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Abstract

We report a case study on an iterative method of traffic matrix estimation under some
simplifying assumptions about the distribution of the origin-destination traffic demands. The
starting point of our work is the Vaton-Gravey iterative Bayesian method, but there are quite a
few differences between that method and our consideration. It is assumed that the distribution
of the demands follow a single Gaussian distribution instead of being a modulated process.
The normality assumption allows us to bypass the Markov Chain Monte Carlo step in the
iterative method and explicitly derive the expected values for mean and covariance matrix of
the traffic demands conditioned on link counts. We show that under the assumption of single
underlying distribution the expected values of the mean and covariance converges after the
first step of the iteration. This method cannot improve on this if no relation between mean and
variance is imposed in order to make use of the covariance matrix estimates, or the distribution
is assumed to be modulated from a regime of distributions.

1 Introduction

In many traffic engineering applications, the knowledge on the underlying traffic volumes is
assumed. Théraffic Matrix gives the amount of demanded traffic between each node in the
network. The traffic matrix can not be directly measured, so there are not yet many methods
to obtain them, although it is recognized that accurate traffic demand matrices are crucial for
traffic engineering.

The only information readily available are the link loads and the routing matrix. The traffic
demands: between origin-destination pairs and the routing matridetermine the link loads
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y through relation
y = Ax. D

Since in any realistic network there are more OD pairs than links, the problem of saiving
from A andy is strongly underdetermined and thus explicit solutions cannot be found.

Most promising proposed methods for inferring traffic matrix from link loads include
Bayesian based inference techniques and network tomography. Bayesian methods compute
conditional probability distributions for elements of the traffic matrix, given the observed link
loads. This method usually employs Markov-chain Monte Carlo simulation for computing
the posterior probability. Network tomography uses more classical statistical methods like
expectation maximization algorithm for calculating the maximum likelihood estimate for the
traffic matrix based on the link loads.

The Vaton-Gravey method [1] consists of iteration and exchange of information between
two boxes. The available data is the link counts on several successive time periods. The first
box simulates the traffic matrix (OD counts) from the link counts utilizing some prior infor-
mation on the OD counts at each fixed time period . As an example, the traffic counts for
each OD pair are assumed to constitue a Markov modulated process. Then the successive
values for each OD pair are fed into the second box that updates the parameters of the Markov
modulated process, which are then fed back into the first box as a Bayesian prior and the pro-
cess is repeated. The first box involves running a Markov Chain Monte Carlo simulation and
the second box computes maximum likelihood estimate using the Expectation Maximization

method.
_»Iink counts y, Traffic matrix Estimated traffic matricesE[x|yl E}Z?EO?Z an
estimation regimes
T Parameters of the OD flows T

Estimated markovian regimes

Figure 1: The Vaton-Gravey iterative method

In this report we consider explicitely a special case of the above idea. Our aim is to gain
insight into the method and, in particular, into the output of the first box by examining a model
that is simple enough to be computed analytically. We assume the OD pairs are independent
and follow a single Gaussian distribution instead of a mixture of distributions. This reduces the
complexity of the Vaton-Gravey method, and allows the explicit analysis. Our prior consists



of the mean and the covariance matrix of the Gaussian distribution. The attractive feature of
this approach is that the distribution conditioned on the link counts is again Gaussian. Thus
we skip the MCMC simulation by calculating analytically the expected output of the first box.
Also we point out that, contrary to Vaton-Gravey method, in our approach the output of
the first box is the whole conditioned distribution, not just the mean of an OD pair conditioned
on the link count observation. This is because the means result in a distribution that is flat-
tened out, and thus has a singular covariance matrix. See Figures 3-4 for illustration of the
conditional “cloud” in our approach.
As in our case the output of the first box is the conditional distributiom obnditioned
on y, the second box has only the function of taking the expectation of theseyovEnis
yields the new estimate for the distribution @fwhich is here considered constant in time.
The estimate is then returned to the first box as a prior. It turns out that the expected value of
the mean does not change in the iteration after the first conditioning on link counts has been
made. This result is proven later in the report.

link counts y t?a?ﬂgl ;[’Inc;?ﬁlx Conditional distribution f . (X) Epztriar;nafitg:1
estimation
T Parameters of the OD flows (M,C)

Figure 2: lllustration of the method studied.

