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Abstract

We report a case study on an iterative method of traffic matrix estimation under some
simplifying assumptions about the distribution of the origin-destination traffic demands.
The starting point of our work is the Vaton-Gravey iterative Bayesian method, but there are
quite a few differences between that method and our consideration. It is assumed that the
distribution of the demands follow a single Gaussian distribution instead of being a mod-
ulated process. The normality assumption allows us to bypass the Markov Chain Monte
Carlo step in the iterative method and explicitly derive the expected values for mean and
covariance matrix of the traffic demands conditioned on link counts. We show that under
the assumption of single underlying distribution the expected values of the mean and co-
variance converge after the first step of the iteration. This method cannot improve on this
if no relation between mean and variance is imposed in order to make use of the covari-
ance matrix estimates, or the distribution is assumed to be modulated from a regime of
distributions.

1 Introduction
In many traffic engineering applications, the knowledge on the underlying traffic volumes
is assumed. TheTraffic Matrixgives the amount of traffic between each pair of nodes in the
network. Traffic matrices can not be directly measured, so there are not yet many methods
to obtain them, although it is recognized that accurate traffic matrices are crucial for traffic
engineering.

The only information readily available are the link loads and the routing matrix. The
traffic volumesx between origin-destination pairs and the routing matrixA 1 determine
the link loadsy through relation

y = Ax. (1)

Since in any realistic network there are more OD pairs than links, the problem of solv-
ing x from A andy is strongly underdetermined and thus explicit solutions cannot be

1Thekth column ofA has1 in thejth entry if link j is used by streamk, and0 otherwise.



found. Most promising proposed methods for inferring traffic matrix from link loads in-
clude Bayesian based inference techniques [2, 4] and network tomography [3, 5]. A good
overview of current methods is given in [6].

The Vaton-Gravey iterative Bayesian method [2] consists of iteration and exchange of
information between two boxes. The available data are the link counts on several suc-
cessive time periods. The first box simulates the traffic matrix (OD counts) from the link
counts utilizing some prior information on the OD counts at each fixed time period . As
an example, the traffic counts for each OD pair are assumed to constitute a Markov modu-
lated process. Then the successive values for each OD pair are fed into the second box that
updates the parameters of the Markov modulated process, which are then fed back into the
first box as a Bayesian prior and the process is repeated. The first box involves running a
Markov Chain Monte Carlo (MCMC) simulation and the second box computes maximum
likelihood estimate using the Expectation Maximization method.
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Figure 1:The Vaton-Gravey iterative method

In this report we consider explicitely a special case of the above idea. Our aim is to
gain insight into the method and, in particular, into the output of the first box by examining
a model that is simple enough to be computed analytically. We assume the OD pairs are
independent and follow a single Gaussian distribution instead of a mixture of distributions.
This reduces the complexity of the Vaton-Gravey method, and allows an explicit analysis.
Our prior consists of the mean and the covariance matrix of the Gaussian distribution. The
attractive feature of this approach is that the distribution conditioned on the link counts
is again Gaussian. Thus we skip the MCMC simulation by calculating analytically the
expected output of the first box.

Also we point out that, contrary to Vaton-Gravey method, in our approach the output
of the first box is the whole conditioned distribution, not just the mean of an OD pair
conditioned on the link count observation. This is because taking just the means will yield a
distribution that is flattened out, and thus has a singular covariance matrix. The conditional
”cloud of observations” approach is shown in Figure 5.

As in our case the output of the first box is the conditional distribution ofx conditioned
ony, the second box has only the function of taking the expectation of these overy. This
yields the new estimate for the distribution ofx which is here considered constant in time.
The estimate is then returned to the first box as a prior. It turns out that the expected value
of the mean does not change in the iteration after the first conditioning on link counts has
been made. This result is proven later in the report.
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Figure 2:Illustration of the method studied.

The rest of the paper is organized as follows: In Section 2 the conditional distribution
of x conditioned ony is derived. Then the the expected values for mean and covariance
matrix estimates(m,C) are calculated. In Section 3 we state that the iteration converges
after the first step, and prove this result for the estimator of the mean. Section 4 illustrates
the results of the previous section through example cases in a much simplified situation.
Finally, in Section 5 the report is summarized and some final conclusions made. A longer
version of this paper is available as a technical report [1] that has more examples and more
detailed derivations of some equations.

