v, (y) = &gbi(a}).
x;
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Insensitivity (continued ...)

e This allocation is still balanced.

o If the ¢,;(xz) are balanced by ®(x) then the ¢,(y) are balanced by W (y),

K

w.
\ = ¢ P(x
(v) i__:__l(ymési) (z)

e It is readily verified that v, (y) = W (y —e,) /W (y).

e The system is another Whittle network with the invariant measure

K
x() =wv(@) [] 1] ¥

1=1.€85;
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Insensitivity (continued . ..)

e The aggregate invariant measure of the node states is obtained by sum-
ming over the states of the sub-nodes with the constraints >_, . y. = x;,

K K K
r@) =@ [[ Y g;zsﬂjw=¢@qk§mW=¢wﬂLﬁ
“ T EeS, i=1

=1 > Y, = I; 1=1 1ES;
LESZ‘

e This is the same as in the original network.

e The invariant measure is insensitive to the replacement of exponential ser-
vice times by phase type distributions = general insensitivity.

e Remark: the above is valid even if node-i service time is not exponential:
the aggregate invariant measure is insensitive to the division of any node
¢ into sub-nodes equally sharing the capacity ¢;(x).
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Throughput

e The most important performance measure for elastic traffic is the flow
throughput, defined as (mean flow size)/(mean flow response time)

_ Y _ p
E[T;] Elz]

Vi

— the latter form follows from expanding the expression by \; and then
applying Little’s theorem.

e A direct calculation using x(y) shows that if node i is divided into a set S;
of sub-nodes equally sharing the capacity ¢;(x), all the sub-nodes have
the same throughput

pL . 101,’ (_ ZLESZ' p[/ _ p’l,

E[z] Elz,] ~ E[X.cs; ] - Elay] =% VL es
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Linearity of the conditional response time

e Denote by o; the amount of service required at node . Then,

S
E[T;|o; = s]

v =

Proof. Replace node i by a set of nodes equally sharing the capacity ¢;(z),
each node corresponding to a different value of o;. All the sub-nodes,
including the one with o; = s, have a throughput equal to ~;.

e Conversely,

E[T;|o;=s] =—
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Comparison with utility-based allocations

e Allocations considered so far are based on the notion of utility

— the allocation is defined by the solution of an optimization problem

/

max > z;U(¢;/z;)
Y ¢ < C

1€F]

i T L i)
e Balanced fairness coincides with proportional — e

fairness on homogeneous hypercubes. e P,
[ A 7
T1 + x2 z3 + T4

¢1(x) = ¢po(x) = ¢3(x) = pa(x) =

1+ 2 + 23 + T4 r1+ 20+ 23+ 24
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Application to specific network topologies

o Utility-based allocations are always sensitive except for proportional
fairness in homogeneous hypercubes.

— For max-min fairness, performance is sensitive.

e Balanced fairness is compared with max-min fairness on different network
topologies: lines, grids, hypercubes, trees, hypercycles.

— User performance is determined by the mean flow throughput =
mean flow size / mean flow duration.

e Balanced fairness provides a good approximation of max-min fairness!
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Definition of some topologies

|
-

e A hypercube of dimension K is a network S— —
made of K classes of routes (called direc-

tions) such that the set of links is the set of — —
intersections of K routes of different classes.

e A hypercycle is a network made of N routes
such that the set of links is the set of inter-
sections of NV — 1 routes.

Fa

i,
P
r 1
f 0
Ky N,
r s
g % b
iy "':E b
B
L
LY
L
2
L
o

P

|-

1

A
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Homogeneous hypercubes

e K directions; sets of routes in each direction Dy, ..., Dy.
e Contains as special cases homogeneous lines and grids.

e Balance function and capacity allocation

Ly

P(z —e;)

> -

’i:TiEIDj

1
iLi ’

Z Lijygeonay Z ZBZ)CZ

i:riE'Dl i:TiEDK

P (z) = ( $i(z) =

P ()

= C
>
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Heterogeneous lines

e Heterogeneous lines (minimum capacity as a unit of bandwidth):

z1+vy1 — I\ /o +y>— 1 1
Cb(x) — Z ( 1 yl ) ( ’ y2 ) 931"‘?41 $2+yz
Cl CQ

1 2
y1-|—y2§:v3 y y
1 Cl=cC2
Balanced fairness —
Max-min fairness -
. 08}
>
&
= 0.6 +
< e
3 = |
> 0.4
o
02!
0