The rest of the report is organized as follows: In section 2 the conditional distribution
of = conditioned ony is derived. Then the the expected values for mean and covariance
matrix estimate$m, C') are calculated. Section 3 illustrates the results of the previous section
through example cases in a much simplified situation. In Section 4 we state that the iteration
converges after the first step, and prove this result for the estimator of the mean. Section 5
gives some illustrative numerical examples, and in section 6 the report is summarized and
some final conclusions made.



2 Conditional Gaussian distribution

2.1 Introduction

In this section we derive the equations for the conditional gaussian distribution. These are well
known results but presented here for the sake of completeness. The distribution of \riable
representing here the OD traffic amounts, is derived conditiongd the measured link loads.
From the conditional distribution we are able to solve the mean and the covariance matrix and
their expected values. The covariance matrix is solved two ways. The conditional covariance
approach is mathematically easier and more elegant, while the co-ordinate transformation
method follows more the idea of the algorithm and is therefore probably more intuitively
understandable.

2.2 The conditional distribution

Let then-vectorx represent a multivariate gaussian variakilevith meanm and covariance
matrix C,

F(@) ~ expl(—5 (@ — ) 'S (2 — ). @

Assume that we have a prior estiméte, C) for (u, ). We wish to determine the distribu-
tion of X conditioned on
AX =y, 3)

wherey in anm-vector andA is anm x n matrix withm < n. First we partitionz and A as

z = <m1> A= (A, Ay),
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wherex; is anm-vector, s is an(n — m)-vector, A; in anm x m-matrix, andA, in an
m X (n —m)-matrix. From (3) we have

r1 = A;l(y — A2 172). (4)
By making the corresponding partition in the exponent of (2),

(k1 —m1)TByi(x, — my) + (21 — my)TBys (2 — my)

+(xy — M) T By (21 — my) + (22 — ma) T Bay (22 — my), %)

c-l_pB_ (Bn B12)
By B

with



and substituting (4) into (5) we obtain

:BQ(AT<A ) BHA 1142—141‘(14 ) Blg—BglA AQ—‘FBQQ)(EQ
+a3 (B2 — AT(ATY) Bui)(AT'y — mu) + (AT (A7Y) ' Bia — Baz)ma)

+(transpose)xs + constant. (6)

Because of symmetry the multiplier 0§ is just the transpose of the multiplier of
We wish to write this as complete square of the form

(zcg—ﬁzg)TCQ; (zo—mg)+constant = wgé;;wg—(azgf);;ﬁlz—i-(transpose):cg)—i-constant,

(7)
Now we can pick out the terrr@';21 andC’;;rﬁg from (6), which are the multipliers of the
quadratic term and thel term respectively.

~—1
C,, = Aj(A[? )BHA 1A, — AT (AT ) B, — By A['Ay + By (8)

Cpmis = —((Ba—AJ(ATY) Bi)(AT'y —mi) + (AT (A7) Bio — Bos)ms) (9)

2.3 Mean of the conditional distribution

It is possible to solve fom, from (8-9). This yields

- _1.T _ _1.T _ _
mo = —(AT(Al 1) B11A1 1A2 — AQT(AI 1) 312 — B21A1 1A2 + Bgz) 1
((Bar — AT (ATY) Bu)(A'y — mi) + (AT(A]Y) Biz — By)ms) (10)

Further, using (4) we can then solve fer;

= A;ly — AIlAQ ’I’ﬁ,g. (11)
So now we have B
= () (12)
my

Then inserting (10) and (11) into (12) we obtain

AT'y — AT AyCo - ((Bar — AT(A Y Bn)(Afly my) + (AT(A ' B1s — Bag)my)
m = -~
—Clag - ((321 AT(A ) Bll)(A Yy - ml) (AT(A ) By — B22)m2)

[ AT+ AT ACos(Bor - AT(A Y Bi)AT!
—Ca(Bo — AT(ATY) Bii)kAT!

