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Abstract derdetermined. This means that accurate ex-
plicit solutions cannot be found, as there is an

In this paper we consider the problem of traffiffinite number of solutions fox that satisfy

matrix estimation. As the problem is undef£auation (1). To overcome this ill-posedness,
constrained, some additional information h£9™Me type of additional information has to be
to be brought in to obtain solution. If weProught in to solve the problem. Reviews of

have several link count measurements avafl® Proposed methods can be found e.g. in [6]
able, a natural candidate is to use the link co#td [7]

sample covariance matrix. We propose twa [1], Vardi proposes a method using the sec-
computationally light-weight methods for trafond moment estimates to serve as the addi-
fic matrix estimation based on the covariang@nal information to make the system identi-

matrix, the projection method and constraingble. With the Poisson assumption, meaning

minimization method. The accuracy of thes@at variance is equal to mean, the system be-
methods is compared with that of other meti@omes

ods using second order moment estimates by
simulation under synthetic traffic scenarios.

() = (5)» @
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where, as is explained in more detail in section
1 Introduction 2, SW is the sample link covariance matrix
and B is the matrix of element-wise products

) ) o ) _ of rows of A. Coefficiente € (0, 1] defines
In traffic matrix estimation, the basic relatlonhoW much weight is given to the second mo-

ship between link countg and traffic matrix yent estimate in the final solution, aAds the

a can be written as estimator for the mean af. This is a linear in-
(1) verse positive, or LININPOS, problem and can
be solved by numerical likelihood methods,
where A is the routing matrix ande is the such as the EM-algorithm. The solution ob-
traffic matrix written in vector form, i.e. eachtained this way is minimizer of the Kullback-
component represents a traffic demand of haibler distance between the observed mo-
OD pair. Since in any realistic network therenents and theoretical values. If we instead
are many more OD pairs than links, the proloinimize (2) in least square sense, the solution
lem of solvingx from A andy is strongly un- is easily obtained in closed form.

y= Az,
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Vardi's method, however, does not give veryet maintaining the computational simplicity
accurate estimates, as was discovered by Gohthe model.

nar et al. [4]. This is due to the fact that

the Poisson assumption is not accurate in cur-

rent IP networks. Cao et al. [2] generaliz® Solving OD_pair covari-
the maximum likelihood approach by assum- i .

ing a Gaussian traffic distribution and assum- ance matrix from link
ing that the variance is related to the mean counts

through a power-law. While this MLE ap-

proach is efficient and theoretically justifiable, )
the size of the problem in traffic matrix esti] "€ MLE relies on the fact that the system of

mation requires the use of iterative numericffSt and second order link count statistics to-
methods, such as the Expectation Maximiz4ether make the system identifiable with re-

tion algorithm, which is computationally quitgd@rd to the first order OD-pair statistics, i.e.
heavy. we are able to find solution for the likelihood

_ equations if there exists a functional relation-
The MLE relies on the fact that the system @hip petween the mean and the variance of OD-

first and second order link count statistics t@mjr traffic. The commonly used relation is the
gether make the system identifiable with repwer-law relation

gard to the first order OD-pair statistic, if there
exists a functional relationship between the ¥ = ¢ diag{A“}. ®3)

mean and the variance of OD-pair traffic. The

commonly used relation is the power-law reldi€reé > is a diagonal matrix, because we as-
tion sume independence between OD pairs. Let us

_ o denote the number of links by and the num-
But in fact the second order statistic for ODyer of OD-pairs byN. Then the vector form

pairs is identifiable based solely on the segf traffic matrixx has the dimensiofiV x 1),
ond order statistic of the link counts, as longhk |oadsy has the dimensiof/ x 1)

as we assume independence among OD-pairs

. . . P 1
and a sensible routing scheme. This result7¥st, let us defin&"”) as ag J(J + 1)-vector
proven by Soule et al. [3]. Since we can an§oNntaining diagonal and upper trl(a?gle ele-
lytically solve the variance of the OD-pairs bynents(ggf the link covariance matrk'*. De-
least squares method, and the power-law reldle 5™ as aN-vector containing the diago-
tion between variance and mean is assum®&@! elements of the OD-pair covariance matrix

we can then solve the traffic matrix from out - A is the(.J x N) routing matrix, whose
variance estimate. element4, ; is 1 if OD pair z; uses linky;, and

o _ 0 otherwise. Then define@J(J + 1) x N)
The benefit is that this does not call for NUnatrix B that relates vectoS® to vector
merical methods, and is thus extremely qui(gqx)_ A row of B is indexed by a compound
to calculate. The problem with this approagh oy (ij) wherei = 1,...,J; j =d,...,J

is that it does not take into account the "n}%eaning that the index runs througﬂ(JJrl)

count equation 1, which is a stronger Conqi/'alues,
tion as opposed to the mean-variance relation
which is only an assumption. Therefore, in

this paper we propose two simple methods tHég)+ =
incorporates this information into the solution

obtained through estimation of the variance
In vector form this reads,

Ai,kAj,k i=1,...,J;j=i,...,J
k=1,...,N.