Link load

0 02 04 06 08 1
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Trees

e The balance function is known for a general tree.

e In particular, consider a two-branch tree:

®(z) = Z (yl + x2 — 1)Ox11_y1 Z (yz + x1 — 1) Ci_yg

Y1<Ty e 1 Yo <2 Y2 1

Cl=05,C2=1

0.5 : ‘ ‘

Balanced fairness —
Max-min fairness -

- 04}

>

g

=2 0.3+

e

e

> 0.2+

o

o1l

0

0 02 04 06 08 1
Link load
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Cycles

e There is no closed expression for the balance function

— but it can be computed recursively.

e Balanced fairness is not Pareto-efficient on hypercycles

— but the performance is not deteriorated.

Flow throughput

0.8

0.6 |

04+

0.2}

R O
L

b
| |
k. E ]

Balanced fairness —
Max-min fairness -

0.2

04 06
Link load

0.8

1
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Some bounds for the throughput

e Bonald and Proutiere have shown that a store-and-forward network pro-
vides a simple lower bound for the throughput:

— flows are thought to be sent as “packets”; the nodes are PS servers

— inverse of the sum of the inverse throughputs “(C; — p;) 1"

e Parking lot provides another lower bound
— all the capacity constraints outside the considered route are relaxed

— the cross traffic streams are made less constrained than in reality

e Deterministic approximation gives an upper bound
— all constraints outside the route are made as tight as stability allows

— cross traffic streams become deterministic: subtract their load from the
capacities on the main route; the bottleneck determines the throughput
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Normalization constant

e An important role is played by the normalization constant

G(p) =G(pr,--spi) =D o Y D(x1,...,2K)p] - P}

33120 ZCK:O

e Generating function of the balance function,

— contains the same information as ®(x).

e Performance measures can be derived from the normalization constant.

o _ G(p) 1

e Flow k throughput: ;. = = —
Elee]  52-G(p) 52 10gG(p)
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Recursive algorithm for the normalization constant

Definitions

o LetZ; = {i1,..., i}, 1<i41<...<i <K.

e Partial sets of states

Qr, ={z:xz; >0ifand only if j € 7 }

e 7o means the empty set () and

2y ={(0,...,0)}




\é HELSINKI UNIVERSITY OF TECHNOLOGY Balanced falrneSS

42

Recursive algorithm — state space decomposition

e The whole state space is decomposed as
K

Q=) ZQIk'

k=0 Z,
e For instance Q = Qp+ 21 + 20+ 823+ Q12+ 213+ 223+ 2123

Q2 A




\é HELSINKI UNIVERSITY OF TECHNOLOGY Balanced falrneSS

43

Recursive algorithm — state space decomposition

e Partial sums over the sets 27,

GIk: Z q)(xl,...,xn)p:fl...p%n
xGQIk

e The normalization constant G(p) is decomposed as

K
Glp) = > > Gz (p)

k=0 I,
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Recursion

e Assumption: for each Z; a given link or links are saturated in all the states
of 27, (true for lines, trees,...).

e Under this assumption we can derive a recursion expressing sz(p) in
terms of the Gz, _, (p).

e For a reasonable number of flow classes the number of different sets 7, is
manageable (2F).
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Recursion (continued ...)

e Consider a 2-dimensional set €2; ;-

e State x in the set {2, contributes as a “source of recursion” an amount

Pj 1
C 1- B+

times its own measure 7 (x).
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Recursion (continued . ..)
e The first factor comes from the “bridge”.
e The second factor from the infinite sum S over the area in dark blue:
= N x1+Fay, - e = = 1+ TR\ g, o
S (I = 2 Y| Ju -4

z=0z,4--+xz,=2x 1 » Lk

= > (it Fy)
=0

1
1—(yi, + -+ vi)

o Alternatively: S=1+4y;; S+ ---+y; S
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Recursion (continued .. .)

e Since the contribution is the same for each state in €2;, in total the set <2,
gives to G; ;(p) a contribution

Pj : .
C 1-(E+

Gi(p)

e Similar contribution comes from the set £2; and the sought for recursion is

p;iGi(p) + piG;(p)
C — (pi + pj)