— A7 AyC(Byy —AT(A ) Bi)) AT ALCoy (AT (AT ) By, — By)
T my T me (13)
CQQ(BQ2 A (A ) Bll) *CQQ(A (A ) BlQ - 322)



[ AT+ AT ACos(Bo - AT(A YBy)ALt y
—Cyy(Boyy — AT(ATH By AT

— A1 AyCo(By — AT(A;) Bi) A7 ACas(AY(ATY) By — Bay)
m (14)

Cya(Boy — AT(A ) Bi,) —022(A;F(A1 ) Bi; — Ba)

Where by (8) we have
Cy = (AT(AT) ' B11AT Ay — AT(ATY) By, — By AT Ay + Byy) ™!

So the coefficient matrices fgr andm that depend oA and B only. We write

m=Gy+ Hm (15)
where
AT 4 ATV ACo(By — A (ATY) Biy)AT
c - 4 2C9%( 21} ( ) 711) (16)
7022(B21 A (A ) Bll)A
H —A7"A3C22(Bay — AT(A )'Bi1) A;'AyCoy(AT(ATY) By — Byy) 17)
Coa(Boy — AT(ATY) Byy) —Con(AT (A7) Bya — Ba)

There are a lot of common components in the elements aihnd H. This is more
clearly visible if we arrange the terms using the following notation.

L = A'A, (18)
J = Cypu(By —(A7'A)™By) (19)
= 022(1321 — L"By) (20)
K = Cxn(A7'A))"Byy — By) (21)
= Cp»(L"Bys — By) (22)

Now G, H andC,, can be written as

—AT'+LJA!
G — v Al (23)
—JA7]
-LJ LK
H - (24)
J -K
Cyp = (LTBHL_LTBH_B21L+B22)_1 (25)

Equation (15) is conditioned on a particuter The result of the iteration is the
expected valud’[m] over sample oys. If we substitute the relation (3) into (15) it
yields

m=GAx + Hm, (26)
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and the result of the iteration round is the expected value of this, giving

mD) — E[’I’h(i)] = GAu+ Hm". 27)

2.4 Covariance matrix of the conditional distribution
2.4.1 The conditional covariance approach

The term(i, j) of covariance matrix ofX is by conditional covariace

Covlzs, x;] = E[Covlx;, z;ly]] + Cov[E[z;|y], Elz;|y]] (28)
= E[Cov[z;, z;|y]] + Cov[m,(y), m;(y)] (29)

So the whole covariance matrix can be calculated from
Covlz,x"] = E[Cov[z,z"|y]] + Cov[m(y), m(y)] (30)

The latter term, the covariance matrix@f is

S = Covim(y),m(y)] (31)
= E[(m(y) — E[m(y))(m(y) — Elm(y)])"] (32)
— Bl(ly) — () (mly) — m)" (33)
= E[(GAz - GAp)(GAz — GAp)' (34)
= GAL[(x - p)(z—pn)'[(GA)" (35)
= GAXZ(GA)". (36)

Where Hm terms from equation (26) cancel out becauwses the previous rounds
estimate is a constant. Note that the term in the middle is the covariance makfix of

¥y =AY AT

so we do not need to kno& to calculate (36), which would be of course rather
inconvenient since that is exactly what we are trying to find out.
Since
AT'A=A'(A,A) =(I,L) =M (37)

and using the notatioh/

(38)

A ((LJ—I)M)’

—JM
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and we obtain

S = GAXZ(GA)" (39)
_ <<LJ - I)M> S (((LJ — I)M)T (—=JM)T) (40)
~JM
_ ((LJ ~I)M2((LJ - I)M)" (LJ — I)ME(—JM)T> 1)
~JMX(LJ — I)M)" JM(JM)™
_ ((LJ ~I)MSM"(LJ -I)" —(LJ— I)MEMTJT> 42)
~JMEMY(LJ - I)" JMESM*TJ?*

This is the expected value of sample covariance matrixii@nd also corresponds
to one produced by an infinite sample of measuremgnbidote that the: x n matrix
G A has rank that is at most the column rankdtvhich ism. Therefore itis singular,
and hence$' is singular.

