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Abstract
This paper discusses load balancing in cellular networks. We compare the performance of both static and
dynamic allocation policies for a simple model of two base stations with overlapping cells. In particular,
we investigate the performance of the policy obtained by the first step of the policy iteration algorithm
(FPI policy). When starting with a static policy, the two base stations can be modeled independently as
Erlang loss systems, for which we can easily determine the relative costs in each state. This makes the
first step of the policy iteration algorithm of low complexity, and therefore applicable for large instances.
The idea is to approximate the optimal policy with the FPI policy. Numerical experiments for small
instances provide a deeper understanding of the FPI policy. As it turns out, the optimal static policy not
necessarily leads to the best performance of the FPI policy. When choosing an appropriate static policy,
we show that the FPI policy is extremely close to the optimal policy, and performs much better than the
other considered policies. This strengthens our belief in the practical relevance of the FPI policy.

1 Introduction

A wireless network consists of fixed base stations and mobile users who communicate with the base stations
via wireless links. Each base station covers a geographical range called a cell. Neighboring cells overlap
with each other, which ensures continuity when users move from one cell to another. The users require
communication channels at the base stations, whereas each base station can serve the users within its
geographical range. Users that find themselves in an overlapping area, can be routed to either one of the
base stations. The users that are in a non-overlapping area have to be routed to the corresponding base
station, and are in that sensededicated. Blocking occurs when a base station has no free channel to allocate
to a user. The way users are allocated over the base stations influences the blocking probability.

The allocation of the users can be guided by theload balancing principle. This principle says to balance
the workload over the base stations, or, more colloquially, divide the load as evenly as possible, aiming to
optimize performance measures of the system. Since we consider base stations with finitely many channels,
our primary objective in our analysis is to minimize the blocking probability.

Based on the load balancing principle, we consider differentallocation policiesthat define the way users
are allocated over the base stations. An important element hereby is the available information, which
can range from total knowledge about the system at any point in time, to only information about basic
characteristics like arrival rates and service times. We consider bothstatic anddynamicpolicies. Static
policies operate under time independent characteristics of the system, whereas dynamic policies operate
under time dependent information.
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It is somehow obvious that the more information an allocation policy is based on, the better it can perform.
However, since more information incurs more costs and is more technically demanding, it could be ad-
vantageous to have an allocation policy of low complexity, and thus requiring little information about the
system’s state. Moreover, practical applications have prohibitively large state spaces, rendering the direct
computation of optimal dynamic policies impossible. For those reasons, a simple static policy is oftentimes
used in practice.

An idea introduced by Ott and Krishnan [9] makes it possible to construct a dynamic policy using aone-
step improvementof the policy iteration algorithm. Independence assumptions embodied by an initial
static policy make this method of low computational complexity. Numerical experiments showed that this
policy could be close to the optimal policy, although its performance is heavily influenced by the initial
static policy used (see e.g [6]).

Our aim in this paper is two-fold. We consider the simple model of two base stations with overlapping
cells. First, using only moderate instance sizes, we compare and illuminate the performance of different
allocation policies for this model. Second, we gain insight in the performance of the one-step improvement
in relation with the chosen initial static policy. We show that a well-chosen initial static policy makes the
policy resulting from the one-step improvement close to optimal, which justifies its relevance for real-life
applications.

The remainder of this paper is structured as follows. In section 2 we describe the basic model. In section
3 we consider two static routing policies: optimized random routing and round-robin. In section 4 we
consider dynamic routing policies, like overflow routing, least loaded routing and policies determined by
the policy iteration algorithm. In particular, we pay attention to the one-step improvement and compare its
performance with both the static and the other dynamic allocation policies. In section 5 we discuss three
open problems for this paper’s model.

2 Model description

We consider the case of two base stations BS1 and BS2 with overlapping cells as shown in figure 1.a.
Based on their geographical positions, we can distinguish three types of users. Two of them formdedicated
streams, which means that the users of those streams are always routed to the same base station, whereas
the third user type forms aflexiblestream; users of that stream may be routed to either one of the base
stations. Furthermore, we take the arrival processes to be Poisson processes of ratesλ1 andλ2 for the
dedicated streams andν for the flexible stream, and the service times to be exponentially distributed with
parameterµ for both base stations. Both base stations have finitely many channels equal toc1 andc2
respectively. We denote the number of users at each base station at timet by i1(t) andi2(t). Without loss
of generality, we assume thatλ1 ≥ λ2 andµ = 1. An alternative way of visualizing the system is shown
by figure 1.b.