Gii(p) =
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General recursion for the normalization constant

e In general
> PG i(p)
—
Gr(p) = =
G(I) Z Py

jeI’

o(Z) is the link which is saturated when z; > 0 iff j € Z

7' C T stands for those classes j € Z for which o(Z) & T

e If o(Z) is not unique any of the saturated links can be used as the basis
for the recursion.
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Recursion for the throughput

e Direct recursion for the throughput:

G(p)
52 G(p)

Vi =

e The denominator is decomposed as

S e =3yl Gz, (p) = 5 Y HO()
Pi k=01, 0 k=0 I,
Lieg (Gr,(0) + G () + X ij“])m)
(Z) (p> jEI’
Ca(Ik) - Z Pj

. /
jEIk
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Examples: Inhomogeneous line T ME | T“ |
e Redefine €2; = {z : z; = 0 for j > i} . = o
e Then the recursion reads
Go(p) = 1_1,0_0
C
< = —£q
Gi(p) = (1 + 1_poz p@') -Gi—1(p) = 1_po-|3pz- -Gi—1(p)
1 1 — £o 1 — L0
G(p) = 1 _ A9 po(—jklm poc—jl?pn
1= 1=

e The throughput

—1
~ (o5 + 51t (o - )
70 (C—po_l_zl:l Ci—pi—po  Ci—po
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Examples: Parking lot

Xn
X2 —
o =
C1 C2 Cn

e [ he recursion reads

( G1(p) 1_10_1

{ Pi _prtteig
o 1 o
Gz(p) 1 p1—|— Fp; | Gi—l(p) — 1_Pl+“‘+Pz’ ’ Gi—l(p>

\

z Cz'

e By denoting the link i load by R; = Zézl p;

Rl Rn—l

1 o -
G(p)_l_Rl. —5
C11 02 Ch

e The throughput

1 1 1 o
L n
Vi = (ﬁ T =it (Cl—Rl N Cl—Rl—l))
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Examples: 2-branch tree

( Gylp) = 1
Gi(p) = cp:_lll' f@p_(lp)
Ci
< Ga(p) = 5_221' f’@p_ﬂp)
Gi2(p) = & Gfglp)ﬁ. G1(p)
\ :
G(p) = 1_1plcﬂ- (1:(2’:4—1:2:_1)

_ pitpe p1p2Ci+Cr
1 (O (& 02( (Oh 1)

(1—edey(1—2)(1 - £)
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Examples: 3-branch tree
Case 1. All pairs add to more than 1, e.qg., C1 = 0.9, C> = 0.6, C3 = 0.5

.
Go(p) =1
. ZL.Gy(p)
Gy A Gy2 Gl(p) — Cll—p—l
C
. . . . . /i_QG@(lp)
Gos « - - _— G2<p) - (/21_;2
X P2/Cy p_a'G%
/(J . . ° : p)
;)pz 0 P4/Cq G3(p) — 031——p—3
. C
03/Cq T X 2-Ga(p)+2Gi(p)
) & . x, Gi2(p) = “——x&
P T Gy 7 .
2L.Gs(p)+22-Gi(p)
p4/C - — ;
o %0 G1,3(p) T } 1—ﬁ
s P3/Cq Gy3 o L
; o CO'G3(p)+CO GQ(p)
. Gos(p) = 12t
Co
L.Gas(p)+2-Grs(p)+2-Gia(p)
Gip23(p) = = |
l oLl e 7O
\ -
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Examples: 3-branch tree
Case 1. All pairs add to more than 1, e.qg., C1 = 0.9, C> = 0.6, C3 = 0.5

The sum of these can be simplified to

1 1 — Co 1 — Co 1 — p3
G(p) o 1 — p1+g2+P3 (1 _ C + C + E -2
1 — Pl-l-Pz—I-Ps 4 L OQ(Cl—i_CQ 1) + g’_zg_i(Czc—jl—’oCs _ 1) + 8_33511(034—01 1) +
&&&(2 _ CI+CZ+C3)
C]_ CQ C3 Co

(1 -2y (1 - 2)(1 - &)1 - &)

with an obvious generalization to any number of branches.
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Examples: 3-branch tree
Case 2. Two pairs add to more than 1, e.qg., C1 = 0.9, C>, = 0.6, C3 = 0.2