2 Conditional Gaussian distribution
In this section we derive the equations for the conditional Gaussian distribution. These
are well known results but presented here for the sake of completeness. The distribution
of variableX, representing here the OD traffic amounts, is derived conditioned ony, the
measured link loads. From the conditional distribution we are able to solve the mean and
the covariance matrix and their expected values. The covariance matrix is solved using the
conditional covariance approach.

2.1 The conditional distribution
Let then-vectorx denote a value of multivariate Gaussian variableX with mean� and
covariance matrixΣ. It has the probability density function

f(x) ∼ exp(−1

2
(x− �)TΣ−1 (x− �)). (2)

Assume that we have a prior estimate(m,C) for (�,Σ). We wish to determine the distri-
bution ofX conditioned on

Ax = y, (3)

wherey in anm-vector andA is anm × n matrix with m < n. First we partitionx and
A as

x =

(
x1

x2

)
, A = (A1,A2),

wherex1 is anm-vector,x2 is an(n−m)-vector,A1 in anm×m-matrix, andA2 in an
m× (n−m)-matrix. From (3) we have

x1 = A−1
1 (y −A2 x2). (4)



By making the corresponding partition in the exponent of (2),

(x1 −m1)
TB11(x1 −m1) + (x1 −m1)

TB12 (x2 −m2)

+(x2 −m2)
TB21 (x1 −m1) + (x2 −m2)

TB22 (x2 −m2), (5)

with

C−1 = B =

(
B11 B12

B21 B22

)
,

and substituting (4) into (5) we obtain

xT
2 (AT

2 (A−1
1 )

TB11A−1
1 A2 −AT

2 (A−1
1 )

TB12 −B21A−1
1 A2 +B22)x2

+xT
2 ((B21 −AT

2 (A−1
1 )

TB11)(A−1
1 y −m1) + (AT

2 (A−1
1 )

TB12 −B22)m2)

+(transpose)x2 + constant. (6)

Because of symmetry the multiplier ofx2 is just the transpose of the multiplier ofxT
2

We wish to write this as complete square of the form

(x2 − m̃2)
TC̃

−1
22 (x2 − m̃2) + constant

= xT
2 C̃

−1
22 x2 − (xT

2 C̃
−1
22 m̃2 + (transpose)x2) + constant

Now we can pick out the terms̃C−1
22 andC̃−1

22 m̃2 from (6), which are the multipliers of
the quadratic term and thexT

2 term respectively.

C̃
−1
22 = AT

2 (A−1
1 )

TB11A−1
1 A2 −AT

2 (A�1
1 )

T
B12 −B21A−1

1 A2 +B22 (7)

C̃
−1
22 m̃2 = −((B21−AT

2 (A−1
1 )

TB11)(A−1
1 y−m1)+ (AT

2 (A−1
1 )

TB12−B22)m2)
(8)

2.2 Mean of the conditional distribution
It is possible to solve form̃2 from (7-8). This yields

m̃2 = −(AT
2 (A�1

1 )
T
B11A−1

1 A2 −AT
2 (A�1

1 )
T
B12 −B21A−1

1 A2 +B22)
−1 ·

((B21 −AT
2 (A−1

1 )
TB11)(A−1

1 y −m1) + (AT
2 (A−1

1 )
TB12 −B22)m2). (9)

Further, using (4) we can then solve for̃m1

m̃1 = A−1
1 y −A−1

1 A2 m̃2. (10)

So now we have

m̃ =
(m̃1

m̃2

)
(11)

Then inserting (9) and (10) into (11) we obtain

m̃ =

(
A−1

1 +A−1
1 A2C̃22(B21 −AT

2 (A−1
1 )

TB11)A−1
1

−C̃22(B21 −AT
2 (A−1

1 )
TB11)kA−1

1

)
y

+

(
−A−1

1 A2C̃22(B22 −AT
2 (A−1

1 )
TB11)

C̃22(B22 −AT
2 (A−1

1 )
TB11)

)
m1

+

(
A−1

1 A2C̃22(AT
2 (A−1

1 )
TB12 −B22)

−C̃22(AT
2 (A−1

1 )
TB12 −B22)

)
m2,



where by (7) we have

C̃22 = (AT
2 (A−1

1 )
TB11A−1

1 A2 −AT
2 (A�1

1 )
T
B12 −B21A−1

1 A2 +B22)
−1

So the coefficient matrices fory andm that depend onA andB only. We write

m̃ = Gy +Hm, (12)

where

G =

(
−A−1

1 +LJA−1
1

−JA−1
1

)
, (13)

H =

(
−LJ LK
J −K

)
, (14)

C̃22 = (LTB11L−LTB12 −B21L+B22)
−1.