�
�
�
�

�
�
�
�

��
��
��
��

1

2

(b)

BS1 BS2

c c1 2

BS2
λ

ν

µ

µ

λ
BS1

c1

(a)

c2

Figure 1: (a) Two base stations with overlapping cells. (b) Traffic allocation model with dedicated streams.

This leaves us to specify the allocation policy, which we denote byα, to be used for routing the users
of the flexible stream to either one of the base stations. Once the allocation policyα is specified, all
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characteristics are known to draw the flow diagram as depicted in figure 2. Figure 2.a shows all transitions
that are independent of the allocation policy used, while figure 2.b shows the rates of the flexible stream that
do depend onα. The set of all possible statesS is given byS = {(i1, i2)|i1 ≤ c1, i2 ≤ c2, (i1, i2) ∈ Z2}.
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Figure 2: The flow diagram composed of flows (a) independent ofα, (b) dependent onα.

The system is a quasi-birth-death process, where for each state(i1, i2) outgoing transitions are restricted
to states(ĩ1, ĩ2) with |ĩk − ik| ≤ 1, k = 1, 2. By ordering the states lexicographically

(0, 0), . . . , (0, c2), (1, 0), . . . , (1, c2), . . . , (c1, 0), . . . , (c1, c2),

we find that the transition matrixQ has the following block tridiagonal structure with level-dependent
transition rates

Q =


A0 U0

D1 A1 U1

...
...

...
Dc1−1 Ac1−1 Uc1−1

Dc1 Ac1

 ,

which can be determined explicitly once the allocation policy is fully specified.

3 Static policies

We consider optimal static allocation policies applied to our routing problem. The objective is to minimize
the system’s average blocking probability.

3.1 Optimized Random Routing policy

In case of Optimized Random Routing (ORR) the incoming user is assigned to base station 1 with prob-
ability p and to base station 2 with probability1 − p. By applying a randomized routing scheme, the
system consists of two independent Erlang loss systems, with arrival intensitiesλ1 + pν andλ2 + (1− p)ν
respectively.

For any random routing policy, the average blocking probabilityB(p) is clearly given by
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B(p) =
(λ1 + pν) · Erl(c1, λ1 + pν) + (λ2 + (1− p)ν) · Erl(c2, λ2 + (1− p)ν)

λ1 + λ2 + ν
, (1)

where Erl(c, λ) is the Erlang loss probability for a M/M/c/c queue with arrival intensityλ

Erl(c, λ) =
λc/c!∑c
i=0 λ

i/i!
.

The optimization problem is to findp∗ ∈ [0, 1] that minimizes the average blocking probabilityB(p). This
renders a unique solution due to the convexity ofB(p). To see this, we use the fact that the expected loss
rate given byλErl(c, λ) is an increasing and convex function of the arrival rateλ, see [12]. Intuitively
this is clear since the expected loss rate approaches(λ − c) for largeλ. Then we know that(λ1 + pν) ·
Erl(c1, λ1 + pν) and by symmetry(λ2 + (1− p)ν) ·Erl(c2, λ2 + (1− p)ν) are convex functions ofp. The
sum of two convex functions is again convex, which proves the convexity ofB(p).

For the case with equal capacities,p∗ can be determined explicitly. Setting the first derivative ofB(p) to
zero gives the following sufficient condition

λ1 + pν = λ2 + (1− p)ν.

Hence, the optimal policy is toequalizethe cell loads, which leads to

p∗ =

{
1
2 −

λ1−λ2
2ν if ν ≥ λ1 − λ2,

0 if ν < λ1 − λ2.

The obvious condition for the flexible arrival rate to equalize the dedicated arrival rates is that the flexible
arrival rate is larger or equal than the difference between the dedicated arrival streams. We call this the
load balance condition. If this condition is not satisfied, all flexible arrivals are directed to the cell with the
lowest arrival rate. In that way the system isbalancedas well as possible. In the remainder of this paper
we assume that the load balance condition is satisfied.

For the asymmetric case with different capacities, the optimalp∗ can be computed by solving a non-linear
program withB(p) as objective function. SinceB(p) is a convex function ofp, the optimalp is unique and
can be found by using an easy algorithm like the golden ratio method.