for an estimate of the mean by using the mean-

A1 * A1 H H
A A variance relation (3).
: Xo = (¢718)%. ®)
A1 * AC
B=| A xa, |
A2 i A2 If we assume to be constant, we can solve for
2T the ¢ that gives the best fit with regard to the
A ;A link loads, i.e. which minimizes

where A; denotes theth row of A, and the

componentwise product is denoted with thd (¢ @_AA@T@;A)‘O) ©
star ). Now the rows ofB indicate the ele- = (G-A(¢'9)) (- A(67'9)7).
ments ofx contributing to covariance between

links ¢ andj. The values ofp and ¢ that realize the mini-

The measured link covariance matrix can B~ ¢an now be_: used in equation (8) to _yleld
written as a preliminary estimate\,. The problem with

this estimate is, that it does not require the so-
2 =% " ojaray, (4) lution to satisfy the link count equation (1),
k which is a stronger condition than the second
wherea; is theith column ofA. In component moment relation.

form we have The preliminary estimat@, can be improved

S0 =3 02 A A (5) byimposing they = AX condition by project-
7 ki, k435 k . .
K ing the result to the surface that satisfies that
Using the vector notation, the equation b&ondition. This yields

comes
A=X+AT(AAT) Ty — AXg).  (10)

sW = BS®@. (6)

This is in a sense equivalent to giving a next
This is in fact quite similar to (2) in the cas#o zero value for the weight coefficiemtin
wheree would be set very large, leading to th¥ardi's method, but we do the moment estima-
part S = B to dominate the equation. Wdion sequentially. This does not yield quite as
just have the more general power-law relati@ecurate estimates, but is many time faster, as
instead of the Poisson assumption, so we c&® numerical methods have to be used.
not now just replace& ™ with .

Typically 1J(J + 1) > N and equation (6) .
is overdetermined. The least square estimglel Relaxing the exponent param-

(LSE) solution (see e.g. [5]), to the equation is eter
s =(B'B)'B"S". ™ In Ccao et al. [2] the EM-algorithm is run af-
ter preselecting a convenient value for the ex-
ponent parameter in the power law relation
(3). The authors point out that convergence is
guaranteed for the algorithm only for integer
valuec, namelyl or 2. However, Gunnar et al.
Now that we have an estimate for the variancp in their study of the Global Crossing data
of each OD-pair, it is straight forward to solvéind out that the correct values ferin those

3 Projection method
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particular networks are.§ and1.6 for the Eu- whered — (A, ¢) and X can be written as
ropean and North American core-networks e ction of A according to (3)

spectively. Thus being limited to integer val-
ues in the solution makes sense for only corm Figure 1 we have the values of the likeli-
putational reasons. Our method, on the othepod as a function of for different c-values
hand, works for any preselectedAnd, in fact, betweenl and3. The figure was generated
we can relax to be a free parameter. Althouglby a set of synthetic measurements using value
this does mean that we have to let go of the= 1.5. Figure 2 shows a histogram of esti-
completely explicit solution form. Numericaimated values for parameter These are from
optimization can be used to estimate the valtendomly drawn normal-distribution data, gen-

for c. erated with parameter value= 1.5. We see

that for this sample sizen(= 500) the mean
It B~ B is close tol.5. The standard deviation for the
19200 estimates i9.12.

-19250

While this technique is based on the quick
method, we can of course use it to solve for
¢ to initialize any algorithm, that relies on
the mean-variance relation, but does require a
19450 fixed parameter value far.

1.25 1.5 1.75 2 2.25 2.5 2.75 3

-19300

- 19350

- 19400

Figure 1: Log-Likelihoods for different pa-4 Constrained minimization
rameterc values.

Another approach is to require the condition
200 y = A to be satisfied from the outset, and
try to satisfy the mean-variance relation in the

150 least square sense. In general, this has to be

100 solved numerically. However, in the special
case ofc = 1 an explicit solution can be de-

50 rived.