Above we use the following notation, which is not only shorter to write but also makes it
more clearly visible that there are a lot of common components in the elements ofG and
H.

L = A−1
1 A2,

J = C̃22(B21 − LTB11),

K = C̃22(LTB12 −B22).

Equation (12) is conditioned on a particulary. The result of the iteration is the expected
valueE[m̃] over sample ofys. If we substitute the relation (3) into (12) it yields

m̃ = GAx+Hm, (15)

and the result of the iteration round is the expected value of this, giving

m(i+1) = E[m̃(i)] = GA�+Hm(i). (16)

2.3 Covariance matrix of the conditional distribution
The term(i, j) of covariance matrix ofX is by conditional covariance

Cov[xi, xj ] = E
[
Cov[xi, xj |y]

]
+ Cov

[
E[xi|y], E[xj |y]

]

= E
[
Cov[xi, xj |y]

]
+ Cov

[
m̃i(y), m̃j(y)

]

So the whole covariance matrix can be calculated from

Cov[x,xT] = E
[
Cov[x,xT|y]

]
+ Cov

[
m̃(y), m̃(y)

]
. (17)

The latter term in (17), the covariance matrix ofm̃ is

S = Cov
[
m̃(y), m̃(y)

]

= E
[
(m̃(y)− E[m̃(y)])(m̃(y)− E[m̃(y)])T

]

= E[(GAx−GA�)(GAx−GA�)T]

= GAE[(x− �)(x− �)T](GA)T

= GAΣ(GA)T. (18)



WhereHm terms from equation (15) cancel out becausem as the estimate from the
previous rounds is a constant.

Let us denote
A−1

1 A = A−1
1 (A1,A2) = (I,L) := M .

Using this notation

GA =

(
(LJ − I)M
−JM

)
,

we obtain

S = GAΣ(GA)T

=

(
(LJ − I)MΣMT(LJ − I)T −(LJ − I)MΣMTJT

−JMΣMT(LJ − I)T JMΣMTJT

)
.

This is the expected value of sample covariance matrix form̃ and also corresponds to one
produced by an infinite sample of measurementsy. Note that then × n matrixGA has
rank that is at most the column rank ofA which ism. Therefore it is singular, and hence
S is singular.

The first term in (17)Cov[x,xT|y], the conditional covariance matrix forx condi-
tioned ony, can be obtained by calculating

C̃22 = E[(x2 − m̃2)(x2 − m̃2)
T]

= (LTB11L−LTB12 −B21L+B22)
−1,

C̃11 = E[(x1 − m̃1)(x1 − m̃1)
T]

= E[(A−1
1 y −A−1

1 A2x2 −A−1
1 y +A−1

1 A2m̃2) ·
(yT(A−1

1 )
T − xT

2A
T
2 (A−1

1 )
T − yT(A−1

1 )
T

+ m̃T
2A

T
2 (A−1

1 )
T
)]

= E[(−A−1
1 A2(x2 − m̃2))(−(x2 − m̃2)

TAT
2 (A−1

1 )
T
)

= A−1
1 A2E[(x2 − m̃2)((x2 − m̃2)

T]AT
2 (A−1

1 )
T

= A−1
1 A2C̃22AT

2 (A−1
1 )

T

= LC̃22LT,

C̃12 = E[(x1 − m̃1)(x2 − m̃2)
T]

= −LC̃22,

C̃21 = E[(x2 − m̃2)(x1 − m̃1)
T]

= −C̃22LT,

Cov[x,xT|y] = C̃ =

(
C̃11 C̃12

C̃21 C̃22

)
. (19)

SinceC̃ in (19) depends onA andB only, but not onX, it is constant with respect to the
expectation operation. Hence

E
[
Cov[x,xT|y]

]
= E

[
C̃] = C̃. (20)

So now the updated covariance matrix in (17) can be written as

C(i+1) = C̃ + S
= C̃ +GAΣ(GA)T



=

(
LC̃22LT −LC̃22

−C̃22LT C̃22

)

+

(
(LJ − I)MΣMT(LJ − I)T −(LJ − I)MΣMTJT

−JMΣMT(LJ − I)T JMΣMTJT

)
,

whereL andM depend only onA and thus, along with the real covariance matrixΣ, do
not change during iteration. On the other handC̃22 andJ are dependent onB and thus do
change.