The first termCov|x, =T |y], the conditional covariance matrix far conditioned
ony can be obtained by calculating

Cu = E[(zy—r)(z —my)T]
= [(A y— Al YA,y — Al_ly + A1_1A2ﬁ7,2) .
(y"(AT)" — 2T AT(ATH —yT(AT)T + mIAT (AT
= B[(—A7 Ag(zy — mg))(— (2 — M) AT (A7)
= AT ALE[(xy — o) (22 — 1) "] AT (A7)

= A7'ACpAT(ATHT
= LCy,L" (43)
Ci» = E[(z— 1) (zz — 17)"]

= E[(A'y — AT Avxy — ATy + AT Ay (g — o)t

= E[(—A['As(zy — my)) (22 — )]

= —ATALE[(xy — 1) (xy — ™y) "]

= —A7'A,Cy

— _LC, (44)

Cy = E[(wz - "712)(331 - ml)T]
= —CnAj(A;")



— LT (45)

Cyp = E[(xs—my)(xs — m2)T]
= (L"BL—L"Bys— By, L + By) ™! (46)
s C, C
Coviz,z'|y] = C = ( o 12) : (47)
Cy Cy

SinceC in (47) depends o and B only, that is not onX, it is constant with
regard to the expectation operation. Hence

E[Covlz, z"|y]] = E[C] = C (48)
So now the updated covariance matrix in (30) can be written as
cit) — ¢+ 8 (49)
= C+GAX(GA)T (50)
B (LC’22LT —Légg)
B ~Cy»L"  Ca
((LJ - I)MEMY(LJ -1)" —(LJ - I)MEMTJT) (51)
~JIMEMY (LT - 1) JMEM*T "
B (LC*QQLT +(LJ —I)MESM"(LJ - I)" —LCy — (LJ — I)MZMTJT)
B —CouLT — JMISM"(LJ — I)T Co+JIMESM™JT

(52)
Where L and M depend only orA and thus, along with the real covariance matrix
3, do not change during iteration. On the other héhd andJ are dependent oB
and thus do change.
2.4.2 The co-ordinate transformation approach
The conditional covariance matrix farwas calculated in equations (43)-(47) as
N C, C
C:<~H ~12>7 (53)
C21 022
Because of condition (3) there cannot be any variance in the directignexdtors.
All the variance is orthogonal to these directions, as is shown in figure 3 for the two

dimensional case. So transformed co-ordinates can be selected such that there is
variation only inn — m directions. Firstn axes are thg vectors

yi:e;FA
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Figure 3: Sample conditioned g@nwith 100 points generated from the conditional sample.

wheree; is anm-vector, where théth element is one and all the others are zero. This
way we can obtaimn directions of the new co-ordinate axes. Let us denote the rest
of the co-ordinate axes b, ..., 2, .,). Thez;-vectors have to be orthogonal to
these and also be selected so that there are no covariance terms in the transformed
covariance matrix.

So let us make the transformation froxnto X', such that:; are the unit vectors of
y; andz;, andT is the transformation matrix compiled from their unit vectors. Then
mean and covariance matrix osfand the real covariance matrix are

m = Tm (54)
C' = TCT" (55)
Y = 1737t (56)

Now we could draw a random sample with mean and variance as above, so that
the values:y, . ..,z remain constant in the sample, arigl. ,, ..., ), vary. Note
that since we hold the firstm values constant, it follows that this approach is
valid only when we have a prior where all the variances are equalThus we get
a random sample of the conditional distribution, then return these to the original co-
ordinates. Then we can pick the next measurergeantd repeat the procedure. This
way we get the distribution conditioned grwith several differenyy. This method is
illustrated in figure 4.