Remark 1. In comparing with agreedypolicy that always accepts a user when possible, the ORR policy
could lead to a substantial higher blocking probability. We can demonstrate that by a simple example.
Consider the extreme case where both base stations have equal capacitiesc and cover the same geographical
area; all users can be assigned to either one of the identical base stations. The greedy policy leads to a
blocking probability of Erl(2c, 2ν). By symmetry, the ORR policy is given byp∗ = 1

2 and results in a
blocking probability of Erl(c, ν), which is significantly larger than the blocking probability of the greedy
policy. For example, Erl(10, 5) equals 0.019, while the greedy equivalent Erl(20, 10) equals 0.0019.

3.2 Round-Robin policy

The Round-Robin (RR) policy alternately assigns the flexible users to each of the base stations. We com-
pare the RR policy with the ORR policy for the symmetric system with equal capacitiesc and equal ded-
icated arrival ratesλ. Under the RR policy, the arrival process at each base station consists of a Poisson
arrival process with rateλ and an Erlang2(ν) arrival process with an arrival rate equal toν/2. Together,
they form aMarkovian Arrival Process(MAP), leading to the MAP/M/c/c queue with a flowdiagram as
shown by figure 3. State(n, f) is defined asn users in the system andf phases completed by the next
arrival of the Erlang2(ν) stream. Once the equilibrium probabilitiesπ(n, f) have been determined, the
blocking probability is given by

BRR =
π(c, 0) · λ+ π(c, 1) · (λ+ ν)

λ+ 1/2 · ν .
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Figure 3: Flow diagram of the MAP/M/c/c queue. The MAP is composed of a Poisson(λ) and an Erlang2(ν) arrival
process.

For c = 15 andλ = 2, figure 4 depicts the blocking probability obtained with both the ORR and the
RR policy for varying flexible arrival ratesν. We observe from this figure that the difference in blocking
probability grows with the value ofν. This is due to the fact that the RR policy stabilizes the arrival process,
and the bigger the flexible arrival rate, the more the system can be stabilized.

In general, assigning users according to a fixed pattern is preferred to ORR, since it reduces the variability
of the arrival process. However, constructing the optimal pattern for the asymmetric case is a difficult task
that goes beyond the scope of this article. Based on our example though, we can say that for the symmetric
case with equal dedicated arrival rates, RR is preferable to ORR indeed.
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Figure 4: Comparison of RR with ORR. The blocking probability as a function of the flexible arrival rateν for the
system withc = 15 andλ = 2.

Remark 2. The RR policy is a special case of thepattern allocationpolicy, which allocates arrivals ac-
cording to a fixed pattern. Comb´e and Boxma [2] compared the ORR policy with the pattern allocation
policy for the case of assigning arrivals toN single server queues with general service times. When using
the pattern allocation, each queue can be modeled as a MAP/G/1 queue. For the case of dedicated arrival
streams, they suggested to approximate the best pattern based on the ORR policy. However, since we are
dealing with MAP/M/c/c queues, we can only solve the symmetric case described above.

4 Dynamic policies

The policyα defines for each state of the system to which base station the incoming user in the overlapping
area is routed. Then for all states inS, α is defined as

α(i1, i2) =

{
1, if a new user is routed to base station 1,

2, if a new user is routed to base station 2.
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We only considergreedydynamic policies that never block users if there is a possibility of accepting.
This implies that the policy for the blocking states is fixed:α(c1, i2) = 2 for 0 ≤ i2 ≤ c2 − 1 and
α(i1, c2) = 1 for 0 ≤ i1 ≤ c1 − 1. Our objective is to minimize the blocking probabilities which is the
same as minimizing the expected loss rate. We define for each state the cost rater(i1, i2) as the rate lost in
state(i1, i2)

r(i1, i2) =


λ1 + λ2 + ν, for i1 = c1, i2 = c2,

λ1, for i1 = c1, i2 < c2,

λ2, for i2 = c2, i1 < c1,

0, otherwise.