[ Gy(p) =1
2.Gy(p)
X2 : o\ p
Gy A G2 G1(p) — 011_9_1
1
2.Gy(p)
_ C
G ° . .. G2(p) = 1=z
” 0,/C, P2/Co 2.6y(p)
. o . — ‘3
o ; ¢ ﬂ-ngp)+g—2-G1(p)
p3/C3 ° G » X1 Gl,Q(p) — CO 1_/’1"‘22
° .lp ] [ ] L] L] G1 pl (;&
L.G3(p)+2-Gi(p)
c P41/Cp — Y %
.pS/C.O . o Gl ,3 (p) 1— 111:/13
Gy 4 : 13 2.Gy(p) _ 2Galp)
_ o\ e e\p
X3 G2,3(p) - 12 — T 1
Co C3
p—l'Gza(P)+p—2‘G13(P)+p—3'Gl2(/0)
_ C , C : C :
G17273(p) - - 10_—”1+”2+p3 .

\ Co
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Examples: 3-branch tree
Case 2. Two pairs add to more than 1, e.qg., C1 = 0.9, C>, = 0.6, C3 = 0.2

After simplification

2+P3
1 1-5 1 - 555
G(p) = -+ . -1
1_p1+gz+p3 (1_& (1-£2)(1-5)

C Cl 02 03

1 — prtpatps _|_ P1 P 02(01+02 1) _I_ P1 pP3 (CI+C3 1) _|_ P1 P2 P3

(1-

%)

(1 — 2ty (1 - 5—11)(1 -1 -5)
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Examples: 3-branch tree

Case 3. One pair adds to more than 1, e.q., C1 = 0.7, C>, = 0.4, C3 = 0.2

[ Gy(p) = 1

G, K Gio G1(p) _ Z—il'c_?o;ip)

p—Q'G@th)

o2 L1 B oG] Gee) = 0:16_;5—22

' szicq C el G3(p) = a'_é’”

- L p2,
S A - | Gratp) = EEDIEOC
G : .. Gyg I R
X33 /p?”c?’ Gao3(p) = —%GZ—%[)) - gi’_leép)
Gi1p3(p) = %'Gm(p)-l-f%o_'ﬂ"'%c;m(ﬂ)

\ Co




\ HELSINKI UNIVERSITY OF TECHNOLOGY Balanced fairness 58

Examples: 3-branch tree

Case 3. One pair adds to more than 1, e.q., C1 = 0.7, C>, = 0.4, C3 = 0.2

After simplification

1‘|‘P3 P2+P3
1 1 S
G(p) = : ( >+ — — (1 - &)
11+p2+ps __ Ps _ P _ P2 Co
1-F g'o : - Cs - Cy - C>

_ prEpetps | pLp2 (CitCr P p2 ps Cs
1 C’O + 102< C’0 1) —I_ 1020300

(1—fetey(1 — 2y (1 - 2)(1 - £)
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Examples: 3-branch tree
Case 4. None of the pairs adds to more than 1, e.q., C1 = 0.5, C> = 0.4, C3 = 0.2

Go(p) 1
o, X2 Gy, G1(p) Z—llfv%ip)
)
. feaco G2(p) S
§ e Gs(p) SO
* C
py/Ca. B > X G1,2(p) %G—Zé_fm %ngép)
/ 20 0:/C, -. 1 G1a(p) ?—lllﬁ?ip) f—zl(_;l(p_fp)
G . G13 .G EEN
x33 ‘/93/03 G23(p) glG—z_g:’) 2(;—2_5:)

\ Co




\ HELSINKI UNIVERSITY OF TECHNOLOGY Balanced fairness

60

Examples: 3-branch tree
Case 4. None of the pairs adds to more than 1, e.q., C1 = 0.5, C> = 0.4, C3 = 0.2

After simplification

1 — p1tpotps + &&&(014—02—#03 o 1)
0

G(p) — 1 C5 C5 Co
l+ 2+ 3 1 2 3
(1 — eEedey(1 - 2)(1 - £)(1- 2)
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Examples: Homogeneous n-branch tree

e All branches have equal capacity and equal load, C; = C, p;, = p.
The capacity of the trunk is Cj.