The expectation of the Covariance matrix of the sample cloud can be obtained by
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Figure 4: Conditional sample. On the left with five differgntalues, on the right with00 values.

selecting the the non-zero term froff and the rest of the terms froi, so that
covariance between these terms is zero. Then returning this nattixto original
co-ordinates

cW =71c'OrHT (57)

An example of this is given in Section 3.4.

3 Example: Network with one link

3.1 Introduction

To illustrate the behavior of the method we consider an example that is simplified to
extremity. Consider the network in figure 5. It has a single link and two traffic flows.

X1

7 T

~_ X 7

Figure 5: Two dimensional example network

This is an unrealistic example, since bathandz, should belong to OD paid B and

there are no way to differentiate how much a speaificontributes to the link load

y. However, because of this, the solution depends heavily on the prior estimate, and
thus gives good opportunity to study the effect of different priors, as well as display
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graphically the situation. In this section we derive the same results for this example
network as in section 2 for the general case.

3.2 Mean

Let us first define

A = (1 1) (58)
= r0 (59)
B 0 s
Sy = AYXAY=r+s (60)
b1 b
B _ Cil _ ( 11 12) (61)
b?l b22
And, using notationw for simplicity
wl'=Cy = (biy — biz — by + bao) ™! (62)
_ wt —w!
e () @
equations (16)-(17) fo&z and H give
1 — (bui=ba1) (ba2—bi2)
(b11—b21) (b11—b21)

bi1—ba1  bio—boo
w w

H — (65)

b21—b11  bo2—bi2
w w

Now we can calculate the estimate for mean using equation (81).

Efm] = GAp+ Hm (66)
(b22—b12) (p1+p2) (b11—b21)m1+(b12—b22)ma
- (b11—b21)(n1+u2) + (b21—b11)m1+(ba2—b12)ma (67)

1 ( (b11 — bor)my + (baz — bi2) ((11 + p2) — mo) ) (68)

W\ (byr = bar)((pe1 + p2) — my) + (b2 — brz)me
It follows from the equation that the result fal{m| is found by moving to the direc-
tion specified by the variances of the prior distribution. The narrower the distribution
the more certain we are of this prior, and the movement is larger in the other direction
where the uncertainty is larger. This is shown in figure (6).
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Figure 6: Covariance matrix of the prior distribution affects the mean of the result distribution.

3.3 Covariance matrix

Equation (36) forS now yields

(622—b122)2(7’+8) (bll_b21)(b222_b12)(7'+5)
S =GAXATG" = (69)
((b11*b21)(b222*b12)(7"+5) ((b11*b212)2(1”+8))

andC is as given in (63), so covariance matrix is

Covlz,zT] = C+S (70)
w™ ! —w! (baz—b12)?(r+s) (b11—b21)(b22—b12)(r+s5)
B ( -t -1 ) R WG >(bw2*b )(r+s) (® fbw2)2<r+s> (71)
—w w 11 21 /5’22 12 11 332
_ L (b22 —b12)2(7“+5) + w (bll —b21)(b22 —blg)(’l“—FS) —w
w? (b11 — b21)(baz — b12)(r + ) —w (b11 — b21)2(r +8) +w
(72)

3.4 Covariance matrix by transformation method

First we have need obtain the transformation méitixThe direction of no variance
in two dimensional case igg = (1 1) which is the only row of routing matrix!.
The direction of free variability is then orthogonal to this, thatis= (-1 1).
Normalizing these we obtain

1 1 1
T:ﬁ(—l 1) (73)



Then from (55)-(56)

c’ (2w_1 0) (74)
B 0 0
1(r+s r—s
Y = = 75
2(7’—5 r+s) (73)

We pick the non zero term fro’ and fromY’ the terms that are not in the same row
or column with the term already picked, since all covariance including’therm are

é’(l) B <2w1 0 ) (76)
B 0 %(T+s)

set to zero.