For a specified policyα we can determine the transition probability matrixQα and corresponding equilib-
rium probabilitiesπα. The average loss rate is then given by

rα =
∑

(i1,i2)∈S
r(i1, i2) · πα(i1, i2)

The blocking probabilityBα is equal to the total rate lost divided by the total arrival rate

Bα =
rα

λ1 + λ2 + ν
(2)

Theoretically, we can find the optimal policy by solving the equilibrium probabilities for each possible
policy α and find the optimal policyα∗ that leads to the minimum blocking probabilityB∗. Since this
is computationally demanding, we use thecontinuous time Howard equationstogether with thepolicy
iteration algorithm[5] instead.

4.1 Policy iteration

A comprehensive treatment of the policy iteration algorithm can be found in [10]. We denote the vector
(i1, i2) asi. Then, the Howard equations are given by

r(i)− rα +
∑
j

qα(i, j) · vα(j) = 0, ∀i ∈ S,

whereqα(i, j) is the element ofQα that corresponds with the transition rate from state(i1, i2) to state
(j1, j2). The relative costsvα(i) are defined as the expected increase in the future losses when the sys-
tem starts from state(i1, i2) rather than from some reference state, using allocation policyα. By setting
vα(0, 0) = 0, i.e. taking(0, 0) as the reference state, we can solve the Howard equations and thus find the
relative costsvα(i) and the average loss raterα belonging to the current policyα.

When a new user arrives in the overlapping area while the system is in a non-blocking state(i1, i2), de-
pending on the decisionα(i1, i2) the new state will either be(i1 + 1, i2) or (i1, i2 + 1). For both states
the relative costs are known. The policy iteration now consists of choosing for all non-blocking states the
post-arrival state that minimizes the relative costs. The new policyα′ is then given by

α′(i1, i2) =

{
1, if vα(i1 + 1, i2) ≤ vα(i1, i2 + 1),
2, if vα(i1, i2 + 1) < vα(i1 + 1, i2).

It is well-known that the new policyα′ is never worse than the old policyα. For the new policyα′, the
corresponding transition matrixQα′ and the relative costsvα′(i) can be determined, after which the policy
iteration step can be carried out again. The policy iteration is repeated until the optimal policy is found, i.e.
the average loss rate does not become any smaller.
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4.2 Relative costs for a M/M/c/K system

For an Erlang loss system withc servers, Krishnan [8] showed that the difference in relative costs in state
k denoted by∆k = vk+1 − vk can be determined explicitly and is given by

∆k =
Erl(c, λ)
Erl(k, λ)

, (3)

where∆k can be interpreted as the expected increase in the number of blocked users when the system
starts withk+ 1 instead ofk users. We know give a more general formulation of this result for a M/M/c/K
system.

Consider an M/M/c/K system withc servers and a maximum ofK users, which can be described as a
birth-death process on a finite state space{0, 1, . . . ,K}. The service rate for each statek is given bykµ
for k = 0, 1, . . . , c and bycµ for k = c + 1, . . . ,K. It follows readily that the stationary distribution is
given by

π(k) =
ck

k!
ρkπ(0), k = 0, 1, . . . , c,

π(k) =
cc

c!
ρkπ(0), k = c+ 1, . . . ,K.

where the offered load per server is denoted byρ = λ/(cµ) andπ(0) is given by

π(0) =

[
c−1∑
k=0

ck

k!
ρk +

cc

c!
ρc

1− ρK−c+1

1− ρ

]−1

.

We denote the probability that the system is full and thus all further customers are blocked as F, which is
given by

F(c,K, ρ) =
cc

c!
ρK ·

[
c−1∑
k=0

ck

k!
ρk +

cc

c!
ρc

1− ρK−c+1

1− ρ

]−1

.

Assume the system is in statek < K at timet = 0. We denote the first passage time from statek to state
k + 1 ast∗k. During the time interval(0, t∗k) no customers can be blocked. Once the system has moved to
statek + 1, it is identical to a system that started in statek + 1 at timet = 0. Whent → ∞, the system
behaves stationary, and is therefore no longer affected by the initial state. The only difference between
starting in statek andk + 1 is the time interval(t − t∗k). The expected increase in the number of blocked
customers when the system starts withk + 1 instead ofk customers denoted by∆k is therefore given by

∆k = λ · E[t∗k] · F(c,K, ρ), (4)

where E[t∗k] equals the expected time between 2 blocked customers in a M/M/c/k system, which is given
by

E[t∗k] = [λ · F(k, k, ρ)]−1, k = 0, 1, . . . , c,

E[t∗k] = [λ · F(c, k, ρ)]−1, k = c+ 1, . . . ,K.