e Denote by m the largest integer such that m x C' < C.

e Applying the recursion on any set of states where given k£ branches are
saturated we have

k
Gk(p):<cp_p> Y k:(:)?"’ﬂm

e There are <Z> sets of this type for any k.
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Examples: Homogeneous n-branch tree (continued. . .)

e Applying the recursion to the set <2 where the trunk is saturated, we get

G(p) = (go__n;)pp (Z) Gm

e Thus

L m
B m. . 0 (n—m)p /n P
G(P>— Z <k) (C—p) + Co—np (m) (C—P>
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Examples: Homogeneous n-branch tree (continued .. .)

e n = 20 branches, m =1,...,20

t hr oughput /C

1 1
X ms

0.8 0.8
Q

0.6 = 0.6
Q.
ey

m=1 = m=20

0.4 °04
ey

0.2 0.2

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

total load of the trunk

total load of the trunk
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Examples: 3-level tree
Co=6

With the capacities given in the figure one infers

(7' = {1} or {2} withlinks 1 and 2 saturated forZ = {1,2}

< 7' = {1,3} with link O saturated forZ = {1,3}

7' = {2,3} with link 4 saturated for7 = {2,3}
' = {1,2,3} with link O saturated for7 = {1,2,3}
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Examples: 3-level tree (continued ...)

[ Gy(p) = 1
x =-Go(p)
G2A2 G12 Gl(p) — 1 w/’lp
fesco G2(p) = 1 pgp)

. p4/C4
. P2/Cy © e e G3(p) — 1 6/))
P3/Cy * 5 a o o ¢

q L. 2€p> 2.q G:(0)
b > X4 G1,2(p) — (11_—p_1 =
[0} G1 p 551 p C>
P e e Gs(p)+2-Gy (p)
/C L 3
. . /C./ﬂ,.o . G13(p) = o - ,,1+p3
Gs Rl ©13 g—QGg(p)—F £.Ga(p)
X3 G273(p) — . l p2+p3
o G23(P)‘|’ G13(P)‘|‘p3 ‘G12(p)
G1,273(p) — = 1 p1trotrs

\ Co




\ HELSINKI UNIVERSITY OF TECHNOLOGY Balanced fairness 66

Examples: 3-level tree (continued ...)

For the capacities given in the figure one gets with the aid of Mathematica

720 — 120 p1 — 264 (p2 + p3) + 24 (p1p2 + p2° + p3°) +
3 p2p3(22 — (p2 4+ p3)) + p1p3(34 + (2 + p2)(p2 — p3))

G(p) = (3—p1) (2—p2) (4—p3) (5—p2—p3) (6— p1— p> — p3)

As an example of the throughputs, with po = p3 = 1, one gets

( _ (4—=p1) 3—p1) (75-16p1)
ks 333 — 150 p1 + 16 p12

12 (4 —p1) (75— 16p1)

3792 — 1663 p1 + 187 ps2

12 (4 —p1) (75— 16p1)

1392 — 479 py + 41 p;2

{ Y2 =

3 =

\
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Examples: A larger tree

x10

x9

e We study the throughput of flow 10 going through links 1, 3, 6, and 10
as a function of its own load p1o.

e The other classes are assumed to have fixed loads as follows:
pl:p2:p4:p6:p7:23ndp5:p8:p9:]__

e \With these loads all the four links on the route of flow 10 have
the average residual capacity of 3 units.
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Examples: A larger tree (continued ...)

e As before, one derives the normalization constant

6 (5— 951411 p10+46 p102
G(p10) = (5—p10) ( (3_[)10)2)10 p10°)

e Comparison of the exact throughput with simple bounds:

w

N
&)

N

=
ul

-

\\

o
o

throughput d class-10 flows

\\

0.5 1 1.5 2 2.5 3
load of class -10 flows

From bottom up: store-and-forward, parking lot, exact, deterministic.
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Limited access rates

e A single link with capacity C offered flows from K different classes.

e All flows in each class ¢ are limited by an access rate a;.

e The capacity constraints must then be supplemented by the requirement
o;(x) < x;a; for all z and 7 and the basic recursion has to be modified
accordingly.

e As long as the sum of the access rates of the active flows is less than C
each flow is allocated a rate equal to its access rate. Only when the sum
exceeds C' becomes the capacity sharing effective.
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Limited access rates (continued .. .)