And finally we use equation (57) to return this to original co-ordinates.
1 -1 1 -1
o _ sr+s)+wt G(r+s)—w 7
Hr4s)—w?t r+s)+w
The transformation method here is defined so that it gives correct answers only

when prior variances of, andz, are the same. So we have to &gt= b,, = b and
bio =by1 =0 in (72) So now

Covlw,aT] = L [ Ers)tw s —uw (78)
’ w \ B(r+s)—w V(r+s)+w

_ 2b>2< )+ 2132)2(”5) v (79)
(b s(r+s)— % )(r+3)+

_ (i(”SHw‘l i(rts) - 1) (80)
Hr+s)—w™? f(r+s)+w

Where we used the fact that= (b1; — b1a — bay + baz) = 2b.
And we can see that (72) and (77) indeed yield the same result, as we would

expect.

4 lteration

4.1 Introduction

In this section the equations for the iteration are given. Then we show that in this
situation where we assume a single underlying distribution, the iteration is useless as
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the result converges to its final values after the first step. This is proven for the mean
in general case in theorem 1. Examples show that the same is true for the covariance
matrix in two-dimensional case, and in fact for all the examples we have studied. The
proof for the general case is left for future work.

4.2 General case

The expectation of the result of an iteration round is

(+) = GAp+ Hm®
{m n+Hom (81)

C' = C+GAZ(GA)T
whereG, H andC depend orC” throughB”, while A andX remain constant.

Theorem 1 The expected value of the meam does not change in the iteration after
the first iteration. That is

m) =m0 Vi > 1. (82)

Proof From (27) we can see that

mY = GApu+ Hm' Y (83)

mt) = GAp+ H(GAp+ Hm™Y) (84)

mi*) —m = H(GAp+ HmY) - HmY (85)
— HGAp+ (HH—H)m(™Y (86)

So to prove thain( 1) = m we need to show that

HG = 0 (87)
HH = H (88)
First let us show the following
JL+ K = Cy(Bx —LTBll)L+022(LTBlz — By,) (89)
= _CQZ(LTBHL ~ L"By; — By, L + By,) (90)
= —Cpn(Cxn)™! (91)
= I (92)
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and we can use this result to proof the relations

—~LJA;' —~LIJLJA;' - LKJA;'
HG = ) | ) (93)
JAT' + JLJAT' + KJAT
—L(I+JL+ K)JA;!
_ (I+JL+K) 1 (94)
(I+JL+K)JA]
—L(I-1)JA;!
_ ( ) 1 (95)
(I-I)JA;!
0
_ 96
; ) (96)
LJLJ+LKJ —-LJLK — LKK
HH - (97)
~JLJ - KJ JLK + KK
([ ~L(-JL-K)J L(—JL - K)K (98)
B (-JL - K)J -JL - K)K
—L
_ (1) (99)
(I)J
~LJ LK
_ (100)
J -K
So
(i) _ @ = HGAp+ (HH—H)m! ™ (101)
= 0-Ap+ (H - H)m(ifl) (102)
-0 (103)

And this completes the proof.

Theorem 2 The ecpexted value of the estimated covariance matoes not change
in the iteration after the first iteration. That is

cH =c®h  vi>1, (104)

The proof has not been completed for the general case. In the following section it is
proven for the two dimensional case. All numerical examples of various topologies
indicate that the covariance matrix also converges after the first iteration step.
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4.3 Two dimensional case

4.3.1 Mean

In Theorem 1 it is shown that the result does not change after first iteration. The proof
is given in matrix form. Here the same result is proven as an example specifically for
two dimensional case.