3 Iteration
In this section the equations for the iteration are given. Then we show that in this situation
where we assume a single underlying distribution, the iteration converges to its final values
after the first step. This is proven for the mean in a general case in Theorem 1. Examples
show that the same is true for the covariance matrix in two-dimensional cases, and in fact
for all the examples we have studied. The proof for the general case is, however, left for
future work.

3.1 General case
The expectation of the result of an iteration round is

{
m(i+1) = GA�+Hm(i)

C(i+1) = C̃ +GAΣ(GA)T,
(21)

whereG,H andC̃ depend onC(i) throughB(i), whileA andΣ remain constant.

Theorem 1 The expected value of the meanm does not change in the iteration after the
first step. That is

m(i+1) = m(i) ∀i > 1.

Proof From (16) we can see that

m(i) = GA�+Hm(i−1),

m(i+1) = GA�+H(GA�+Hm(i−1)),

m(i+1) −m(i) = H(GA�+Hm(i−1))−Hm(i−1)

= HGA�+ (HH�H)m(i−1).

So to prove thatm(i+1) = m(i) we need to show that

HG = 0,

HH = H.

First let us show the following

JL+K = C22(B21 −LTB11)L+C22(LTB12 −B22)

= −C22(LTB11L−LTB12 −B21L+B22)

= −C22(C22)
−1

= −I,



and we can use this result to proof the relations

HG =

(
−LJA−1

1 −LJLJA−1
1 −LKJA−1

1

JA−1
1 + JLJA−1

1 +KJA−1
1

)

=

(
−L(I + JL+K)JA−1

1

(I + JL+K)JA−1
1

)

=

(
−L(I − I)JA−1

1

(I − I)JA−1
1

)
=

(
0
0

)
,

HH =

(
LJLJ +LKJ −LJLK −LKK
−JLJ −KJ JLK +KK

)

=

(
−L(−JL−K)J L(−JL−K)K

(−JL−K)J −(−JL−K)K

)

=

(
−L(I)J L(I)K

(I)J −(I)K

)

=

(
−LJ LK
J −K

)
= H.

Thus

m(i+1) −m(i) = HGA�+ (HH�H)m(i−1)

= 0 ·A�+ (H −H)m(i−1)

= 0,

and this completes the proof.

Theorem 2 The expected value of the estimated covariance matrixC does not change in
the iteration after the first step. That is

C(i+1) = C(i) ∀i > 1.

The proof has not been completed for the general case. In Section 4.3 it is shown for
the two dimensional case. All numerical examples of various topologies indicate that the
covariance matrix also converges after the first iteration step.

4 Example: Network with one link
To illustrate the behavior of the method we consider an example that is simplified to the
extreme. Consider the network in Figure 3. It has a single link and two traffic flows.
This is an unrealistic example, since bothx1 andx2 should belong to OD pairAB and
there are no way to differentiate how much a specificxi contributes to the link loady.
However, because of this, the solution depends heavily on the prior estimate, and thus gives
good opportunity to study the effect of different priors, as well as display graphically the
situation. In this section we derive the same results for this example network as in section
2 for the general case.
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4.1 Mean
Let us first define

A = ( 1 1 ) ,

Σ =

(
r 0
0 s

)
,

ΣY = AΣAT = r + s,

B = C−1 =

(
b11 b12

b21 b22

)
.

And, using notationw for simplicity

w−1 = C̃22 = (b11 − b12 − b21 + b22)
−1

C̃ =

(
w−1 −w−1

−w−1 w−1

)
, (22)

equations (13)-(14) forG andH give

G =




1− (b11−b21)
w

(b11−b21)
w


 =




(b22−b12)
w

(b11−b21)
w


 ,

H =




b11−b21
w

b12−b22
w

b21−b11
w

b22−b12
w


 .

Now we can calculate the estimate for mean using equation (21).

E[m̃] = GA�+Hm

=

(
(b22−b12)(µ1+µ2)

w
(b11−b21)(µ1+µ2)

w

)
+

(
(b11−b21)m1+(b12−b22)m2

w
(b21−b11)m1+(b22−b12)m2

w

)

=
1

w

(
(b11 − b21)m1 + (b22 − b12)((µ1 + µ2)−m2)
(b11 − b21)((µ1 + µ2)−m1) + (b22 − b12)m2

)
.

It follows from the equation that the result forE[m̃] is found by moving to the direction
specified by the variances of the prior distribution. The narrower the distribution the more
certain we are of this prior, and the movement is larger in the other direction where the
uncertainty is larger. This is shown in Figure 4.