Note that forc = K expression (4) simply reduces to expression (3).

4.3 First policy iteration

Many practical applications have prohibitively large state spaces, which makes direct computation of op-
timal policies with standard techniques like the policy iteration algorithm impossible. Ott and Krishnan
[9] introduced the idea of applying a one-step policy improvement. When using a static allocation policy,
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the base stations can be modeled independently. For the static allocation policy we can obtain an explicit
solution to the Howard equations. This result will then be used in one step of the policy iteration algorithm
to obtain an improved policy.

As static policy we use the ORR policy. As mentioned in section 3.1, this leads to two separate Erlang loss
systems. Based on expression (3), we define the functiont(i1, i2) as

t(i1, i2) =
Erl(c1, λ)
Erl(i1, λ)

− Erl(c2, λ)
Erl(i2, λ)

, (5)

whereλ = λ1 + p∗ν = λ2 + (1 − p∗)ν. We denote the policy resulting after the first policy iteration as
FPI, for which the decision made in each state is given by

FPI(i1, i2) =

{
1, if t(i1, i2) ≤ 0,
2, if t(i1, i2) > 0.

Remark 3. Both the FPI policy and the optimal policy are by definition greedy. To see this, assume the
system is in a blocking state(i1, c2) and a flexible user arrives. Since base station 2 is full, the admittance
of the user to base station 1 will not effect the expected number of future blockings at base station 2.
Therefore, the expected number of blocked users increases with 1 in case of rejection and with Erl(c1, λ1 +
ν)/Erl(i1, λ1 + ν) in case of admittance, where the latter is always smaller than one, except fori1 = c1
which always leads to rejection.

We can easily show that FPI is aswitch-over strategy, which is defined by a non-decreasing functions(i1),
theswitch curve, that divides the state space into two regions:α(i1, i2) = 1 if i2 ≥ s(i1) andα(i1, i2) = 2
otherwise. Sincet(i1, i2) is decreasing in its second argument andt(i1, c2) ≤ 0, for eachi1 there exists an
integers(i1) ≤ c2 such that

t(i1, i2) ≤ 0 ⇔ i2 ≥ s(i1).

Moreover, sincet(i1, i2) is increasing in its first argument, we see that

t(i1 + 1, s(i1)− 1) ≥ t(i1, s(i1)− 1) > 0,

whenevers(i1) > 0. Therefore,s(i1 + 1) ≥ s(i1), which implies that FPI is a switch-over policy.

For the symmetric case with equal capacities, the first policy iteration leads to the Least Loaded Routing
(LLR) policy, where the flexible users are routed to the base station with the least number of occupied
channels. The asymmetric case gives rise to more complex policies. Figure 5 shows the strategies after
each of the first three policy iteration steps for two different situations. For both situations, the optimal
policy is reached after three steps of the policy iteration algorithm, and the parameter values are given by
λ1 = 10, ν = 10, c1 = 20 andc2 = 25, but for situation (a)λ2 = 10 and for situation (b)λ2 = 5.

The first thing to notice is that the resulting strategy after the first policy iteration for the two situations
is almost identical. This is mainly caused by the fact that the ORR policy balances the arrival rates.
Therefore, the impact of different dedicated arrival rates is highly underestimated, which follows from
scenario (b). Although in both cases the first policy iteration significantly reduces the blocking probability
in comparison with the ORR policy, it performs much worse in situation (b) than in situation (a) — that
is, the first policy iteration hardly resembles the optimal policy in situation (b), shown by 5.a.4 and 5.b.4.
In conclusion, when using the ORR policy as fixed policy for the first policy iteration, the effect of the
differenceλ1 − λ2 is not taken into account. The resulting policy then only depends on the difference in
capacities|c1 − c2|. Furthermore, since the first policy iteration fails to use crucial information, most of
the reduction in blocking probability is simply due to its greedy character. Later on, we will test this by
comparing the first policy iteration with a greedy variant of the ORR policy. Finally note that the region
where the first policy iteration differs from the optimal policy is of low importance — decisions made in
states closer to the blocking states are more crucial.
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Figure 5: The strategy after: (1) first policy iteration, (2) second policy iteration, (3) third and optimal iteration. (4)
blocking probability vs. iteration. The dark gray blocks correspond toα = 1, the light gray blocks toα = 2. System:
λ1 = ν = 10, c1 = 20, c2 = 25 and (a)λ2 = 10 or (b)λ2 = 5.