This approach is equivalent to Vardi’'s method,
1.2 1.4 1.6 1.8 2 2.2 if we sete very small, so that the first moment
is the dominant factor in the estimation. With
Figure 2: Estimated c-values for synthetic dathe exception that we treatas a parameter to
sets of size 500, generated with setting 1.5. be optimized, as in (2) it is fixed asby the
Poisson assumption.

For each value ot the traffic matrix can beyye get a constrained minimization problem
solved by the quick method as before by treat-

ing thatc as a fixed value, and then calculate min  [|S® — Box°| (12)

the likelihood for that solution P
such that y= A\

_ T T . o
oY) = _§1Og|A2A |- (11) Introducing a vector of Lagrange multipliers

«, the objective function to be minimized can

I AT ™1
2;(% AN(ABAT) "y, — AN written as



likelihood estimation. In the following subsec-
A, 0) tion we present the Maximum likelihood esti-
— (S — 6BA)T(SW — 6BA) + 20T (y — AN) mation used. In the subseqqent sections the
_ ATB BA — 208V BA — 20T AA _results of accuracy on synthetic data test cases
is presented.

+8WT8W) 4 90Ty, (13)

The above expression is quadraticin and 51 Maximum Likelihood Estima-
the minimum with respect ta can easily be tion

found,

We follow the approach of Cao et al. [2] in
using the Expectation Maximization (EM) al-

The Lagrange multipliersx are then deter-90rithm. For areview see also [7].

A=¢3B"B) " (ATa+¢BTSW)  (14)

mined such that the constraints hold: The log-likelihood for estimating, the vector
containing the means af is given in equation
y = A¢*(B'B)'(ATa+¢BTSY),(15) 11. In Cao et alc is assumed to be constant
_ and the parameters of the model are thus
from which
0= ((ba A)

a = (¢—2A(BTB)—1AT)—1 A
(y— o 'AB"B)'BTSW). (16) Now the problem can be solved numerically
with the EM-algorithm. The complete data

Minimizing f (X, o, ¢) with respect tap yields 109-likelihood is of the form

1 T
1(0]X) = _% log S - 5 D (@ — A= (@~ A)

t=1

¢ = (ATBTBA)'S®W'BA. (17)

Substitution of (16) into (14) gives as a func- o
tion of ¢ The EM-equation is

A=Ky- ¢ (KABTB)'B'S® 1 BTsW), Q(6,0") = EI(6]X) |y, 0]

T

1
=El-3log|=| = 3} (@ = N (@ - N[Y, 6]

where we use the notation =1
K =(B"B)'AT(AB"B)'A")".. And since
Substituting A further in (17) yields an  gj@-ATs !z - \)]
guadratic equation fop, which is easily solv- = B[T{= " (- N (@ - 2T}
able. This can be then substituted back to (16) = Tr{EjE[(m = N(@ =N} i
and (14) to obtain the solution fox. =Tr{Z7 Bl(( —m) + (m = X)((x —m) + (m = X))"]}

= Te{S R+ (m— N (m-N)")}
=Te{S 'R} + (m - N (m - 2X)

5 Comparison against MLE

we can write
method
Q(8.6") = —Z(log|S| + Tx(='R™M))
The accuracy of our quick methods are eval- 1<, )
uated by comparing them against Maximum 2 2 (my” = AR my - ),

t=1
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Figure 4: Errors for OD pairs ifi-node topol-
where ogy in ascending order of traffic amount for
casec = 1. Diamonds denote MLE, stars
projection method and rectangles constrained

k) _ (k) AR

m, Elz|y,, 6] minimization.
= AP LW AT(AS® AT 1(y, — AN)

R® = Var[z|y,, 8"

= 0 _5n®ATAnE AT -1 A"

the ML estimates are displayed in the case
According to [2], convergence to the maxic .1' The OD pairs are arran_ged nto as-
mum likelihood estimate is guaranteed in thcﬁendlng order based on the traffic amount, so
special cases of = 1 andc — 2. that the smaller OII_) pairs are on the left a_nd

the largest on the right. The plot marked with
diamonds represents the errors of the MLE

method, while the projection method is de-
5.2 Results noted by the stars and the constrained mini-
. _ mization by the rectangles. We see that, as ex-
In the gvaluatlon we use two topologles. ected, the ML estimation performs better on
small six node f[opology shown in Figure verage, but not overwhelmingly better. The
hasl4 one way Imk;, two between each no g\/erage errors arel%, 27% and 15% for
connec_ted_ in the figure. Hence, there age the projection method, constrained minimiza-
OD pairs In _the network. In the more reallﬁon and MLE respectively. The difference is
Istic size f|ct|t_|ous_ backbone topology OMPémaIIer if we concentrate on the largest OD
USA, shown in Figure 6, there af2 nodes, pairs. For thel5 largest OD pairs the average