e For convenience think in terms of integer valued rates a; and capacity C.

e Denote Qy={z:z-a<C}land Gy = ) w(z).
wEQ@

e The iman-Roberts recursion can be used to obtain

K

C
Gy=3 9c), gl)=3 Fgle—ap), c=12...
c=0 k=0

with g(1) = 1 and g(¢) = 0 for ¢ < 0.
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Limited access rates (continued .. .)

e In addition it gives the measures of the “blocking sets” (referring to a virtual
multi-bitrate system, where the flows are inelastic having fixed bandwidth

requirements of a;),
C

B,= >,  g(o

c=C—ar+1

e The blocking sets form the boundary between inelastic and elastic capacity
sharing:
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Limited access rates (continued .. .)

e As before, each state x in the blocking set of class 7 contributes as a
“source of recursion” an amount

pi 1
—. - 7(x)
C1-5

where p = > ;. pi. Is the total load.

e Thus, the normalization constant is

C

5K B
G =3 g(c) + 2
c;o I k2=:1 (C — P)
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Limited access rates (continued .. .)
e A similar idea can be applied also in the case of a tree with access rates.

e The algorithm becomes, however, more complicated.

G = Z Gs
Se> (T)

where S is a saturation set and > (7) is the set of all feasible saturation
sets in tree T.
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Limited access rates (continued .. .)

e General reduction:

GslT] = GylT \\ Til ] GilT]
leS  les

e Recursion for a subtree 7; with saturated root {

> 11 Glm > piGeulT -\2573]
J

ScS (T JES t€F\UicsF;
Gl[ﬁ] — ( l) l ]ES J
Cr— > pi

1€F]

e Partial class-k blocking measure “due to the root link [”

GolTi(C)] = GylTi(C)] — Gyl Ti(C — airi[TD] = > Gyl TI(CO\\T;(C)] - Gy 5[ T5(C)]
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Limited access rates (continued .. .)

Above we have used the following notation:

(T
T(C)
T
Gs[T]
Gi[Ti]
Gl Ti]
Ril[Ti]

-

r;

T\

T\Ti

L leS

a tree (set of links; a link is indexed by the set of flows going through it)
a tree, emphasizing the capacities of its links (C' is the capacity vector)
subtree of 7 having link [ as the root (exception: the third bullet)

state sum over the state space Q25 of tree 7 with saturation set S

as the previous one, the saturation set comprising the root of tree 7; only
state sum over the border set €2 ; of tree 7;

route of flow class ¢ in tree 7; excluding the root [

a vector of the same form as the capacity vector of tree 7, with 1 in each entry
corresponding to a link used by route R/ and 0 elsewhere

tree remaining when subtree 7; is detached from tree 7 and the capacity C; is
subtracted from the capacitites of the links on the route from [ to the root of T

the above subtraction operation repeated over all subtrees 7, withl € S
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Limited access rates (continued .. .)

Example

C0=15 .
Al
3
C2=10 2: \
1f \
4 2 4 6 8 10

e The graph shows the throughput of each flow class as a function of its own
load assuming all the other loads equalling 1.
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Closed networks

e Reducible routing: the nodes are partitioned into K subsets of nodes such
that routing is irreducible on each subset ¢;.. M} flows in the routing group
k.

e Node i, is the “source” of set c,: the capacity allocation to this node,
Yr(x;, ), is a function of z; only. Its load is denoted gy

e The arrival frequencies )\; to different nodes are determined up to a multi-
plicative constant by

Ai = > Ajpji, v € Ck.
JECK
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Closed networks (continued)

e The invariant measure is

w(x) = ¢

p

\

K N
o) [[ Vilz,) ] p;° for > icc, vi = My, Vk
k=1 i—1

0, otherwise

where z’ is the state vector excluding the source nodes, ®(z') is the bal-
ance function for those nodes, and W (n) = 1/v¢3 (1) - - - ¥r(n).

e The state sum with M1, ..., My flows in each class is denoted

Gy, M (P) = > m(x)
Z’iECk xi:Mkf’ VEk
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Closed networks (continued)

e Throughput of node ¢

 GapyooMp—1,. M (P)
Vi —

o
3—MGM1,...,MK(,0)

e Generating function

g(21,...,ZK;p)
Mq,....Mpg

K
= G@') [] He(ow), 0i
k=1

M M
Y Gy (P2 bz

=pi ] 2

k:i€ck
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Closed networks (continued)