Alternative for the fixed policy
What if we would simply ignore the flexible arrival rate and use the dedicated arrival streams as input
arguments for the functiont(i1, i2)? That means that we replace expression (5) by

t∗(i1, i2) =
Erl(c1, λ1)
Erl(i1, λ1)

− Erl(c2, λ2)
Erl(i2, λ2)

. (6)

In that way, the differences in both the dedicated arrival rates and the capacities influence the FPI policy.
We denote the policy resulting from the first policy iteration based on (6) as FPI∗.
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Figure 6: (a) FPI, (b) FPI∗, (c) optimal policy, (d) blocking probability vs. number of iterations. System:λ1 = ν =
10, λ2 = 5, c1 = 20, c2 = 25.

Figure 6 shows both FPI and FPI∗. By ignoring the flexible stream, the FPI∗ policy almost perfectly
resembles the optimal policy. Table 1 shows the blocking probabilities for some instances of the model.
Note that although the FPI policy performs well, the FPI∗ performs in all cases equally well or better.

The FPI∗ policy ignores the whole flexible arrival stream. To check if that is the optimal fraction of the
flexible arrival stream to ignore, we perform a post optimization. Denote byf the fraction of the flexible
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(λ1, λ2, ν) (c1, c2) p∗ BORR BFPI BFPI∗ B∗

(5,5,5) (15,15) 0.5 0.0057 0.0011 0.0011 0.0011
(10,5,5) (15,15) 0.0 0.0365 0.0299 0.0275 0.0275
(5,5,5) (20,10) 1.0 0.0074 0.0069 0.0066 0.0066
(10,5,5) (20,10) 0.8 0.0340 0.0209 0.0201 0.0201
(5,10,5) (20,10) 1.0 0.1081 0.1081 0.1081 0.1081

Table 1: Comparison between ORR, FPI and FPI∗.

stream that is considered. Hence, the FPI∗ policy employsf = 0. Figure 7 depicts the blocking probabil-
ities resulting from the one-step improvement for different combinations off andp. Roughly stated, we
see that either ignoring the whole flexible stream or equally divide the considered flexible arrival stream
leads to the best performance of the first policy iteration. This indicates that preserving the information
on the difference in dedicated arrival rates results in a better FPI policy. The absolute minimum blocking
probability is reached by ignoring the whole flexible stream. The FPI policy corresponds tof = 1 and
p∗ = 0.0673, indicated by the arrow in figure 7.
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Figure 7: Performance of the one-step improvement for different combinations off andp. System:λ1 = ν =
10, λ2 = 5, c1 = 20, c2 = 25.

Remark 4. Koole [6] applied the first policy iteration for a model of two parallel M/M/1/K queues with
both dedicated streams and an additional flexible stream. After starting with a static policy, the relative costs
are determined by employing thedeviation matrix. Numerical experiments show that the performance of
the FPI policy strongly depends on the initial static policy. A general description of the deviation matrix
for the M/M/s/N queue is given in [7]. Note that the relative costs can also be determined by using the
results presented in section 4.2.

4.4 Comparing FPI with other routing policies

Overflow Routing
Assuming that each base station’s cell provides half of the flexible arrival stream, the overflow routing
(OFR) policy only routes the total flexible arrival rate to one of the base stations, when the other base sta-
tion is fully occupied. Hence, for all but the blocking states the policy is static and for the blocking states
the policy is greedy. The base stations work separately, except at the boundary states.

Greedy Optimal Randomized Routing
In case of an asymmetric system it seems preferable to use the ORR for the non-blocking states and the
overflow policy for the blocking states. We define this policy as the Greedy Optimized Random Routing
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policy (GORR).

Least Ratio Routing
The Least Ratio Routing (LRR) policy is a variation of the LLR, where an arriving flexible user is assigned
to the base station with the leastrelative load, defined for each base stationk as the ratio of the number of
channels occupied and the capacityik/ck, k = 1, 2. The switch curve in this case is given by

s(i1) =
c2
c1
· i1.

For the same model as discussed in this paper, Alanyali and Hajek [1] used fluid approximations to show
that the LRR policy is asymptotically optimal in a heavy traffic setting.
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Figure 8: Comparisons of different policies for increasing (a) flexible and (b) dedicated arrival rates. The values
plotted are the blocking probabilities divided byB∗. System:λ1 = λ2 = ν = 10, c1 = c2 = 20.