5 10 15 20 25

5

10

15

20

25

5 10 15 20 25

5

10

15

20

25

5 10 15 20 25

5

10

15

20

25

Figure 4:Covariance matrix of the prior distribution affects the mean of the result distribution.

4.2 Covariance matrix
Equation (18) forS now yields

S = GAΣATGT =




(b22−b12)2(r+s)

w2
(b11−b21)(b22−b12)(r+s)

w2

((b11−b21)(b22−b12)(r+s)

w2
((b11−b21)2(r+s))

w2


 (23)

andC̃ is as given in (22), so the covariance matrix is

Cov[x,xT] = C̃ + S

=
1

w2

(
(b22 − b12)

2(r + s) + w (b11 − b21)(b22 − b12)(r + s)− w
(b11 − b21)(b22 − b12)(r + s)− w (b11 − b21)

2(r + s) + w

)

In the leftmost picture of Figure 4 the covariance matrix estimate is also shown. The
sample cloud produced by the method is shown in Figure 5. For every measured link
county a number of samples is drawn based on the prior distribution conditioned on this
particulary, as discussed in Section 2. This sample cloud is also plotted in the same picture
with the confidence intervals of the expected covariance matrix in Figure 4, and they are
seen to coincide.
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Figure 5:Sample conditioned ony with 100 points generated from the conditional sample for eachy.
On the left for a few measurements, and on the right for several hundred.



4.3 Iteration of covariance matrix
The sum of the elements of the covariance matrixCov[x,xT] after the first iteration is
r + s, the sum of the real variances of OD pair distributions. This can be seen from the
fact that the coefficients of(r + s) in elements of (23) sum to one, and the elements of (22)
obviously sum to zero.

C(1) = Cov[x,xT] =

(
v1 c12

c12 v2

)
,

wherev1 + v2 + 2c12 = (r + s).

B = (C(1))−1 =
1

v1v2 − c2
12

(
v2 −c12

−c12 v1

)
,

w = b11 − b12 − b21 + b22 =
v1 + v2 + 2c12

v1v2 − c2
12

.

Let us look at the upper left element ofC in the second iteration step

(C(2))11 =
(b22 − b12)

2

w2
(r + s) + w−1

=

(v1+c12)2

(v1v2−c212)2(
v1+v2+2c12

v1v2−c212

)2
(r + s) +

v1v2 − c2
12

v1 + v2 + 2c12

=
(v1 + c12)

2

(v1 + v2 + 2c12)2
(v1 + v2 + 2c12) +

v1v2 − c2
12

v1 + v2 + 2c12

=
v2
1 + 2v1c12 + c2

12 + v1v2 − c2
12

v1 + v2 + 2c12

=
v1(v1 + 2c12 + v2)

v1 + v2 + 2c12
= v1.

And similar results for other elements can be obtained to show that

C(2) =

(
v1 c12

c12 v2

)
= C(1).

5 Conclusion
In this report a case study on traffic matrix estimation under Gaussian OD pair traffic dis-
tributions was presented. We studied the behavior of a special case of the Vaton-Gravey
method inferring estimates for OD pair traffic demands based on link counts and some
prior distribution. In Section 2 the expected values for parameters of the conditional distri-
bution ofx conditioned ony were computed by utilizing the characteristics of the normal
distribution. By writing the density function of the conditional distribution in the form of
the complete square, we were able to pick out necessary terms to obtain expressions for the
conditional mean and covariance estimators. Then taking expectation of these over the link
countsy, we obtained the estimators for the distribution of OD pairs. This method was
illustrated through simple examples in Section 4.



The main result of the report was given in Section 3 were we state that the iteration
converges after the first step, and proved this result for the estimator of the mean. However,
the proof for the covariance matrix estimator has not yet been completed. This is left as fu-
ture work. The result indicates that under the assumptions we make about the distributions
and that there is no functional relation between the mean and the variance ofX, there is no
benefit of iteration. The first estimator is as accurate as it can come in this situation.

In the degenerate case of one link and two OD pairs the prior chosen determined largely
the result, since link count data obviously cannot give any indication about the OD pair
traffic amounts. In realistic, yet still very simple, case of two links and three OD pairs
the link counts would give some information about the relative sizes of the OD pair means.
Hence, the result is not completely dependent by the prior chosen. As the network topology
grows larger to model more realistic communications network, there is more and more OD
pair dependency information in the link counts.
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