38 links, and132 OD pairs. For bOFh tOpOIO'errors werel 1% and13% for the quick meth-
gies, we generate synthetic Gaussian data sgis, andi7 for the MLE

where the power-law holds. Sample size is set

as500 measurements for each simulation.  In the sequel we differ the underlying power-
law parameters in our synthetic data. As the
projection method seems to be better than the

5.2.1 A Simple six node topology constrained minimization method, even when
¢ = 1, which is the required value for the lat-

In the synthetic OD pair traffic that we use, thier, we consider only the projection method in

traffic amounts vary so that the largest are tetfrese evaluations.

fold larger than the smallest ones. We generate synthetic set of measurements,

In Figure 4 the results of the projection methodith the realistic value = 1.5 as given in [4]
and the constrained minimization, along witfor the Global Crossing network. We study the
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Figure 6: OMP-USA test topology

Figure 5: Errors for OD pairs in larger topol-

ogy in ascending order of traffic amount. Di-

amonds denote MLE, stars projection metheghd is67%, while the median error i88%.

and rectangles projection method with fixed The mean error for the MLE i9%. How-
ever, the most important thing is to estimate
the largest OD pairs. If we concentrate only on
the largest OD pairs comprising oved?% of

accuracy of the projection method comparedtetal traffic in volume, the projection method

the MLE, and also the affect of relaxing IS more competitive. The errors are shown in

Figure 7. The mean errors aré% for the pro-

In Figure 5 we see the errors for MLE metho baction method and% for the MLE.

projection method, where is fixed to value
different than the real one, namely here- 2, ..
and the projection method that includes the es-
timation of the appropriate-value. The aver-
age error isl5% for the MLE and24% for the
projection method, which is improved g% °3
by relaxing the exponent parameter. Forthe .., . .°° "
largest of the30 OD pairs, the errors are’% I PRI A
for MLE and 9% for projection method, and’'|[* |/ ™t fot Vot < s ne

) . . oL RN e et
marginally larger for the projection method e S A X
with fixed exponent parameter.

Figure 7: Errors for the largest OD pairs in as-

cending order of traffic amount
5.2.2 OMP-USA

In this example network, the traffic volumes

for the OD pairs varies so that the largest a@® Conclusion and Future
approximately hundred times as large as than Work

the smallest. This creates great difficulties for

the projection method regarding the estimation

of the smaller OD pairs. The estimates of tHEhis paper presented ways to obtain esti-
projection method for the smallest OD paimhate for traffic matrix by explicit calcula-
are far off the real traffic amounts. Due to thigons utilizing the link count covariance ma-
fact that the estimates for some of the smalldgsk. We illustrated how to obtain the OD pair
OD pairs have errors of several hundred pdraffic variance estimates from empirical link
cent, the mean error is also affected by thes®unt covariance matrix, and developed com-
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putationally light weight methods, the projecReferences

tion method and the constrained minimization
method, to use the covariance estimate to ofq]
tain estimate for the traffic matrix, in a way that
would still be consistent with the link counts.

The constrained minimization method was rec-
ognized, inn fact, to be a special case of Vardi’'s
method. We give an explicit solution for it in 2]
the case: = 1 and also obtain an estimate for
the second parameterin the mean-variance
relation. For the projection method we have
an even simpler and quicker to compute solu-
tion. Also in this case we get estimates of the
parameters ande. [3]

We evaluated the accuracy of the methods in
a simulation study by comparing them against
the maximum likelihood solution by Cao et al.,
and found that they perform reasonably well,
considering they are much quicker and simpler
to calculate than the MLE, which requires they,
use of an iterative numerical method, namely
the EM-algorithm. In the worst case, the er-
rors in the estimate of a traffic matrix element
for the largest components given by the quick
method were three times as large as those by
the MLE method, in many cases they differ-[5]
ence was smaller. As for the running time, the
difference between the MLE method and quick
methods was big. With our non-optimized
Mathematica code running the MLE method
took of the order of tens of minutes, while the
quick methods yielded the result in a few sec-
onds.

In this paper all comparisons were done with
synthetic data. Evaluation with real data would 7]
be very important to assess the true effective-
ness of the methods. For now, we have used
in our evaluations a sample sizeif0, which

may be rather large. Accuracy of the estimated
covariance matrix with various sample sizes
should be studied, as well as the effects the
measurement inaccuracies have on the subse-
guent traffic matrix estimates.
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