Figure 8 shows for different allocation policies the blocking probability divided by the minimum blocking
probability obtained with the optimal policyα∗. Figure 8.a and 8.b show the impact of an increasing
flexible arrival rateν and an increasing dedicated arrival rateλ1 respectively. The system in figure 8.a
remains symmetric for all values ofν, which makes the curves belonging to OFR and GORR identical.
Note that the curve belonging to the FPI∗ policy is not visible since its blocking probability is equal to the
optimal blocking probability. This provides pictorial evidence of the fact that the LLR policy is the optimal
policy in a symmetric system with equal dedicated rates. Since the capacities are equal, LRR is identical to
both LLR and FPI, and therefore optimal as well. Furthermore, the difference between the curves of ORR
and GORR is the gain of being greedy at the blocking states. Figure 8.b reflects the effect of a gradually
increasing difference in dedicated arrival rates. The point at which the curves of ORR and OFR cross, is
the point at which the gain of balancing the load becomes larger than being greedy. The performance of
LRR is close to optimal.

Figure 9 is similar to 8, except that the underlying system has capacitiesc1 = 25 andc2 = 15. The FPI∗

policy is still extremely close to optimal. In comparing the ORR and OFR, we see exactly the opposite
trade-off between load balancing and greediness: load balancing is more important in low traffic, while in-
creasing the load leads to relatively more gain of being greedy. The LRR policy is still runner-up, although
it performs worse than when it is applied for the system with equal capacities. This is simply due to the
fact that the LRR ignores the difference between dedicated arrival rates.

For both figure 8 and 9 it holds that increasing the load leads to smaller differences between the blocking
probabilities of the policies. We can see this by considering the aforementioned characteristics of dynamic
allocation policies: balancing the system and being greedy at the boundary states. One could visualize
balancing the system as staying as long as possible in the interior of the state space—that is, avoiding the
blocking states. A greedy policy serves all the users that can be served once the system is in a blocking
state. However, the higher the load, the more likely the system is in a blocking state, which makes the
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Figure 9: Comparisons of different policies for increasing (a) flexible and (b) dedicated arrival rates. The values
plotted are the blocking probabilities divided by the minimum blocking probability. System:λ1 = λ2 = ν =
10, c1 = 25, c2 = 15.

greedy characteristic more and more important, and thus the differences between policies smaller. More
realistic settings are characterized by much smaller blocking probabilities, which preserves both the value
of balancing the system and the considerable differences between policies.

The numerical experiments showed that the one-step policy improvement leads to a policy that closely
resembles the optimal policy, which strengthened our belief in the practical relevance of this method.
For real-life applications with large state spaces, the second step of the policy iteration algorithm and
thus finding the optimal policy is impossible. In those cases, the FPI∗ can definitely serve as a good
approximation of the optimal policy. With the general formulation of the relative costs for a M/M/c/K
system presented in section 4.2, the one-step improvement can easily be applied for models of similar
structure with M/M/c/K servers instead of Erlang servers.

5 Open problems

We conclude this paper by discussing three open problems concerning the model. Although intuitively
clear, to the best of our knowledge, these problems have not been mathematically underpinned.

The optimal strategy is of switch-over type.
Hajek [1] proved for the case of two single server queues with dedicated arrival streams that the optimal
strategy is a switch-over strategy. Most probably, a similar proof could be given for loss models, although
it might be tricky to determine the appropriate cost structure. All optimal policies obtained with numerical
experiments are of switch-over type.

Least Loaded Routing is optimal in case of equal dedicated arrival rates and equal capacities.
Winston [11] showed for the case of a finite number of identical exponential servers, thatjoining the short-
est queue(JSQ) is optimal in the sense of stochastic order. The LLR policy is the natural counterpart of
JSQ in case of loss systems. However, since the service rate of a multiple channel loss system is state-
dependent, proving the optimality of the LLR policy requires a different approach.

Round-Robin is the optimal static policy in case of equal dedicated arrival rates and equal capacities.
Ephremides, Varaiya and Walrand [3] showed for the case of identical exponential servers that the RR pol-
icy is the optimal static policy. Again, the varying service rate makes it harder to prove that the RR policy
is optimal for the current model.
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