Example: One PS-link, one thinking stage
e The capacity of the link is denoted by C.
e The thinking stage is described as an infinite system of c-capacity servers.
e The generating function is

ero/c

G(zip,0) = 1 2p/C
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Closed networks (example continued)

e Developing the generating function in Taylor series in z we can identify the
G (p, 0) and calculate the mean throughput on the link:

( C, M _ 1
c+C B
2¢c+C C, M =2
2c24-2cC+C? B
M =\ 6714012 M=3
6c34+6c2C+3cC24-C3 B
24C3+1802C—|—6CC’2—|—C3 Ca M =4
244424030 4+12c2C2+4cC3+C* Ve
(L 120c44+-96c3C0436c2C24-8cC3+C4 —

e Forc/C — O we have vy — C. For ¢/C — co we have v, — C/M.
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State-dependent arrival rates and routing

e Extension to Processor Sharing networks with state dependent capacities,
routing and arrival rates ¢;(x), p;;(x), v;(x).

e Assuming that for any state x the following traffic equations have a unique
solution for the \;(x),

N(z) =vy;(x) + Zpij(ij))\j(x) (Where TVz = x + e;)
J

e Define the traffic intensity at node i in state x: p;(z) = \;(z) /u;
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State-dependent arrival rates and routing (continued)

pi(T;x)

e Denote ;(x) = 5.(2)
i\ L

(where Tyx =z — ¢;)

e Consider a PS network with state-dependent routing and arrival rates. The
corresponding invariant measures are insensitive to the service time distri-
butions at each node if and only if the ;(x) are balanced. In this case,
an invariant measure is

m(x) = i, ()Y, (i) - -y, (TG, - - - T )

e If the allocations ¢,(x) are balanced then the v;(x) are balanced iff the
\;(x) are balanced (i.e., V& : \j(z) = u(T"x) /u(x) for some u(x)).
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Parallel links with adaptive routing
e L parallel links depiive outing N E—
Link 4 t t NV fl /( — |
e Link 7 can serve at most NN; flows X — /
e Adaptive stochastic routing v;(x) J

e A flow is rejected only if all links are saturated
(i.e., for all other states x=: >, v;(x) = A).

Ni—ZEZ‘
L

> (Np— )

[=1

e Insensitivity iff vi(z) = A
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Adaptive routing (continued ...)

e Stationary distribution and blocking probability

r(z) = ( ) 11

N{—z1,...,N; —x; i=1

L
Z (Nl — ZIZ‘Z> L P Zq
=1 <a>

1
0.1 f
W(Nl , L] L] L] 7 NL) :&?
P _ = 001f
— ]
N N g
o
L L S 0.001 }
(o))
o o o W(m e o o w ) 5
Z Z 1’ ) L § 0.0001 } St ’ J
— J— [} atic routing ——
L1 =0 L, =0 Insensitive routing —-—
le-05 7 Greedy routing  °
1e-06 : : : :
0.5 1 15 2 25 3

Traffic intensity
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Adaptive routing (continued ...)

e \Where did the routing formula come from?

e The “shared resource” is the available traffic to be routed on different links

— “mirror image” of the link sharing
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No efficient adaptive insensitive non-blocking routing

e Using Hausdorff's theorem M. Jonckheere showed that without any limit on
the number of flows on links the general solution of the recursion is

u(wr,op) = [ 271(1— 2)"2dx(2)

z
where x(z) is an arbitrary measure on [0, 1].

e For instance if dx(z)/dz = §(z — p) then u(x1,z2) = p*1(1 — p)*2,
l.e., static routing with vy = pX, vo = (1 — p) .

e With the above representation Jonckheere proved that there is no solution
such that v1(z1,0) = u(z1 + 1,0) /u(x1,0) — 0 when z7; — oc.
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Open problems — future research
e Can balanced fairness be realized by a distributed algorithm?
e How close is balanced fairness to “classical” allocations?
e How sensitive are allocations that are not insensitive?
e New network topologies
e Background traffic in balanced routing

e Improved bounds