After first iteration the estimates(!) = (my my)isonthe line that goes through
points(py g2 ), (1 +pe 0)and(0 w1+ pe) as can be seen from figure 8. It
obviously satisfies

Am = Ap (105)
my+mg = 1+ [ (106)
and can thus be written
1
m) — ( " ) | (107)
(1 + p2) —ml

Then from (68)

m® - L (b11 = ba1)ma + (b22 — bi2) (1 + p2) — m2) (108)

W\ (b — bar) (11 + p2) — ma) + (baa — biz)ma

_ L[ (b = ba)ma 4 (b2 = bag)((pa + p2) = (1 + p2) = ma) (109)
W\ (b — bar) (11 + p2) —ma) + (bao — bi2) ((pe1 + p2) —ma)

_ 1 (b11 — ba1 — b1z + b12)(ma) (110)
W\ (b1 — ba1 — bia + ba2) ((p1 + p2) — mq)

_ ( mi ) — m® (111)

(11 + p2) —ma

4.3.2 Covariance matrix

The sum of the elements of the Covariance maftix |z, =*] after first iteration is
r+ s, the sum of the real variances of OD pair distributions. This can be seen from the
fact that the coefficients af- + s) in elements of (69) sum to one, and the elements
of (63) obviously sum to zero.

CcY = Coviz,x"] = ( . Cl?) (112)

Ci2 V2
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wherev; + vy + 2¢19 = (r + s).

1 v —C
B = (C(l))—1:2< 2 12) (113)
V2 — €1 \ —Ci2 U1
2
w = by —big — by +boy = U1+U2—+2012 (114)
V1V — €19
Let us look at the upper left element of (72) in the second iteration
boy — byo)?
(CP)yy M(r +5) +w? (115)
w
(v1+013)22 V19 — C2
(viva—ciy) 102 7 12
= Y () —— 12 116
(v1+v2+2612 )2 ( ) V1 + V2 + 2012 ( )
1}11}2—0%2
(Ul + 012)2 V1V — C%Q
= v1 + U9 + 2¢19) + — = — 117
(Ul + V2 + 2C12)2( ! 2 12) U1 + (%) + 2612 ( )
_ V3 + 201019 + Gy + V13 — oy (118)
U1 + V2 + 2012
_ U (v1 4 2¢12 + v2) (119)
U1 + Vg + 2¢12
= v (120)
And similar results for other elements can be obtained to show that
C(2) _ ( U1 012> _ C(l) (121)
Cl2 V2

5 Numerical examples

5.1 Introduction

In this section specific numerical examples are discussed to show the behavior of
the method in different situations. First the two dimensional example of section 3 is
studied. Then a more realistic, yet still very small, example network with two links
and three separate OD pairs is considered. The topology for this network is shown in
figure 7.

5.2 Two dimensional numerical example
Choosing the values
m = (2 4) (122)
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c- (" 123
- (4 1) (123)
C

(10
B - :(0 1) (124)
g = (15 10) (125)
- (9 0) (126)
0 4

Inserting these values to equation (81) (or to the equations specific to the two dimen-
sional case (68) and (72)) yields

mitD) = (115 13.5) (127)

ce (3.75 2.75)

(128)
9275 3.75

The results are illustrated in figure 8. In figure 9 the sample cloud of the transforma-
tion method is plotted in the same picture.

5.3 Three dimensional numerical example

examplel

p = (5 10 15) (129)
300
X = |04 0 (130)
005
m® = (5 5 5) (131)
X1 XZ
Y1 > Y2 >

Figure 7: Example network considered in section 5.3
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Figure 8: Result of the iteration. The arrow shows the movement of the estimate from prior
distribution to new estimate distribution shown in red. The real distributior®) is shown in
black

1 00
c® 01 0 (132)
0 0 1
With these starting values the method yields the following result
mY = (6.67 11.67 13.33) (133)
3.33 —1.00 1.33
cV = | -1.00 267 067 (134)

1.33 0.67  3.00
In figure 10 the result is shown as two dimensional projection for each co-ordinate
plane. Inx{, x3-plane ande,, z3-plane the line where the new mean estimate is lo-
cated comes from equation
Ap = Ax (135)

which in three-dimensional case becomes

pi+p3 = 11+ 13 (136)
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Figure 9: Sample cloud produced by co-ordinate transformation method coincides with explicit
result obtained by conditional covariance method.

Ho + 3 = Zo+ T3 (137)

and are equations for planes in three dimensional space. The lineag-plane is
the transversal of these planes

Ty — T2 = H1— M2 (138)

example2

Let us change the prior estimate for the covariance matrix.

p = (5 10 15) (139)
300

X = |04 0 (140)
00 5

m® = (5 5 5) (141)
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x3 x3
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Figure 10: Example 1

1 00
c® = |0 3 0 (142)
0 0 2
The result is now
m = (682 11.82 13.18) (143)
1.67 —0.42 1.06
cV = | —042 448 0.15 (144)

1.06 0.15 4.21
And is shown in figure 11. Notice that the estimate for the mean is very close to that
in example 1, even though we changed the covariance prior. This is because the dif-
ference betweem; andms is fixed, because it is known from the difference between
the measured link loads. The results move together in the iteration so uncertainty in
the form of large prior variance for one of them does not affect the result as clearly
as was the case in figure 6 for two-dimensions, where no limiting relations are known
between elements of.

example3

p = (5 10 15) (145)

3.0 0
X = |0 40 (146)
00 5
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Figure 11: Example 2
m® = (5 5 5) (147)
2 0 0
cY% = 10 4 0 (148)
0 0 1
Now we have changed the covariance prior so that the difference between vari-

ances ofr, andzs is large. There is no relation known between them, so no the
change affects the result more dramatically. This is shown in figure 12.

mY = (10 15 10) (149)
3.82 110 1.18
cV = |110 538 0.89 (150)

1.18 0.89 1.82

6 Conclusion

6.1 Summary

In this report a case study on traffic matrix estimation under Gaussian OD pair traffic
distributions was made. We studied the behavior of a special case of the Vaton-Gravey
method inferring estimates for OD pair traffic demands based on link counts and some
prior distribution. In Section 2 the expected values for parameters of the conditional
distribution ofz conditioned ony were computed by utilizing the characteristics of
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Figure 12: Example 3

the normal distribution. By writing the density function of the conditional distribution

in the complete square form, we were able to pick out necessary terms to obtain
expressions for conditional mean and covariance estimators. Then taking expectation
of these over the link countg, we obtained the estimators for the distribution of OD
pairs. This method was illustrated through simple examples in Section 3.

The main result of the report was given in Section 4 were we state that the iteration
converges after first step, and proved this result for the estimator of the mean. How-
ever, the proof for the covariance matrix estimator has not yet been completed. This
is left as future work. The result indicates that under the assumptions we make about
the distributions there is no benefit of iteration. The first estimator is as accurate as it
can come in this situation.

In Section 5 some numerical examples were studied in simple topologies. In the
degenerate case of one link and two OD pairs the prior chosen determined largely
the result, since link count data obviously cannot give any indication about the OD
pair traffic amounts. In realistic, yet still very simple, case of two links and three
OD pairs the link counts give some information about the relative sizes of the OD
pair means. Hence, the result is not completely dependent by the prior chosen. As
the network topology grows larger to model more realistic communications network,
there are more an more OD pair dependency information in the link counts.

6.2 Further work

Theorem 2 in page 16 is still to be proven in the general case matrix form.
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Considering further this kind of static model, where the expected traffic amounts
for the OD pairs do not change as a function of time, one way of improving the result
is to utilize the covariance matrix in estimation of the mean. To do this we need to
assume a relation between mean and variance of the OD pairs. In [2] the authors
propose a power law relation where the varianceétofOD pairo? would depend
linearly on the corresponding meanraised to powet.

of = ouf (151)

whereg, ¢ are parameters to be defined. With this kind of assumption we could get
additional information to our estimate.
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