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5HJHQHUDWLYH 6LPXODWLRQ $QDO\VLV IRU /RVV
6\VWHPV� WKH 6LQJOH /LQN DQG 6LQJOH 6HUYLFH
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+HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\

$EVWUDFW� :KHQ UHJHQHUDWLYH VLPXODWLRQ LV XVHG IRU VLPXODWLQJ EORFNLQJ SUREDELOLWLHV LQ ORVV V\V�

WHPV� WKH HVWLPDWRU LV NQRZQ WR EH ELDVHG DOWKRXJK VWURQJO\ FRQVLVWHQW� ,Q WKLV SDSHU D PHWKRG LV

GHYHORSHG IRU DQDO\VLQJ WKH HVWLPDWRU
V GLVWULEXWLRQ DV D IXQFWLRQ RI LQFUHDVLQJ QXPEHU RI VLPXOD�

WLRQ F\FOHV IRU WKH VLQJOH OLQN (UODQJ PRGHO� 7KLV DOORZV XV WR H[DPLQH LQ GHWDLO WKH HmHFW RI WKH

FKRLFH RI WKH UHJHQHUDWLRQ VWDWH WR WKH DFFXUDF\ RI WKH HVWLPDWRU LQ WHUPV RI LWV H[SHFWHG YDOXH DQG

VWDQGDUG GHYLDWLRQ� 6RPH FRQVLGHUDWLRQV RQ KRZ WKH PXOWLVHUYLFH FDVH FDQ EH DQDO\]HG DUH JLYHQ
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� ,QWURGXFWLRQ

2QH PHWKRG IRU VLPXODWLQJ D PXOWLVHUYLFH ORVV QHWZRUN LV WKH VR FDOOHG UHJHQHUDWLYH VLPXOD�
WLRQ PHWKRG� 7KH PHWKRG KDV EHHQ GHYHORSHG DQG DQDO\]HG RYHU WKH \HDUV TXLWH WKRURXJKO\
>�@�>�@� EXW VR IDU WKH DQDO\WLF UHVXOWV DUH TXLWH JHQHUDO LQ QDWXUH DQG� IXUWKHUPRUH� DUH RQO\
DV\PSWRWLF UHVXOWV RI WKH W\SH ?JLYHQ HQRXJK WLPH��

$ UHDVRQ WR WKH JHQHUDOLW\ RI WKH GHYHORSHG WKHRUHPV LV WKDW WKH SUHYLRXV UHVHDUFK KDV
GHYHORSHG WKHRU\ IRU JHQHUDO UHJHQHUDWLYH VWRFKDVWLF SURFHVVHV� 7KXV� LW KDV QRW EHHQ SRVVLEOH
WR FRQVLGHU FHUWDLQ SUREOHP VSHFLnF FKDUDFWHULVWLFV LQ WKH GHYHORSPHQW RI WKH WKHRU\�

,Q RXU FDVH� WKH SUREOHP LV WKDW RI VLPXODWLQJ WKH VWHDG\ VWDWH GLVWULEXWLRQ RI WKH PXOWL
VHUYLFH ORVV PRGHO� ,Q JHQHUDO� ZH NQRZ WKDW WKLV PRGHO UHVWV RQ WKH DVVXPSWLRQV WKDW
WKH LQWHUDUULYDO WLPHV DUH H[SRQHQWLDOO\ GLVWULEXWHG� EXW WKH VHUYLFH WLPHV PD\ KDYH DQ\
GLVWULEXWLRQ GXH WR WKH LQVHQVLWLYLW\ SURSHUW\� 7KHQ WKH VWHDG\ VWDWH GLVWULEXWLRQ ZLOO KDYH
WKH IROORZLQJ ZHOO�NQRZQ IRUP� ZKHUH JLYHQ V  �� � � � � 6 LQGHSHQGHQW WUDpF VWUHDPV ZLWK
RmHUHG WUDpF LQWHQVLWLHV DV DQG YHFWRU Q  �Q�� � � � � QV� GHQRWLQJ WKH VWDWH RI WKH V\VWHP�
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%HFDXVH WKH VHUYLFH WLPH GLVWULEXWLRQ GRHV QRW DmHFW WKH VWHDG\ VWDWH GLVWULEXWLRQ� ZH FDQ
FKRRVH WKH VHUYLFH WLPHV WR EH H[SRQHQWLDOO\ GLVWULEXWHG DV ZHOO� 7KHQ WKH SUREOHP RI
VLPXODWLQJ WKH VWHDG\ VWDWH GLVWULEXWLRQ EHFRPHV WKDW RI VLPXODWLQJ WKH HPEHGGHG GLVFUHWH
WLPH 0DUNRY FKDLQ RI WKH PXOWLVHUYLFH ORVV PRGHO�

7KLV DOVR FUHDWHV D IUHH SDUDPHWHU LQ WKH VLPXODWLRQ SUREOHP� WKH VLPXODWLRQ PHWKRG FDOOV
IRU D VR FDOOHG UHJHQHUDWLRQ VWDWH WR H[LVW� 7KLV PHDQV WKDW DW VXFK D VWDWH� WKH IXWXUH
HYROXWLRQ RI WKH SURFHVV LV QRW GHSHQGHQW RQ WKH SDVW KLVWRU\� ,Q RXU FDVH WKH VLPXODWHG
SURFHVV KDV WKH 0DUNRY SURSHUW\ DQG WKXV DQ\ VWDWH LQ WKH V\VWHP FRXOG VHUYH DV D SRWHQWLDO
UHJHQHUDWLRQ VWDWH� 6R� D QDWXUDO TXHVWLRQ WR DVN LV� ZKDW LV WKH EHVW VWDWH WR FKRRVH LQ WHUPV
RI VLPXODWLRQ HpFLHQF\ "

$V D nUVW VWHS LQ DQVZHULQJ WKLV TXHVWLRQ� ZH ZLOO KHUH GHULYH DQ DQDO\WLF H[SUHVVLRQ IRU WKH
GLVWULEXWLRQ RI WKH HVWLPDWRU RI WKH EORFNLQJ SUREDELOLW\ IRU WKH VLQJOH OLQN DQG VLQJOH WUDpF
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W\SH FDVH �FODVVLFDO (UODQJ PRGHO� ZLWK D JLYHQ UHJHQHUDWLRQ VWDWH� 7KH H[SHFWHG YDOXH
DQG VWDQGDUG GHYLDWLRQ RI WKH HVWLPDWRU FDQ WKHQ EH HYDOXDWHG DV D IXQFWLRQ RI QXPEHU RI
VLPXODWLRQ F\FOHV� 7KLV ZD\ ZH FDQ YHULI\ WKH UDWH DW ZKLFK WKH SURSHUWLHV RI WKH HVWLPDWRU
DSSURDFK WKH NQRZQ DV\PSWRWLF UHVXOWV� $V ZLOO EH VHHQ WKH ?UDWH� FDQ EH VLJQLnFDQWO\
GLmHUHQW GHSHQGLQJ RQ WKH VWDUWLQJ VWDWH�

� 5HJHQHUDWLYH 6LPXODWLRQ

&RQVLGHU WKH VLQJOH OLQN� VLQJOH WUDpF W\SH FDVH ZLWK WKH IROORZLQJ SDUDPHWHUV�

q Q  WKH FXUUHQW VWDWH RI WKH V\VWHP

q 1  WKH VL]H RI WKH V\VWHP �QXPEHU RI WUXQNV�

q D  WKH RmHUHG WUDpF WR WKH OLQN

7KH UHJHQHUDWLYH PHWKRG IRU VLPXODWLQJ WKH EORFNLQJ SUREDELOLW\ RI WKLV V\VWHP LV DV IRO�
ORZV� /HW U GHQRWH WKH FKRVHQ UHJHQHUDWLRQ VWDWH� DQG GHnQH D UHJHQHUDWLYH F\FOH DV D SDWK
JHQHUDWHG IURP WKH HPEHGGHG '70&� ZKLFK VWDUWV IURP VWDWH U DQG HQGV WKHUH� $ORQJ
WKH JHQHUDWHG SDWK ZH FROOHFW VDPSOHV RI WZR UDQGRP YDULDEOHV� .� WKH QXPEHU RI DUULYDOV
�LQFOXGLQJ EORFNLQJV� LQ D F\FOH� DQG /� WKH QXPEHU EORFNLQJV LQ D F\FOH� 7KH REVHUYDWLRQV
RI WKHVH YDULDEOHV LQ PWK F\FOH DUH GHQRWHG DV .P DQG /P� 7KH VLPXODWLRQ LV VWRSSHG DIWHU
0 F\FOHV�

7KHQ RXU 0 �F\FOH HVWLPDWRU IRU WKH EORFNLQJ SUREDELOLW\ A%0 EHFRPHV
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��� &RQVLVWHQF\ DQG %LDV RI WKH (VWLPDWRU

)URP WKH WKHRU\ RI UHJHQHUDWLYH SURFHVVHV �IRU H[DPSOH VHH >�@� ZH NQRZ WKDW WKH UHDO EORFNLQJ
SUREDELOLW\ % LV FRPSOHWHO\ GHnQHG E\ WKH H[SHFWDWLRQV RI WKH RQH F\FOH UDQGRP YDULDEOHV
. �DUULYDOV� DQG / �EORFNLQJV� DV
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,Q HVWLPDWRU ���� WKH QXPHUDWRU DQG GHQRPLQDWRU DUH E\ WKH ODZ RI ODUJH QXPEHUV ERWK
VWURQJO\ FRQVLVWHQW HVWLPDWRUV IRU (>.@ DQG (>/@� L�H� OLP0��(> A.0 @ � (>.@ ZLWK SURED�
ELOLW\ � �VDPH IRU /�� 7KXV� E\ HT� ��� WKH HVWLPDWRU ��� LV DOVR VWURQJO\ FRQVLVWHQW� +RZHYHU�
IRU D nQLWH 0 WKH HVWLPDWRU LV ELDVHG� L�H� (> A%0 @� %�
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��� &KRLFH RI WKH 5HJHQHUDWLRQ 6WDWH

:LWK WKH ELDV SURSHUW\ RI WKH HVWLPDWRU LQ PLQG� WKH QH[W TXHVWLRQ LV KRZ GRHV WKH FKRVHQ
UHJHQHUDWLRQ VWDWH U DmHFW WKH PDJQLWXGH RI ELDV DQG VWDQGDUG GHYLDWLRQ IRU D JLYHQ QXPEHU
0 RI VLPXODWLRQ F\FOHV� ,Q >�@ LW KDV DOUHDG\ EHHQ VKRZQ WKDW DV\PSWRWLFDOO\ WKH ZLGWK RI
WKH REWDLQHG FRQnGHQFH LQWHUYDOV IRU VLPXODWLRQV VWDUWLQJ IURP GLmHUHQW U GR QRW GHSHQG
RQ U� 7KLV PHDQV WKDW JLYHQ WZR UHJHQHUDWLYH VHTXHQFHV DQG D VLPXODWLRQ UXQ RI OHQJWK W�
WKH WZR FRQnGHQFH LQWHUYDOV ,�W� DQG , ��W� REWDLQHG IRU WKH WZR VHTXHQFHV KDYH WKH SURSHUW\
WKDW ,�W� , ��W�� � ZLWK SUREDELOLW\ � DV W � ��

7KLV LV RQO\ DQ DV\PSWRWLF UHVXOW DQG DV VXFK VHHPV DOVR LQWXLWLYHO\ MXVWLnHG� EXW LW GRHV
QRW KHOS LQ nQGLQJ WKH PRVW HpFLHQW UHJHQHUDWLRQ VWDWH U ZKHQ GHDOLQJ ZLWK D SUDFWLFDO
VLPXODWLRQ SUREOHP�

7KH UHJHQHUDWLYH VLPXODWLRQ OLWHUDWXUH WUDGLWLRQDOO\ XVHV WKH KHXULVWLF RI FKRRVLQJ WKH UH�
JHQHUDWLRQ VWDWH WR EH WKH RQH KDYLQJ WKH VPDOOHVW PHDQ F\FOH OHQJWK� +RZHYHU� LQ >�@ LW LV
VKRZQ WKDW WKH FRQYHUJHQFH RI WKH HVWLPDWRU
V VWDQGDUG GHYLDWLRQ LV LQGHHG DmHFWHG E\ WKH
FKRLFH RI WKH UHJHQHUDWLRQ VWDWH� ,W LV DOVR QRWHG WKDW WKH VWDQGDUG GHYLDWLRQ LV QRW QHFHVVDU�
LO\ PLQLPL]HG E\ WKLV SDUWLFXODU FKRLFH DQG WKDW WKH TXHVWLRQ RI RSWLPDO UHJHQHUDWLRQ VWDWH
FKRLFH UHPDLQV RSHQ�

� $QDO\VLV

��� 'HULYDWLRQ RI WKH 'LVWULEXWLRQ

,Q >�@ LW ZDV VKRZQ KRZ WKH GLVWULEXWLRQ RI WKH HVWLPDWRU RI WKH EORFNLQJ SUREDELOLW\ FRXOG
EH GHULYHG IRU WKH VSHFLDO FDVH� ZKHUH WKH UHJHQHUDWLRQ VWDWH ZDV FKRVHQ VXFK WKDW WKH F\FOHV
ZHUH GHnQHG DV IURP WKH EORFNLQJ HYHQW WR WKH QH[W EORFNLQJ HYHQW� 7KHQ WKH GLVWULEXWLRQ
IRU WKH HVWLPDWRU LV RQO\ GHSHQGHQW RQ WKH GLVWULEXWLRQ RI WKH QXPEHU RI DUULYDOV GXULQJ WKH
F\FOH� EHFDXVH WKH QXPEHU RI EORFNLQJV LQ D F\FOH LV H[DFWO\ RQH� 7KH FUXFLDO WKLQJ LQ WKH
DQDO\VLV ZDV� KRZHYHU� WKDW WKH SDWKV KDG D VSHFLDO UHFXUVLYH VWUXFWXUH� ZKLFK DOORZHG WKH
GHULYDWLRQ RI WKH SUREDELOLW\ JHQHUDWLQJ IXQFWLRQ �SJI� H[SOLFLWO\ IRU WKH QXPEHU RI DUULYDOV
LQ D F\FOH� :H ZLOO QRZ JHQHUDOL]H WKLV DQDO\VLV WR F\FOHV KDYLQJ DQ\ UHJHQHUDWLRQ VWDWH�

/HW. GHQRWH WKH QXPEHU RI DUULYDOV �LQFOXGLQJ WKH EORFNLQJV� ZLWKLQ D F\FOH DQG OHW / GHQRWH
WKH QXPEHU RI EORFNLQJV ZLWKLQ D F\FOH� $OVR� OHW ] EH WKH YDULDEOH LQ WKH SJI DVVRFLDWHG
ZLWK DUULYDOV� DQG \ ZLWK EORFNLQJV� 7KH MRLQW SUREDELOLW\ RI .  N DQG /  O LV JLYHQ E\
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ZKHUH � DQG � GHQRWH F\FOHV ZKLFK VWDUW IURP WKH UHJHQHUDWLRQ VWDWH DQG SURFHHG XSZDUGV
DQG GRZQZDUGV UHVSHFWLYHO\� 1RWLFH WKDW ZKHQ WKH F\FOH SURFHHGV GRZQZDUGV IURP WKH
UHJHQHUDWLRQ VWDWH WKHQ ZH ZLOO RI FRXUVH QRW KDYH DQ\ EORFNLQJV�
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7KH SJI IRU WKH MRLQW SUREDELOLW\ S�N� O� LV GHnQHG DV

J�]� \�  
;
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S�N� O�]N\O ���

1RZ� WR IDFLOLWDWH WKH DQDO\VLV ZH ZLOO GHYLGH WKH DQDO\VLV LQWR WZR SDUWV� �� IRU F\FOHV WKDW
SURFHHG XSZDUGV IURP WKH UHJHQHUDWLRQ VWDWH DQG �� IRU F\FOHV WKDW SURFHHG GRZQZDUGV�
UHVSHFWLYHO\� )RU WKLV� ZH GHQRWH ZLWK .Q

� DQG .Q
� WKH QXPEHU RI DUULYDOV GXULQJ D F\FOH WKDW

SURFHHGV GRZQZDUGV DQG XSZDUGV� UHVSHFWLYHO\� IURP VWDWH Q� )RU / WKHUH LV RQO\ QHHG IRU
/Q
� WR EH GHnQHG� :H DOVR LQWURGXFH VLPLODU QRWDWLRQ IRU WKH SJI�V RI WKH UDQGRP YDULDEOHV�

JQ� �]� \� DQG JQ� �]� GHQRWH WKH SJI�V IRU F\FOHV SURFHHGLQJ XSZDUGV RU GRZQZDUGV IURP VWDWH
Q� )LQDOO\� ZH VKDOO GHQRWH ZLWK SQ�  Q �D � Q� DQG SQ�  D �D � Q� WKH SUREDELOLWLHV IRU
PRYLQJ GRZQZDUGV RU XSZDUGV� UHVSHFWLYHO\� IURP VWDWH Q�
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)LJXUH �� 5HJHQHUDWLYH F\FOHV�

)URP nJ�� LW FDQ EH VHHQ WKDW WKH .Q
� DQG /Q

� KDYH D UHFXUVLYH VWUXFWXUH VXFK WKDW IRU
WKH F\FOHV SURFHHGLQJ XSZDUGV IURP VWDWH Q� WKH QXPEHU RI DUULYDOV FRQVLVWV RI WKH RQH
FRPLQJ IURP WKH WUDQVLWLRQ XSZDUGV WR VWDWH Q � � SOXV D UDQGRP VXP RI DUULYDOV IURP
F\FOHV EHJLQQLQJ IURP DQG HQGLQJ LQ VWDWH Q � �� 1RZ LQ WKLV FDVH� WKH QXPEHU RI VXFK
F\FOHV� GHQRWHG ZLWK zQ��� � LV JHRPHWULFDOO\ GLVWULEXWHG ZLWK VXFFHVV SUREDELOLW\ SQ��� � )RU
WKH EORFNLQJV WKH UHDVRQLQJ LV WKH VDPH� EXW WKHUH DUH QRW DQ\ EORFNLQJV XQWLO IRU WKH F\FOH
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EHJLQQLQJ IURP VWDWH1 DQG HQGLQJ WKHUH� LQ ZKLFK FDVH WKH F\FOH FRQWDLQV H[DFWO\ RQH DUULYDO
DQG EORFNLQJ� 7KHQ ZH FDQ GHULYH WKH IROORZLQJ UHFXUVLYH HTXDWLRQV IRU WKH .Q

� DQG /Q
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6LPLODUO\ ZH JHW IRU WKH QXPEHU DUULYDOV GXULQJ F\FOHV ZKLFK SURFHHG GRZQZDUGV �UHPHPEHU
WKHUH DUH QR EORFNLQJV LQ WKHVH F\FOHV�
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1RZ� LQ RUGHU WR JHW WKH SJI IRU WKH DERYH HTXDWLRQV� ZH XVH WKH IDFW WKDW IRU WKH VXP RI L�L�G�
YDULDEOHV %L ZLWK FRPPRQ SJI %�]�� $  %�� c c c�%&� ZKHUH & LWVHOI LV D UDQGRP YDULDEOH
ZLWK SJI &�]� DQG LV LQGHSHQGHQW RI WKH %L� KDV WKH SJI $�]�  &�%�]��� 6SHFLnFDOO\� LQ
WKH FDVH ZKHUH & z *HRP�S�� WKH SJI LV $�]�  S

�b��bS�%�]�
� 7KHQ ZH ZLOO JHW WKH IROORZLQJ

UHFXUVLYH HTXDWLRQV IRU WKH SJI�V
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7KHQ WKH FRPSOHWH SJI JQ�]� \� IRU D VLPXODWLRQ F\FOH VWDUWLQJ IURP VWDWH Q DQG HQGLQJ WKHUH
LV H[SUHVVHG DV
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%HFDXVH WKH UDQGRP YDULDEOHV LQ GLmHUHQW UHJHQHUDWLRQ F\FOHV DUH L�L�G�� WKH SUREDELOLW\ JHQ�
HUDWLQJ IXQFWLRQ IRU WKH MRLQW SUREDELOLW\ GLVWULEXWLRQ RI WKH0 �F\FOH HVWLPDWRUV A.0 DQG A/0

ZLOO VLPSO\ EHFRPH
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��� 0HDQ DQG 9DULDQFH RI WKH (VWLPDWRU

,Q RUGHU WR FDOFXODWH WKH PHDQ RI WKH HVWLPDWRU ��� DQG LWV YDULDQFH� ZH XWLOL]H VRPH SURSHUWLHV
RI WKH SJI� +HUH ZH VLPSOLI\ WKH QRWDWLRQ D OLWWOH ELW LQ RUGHU WR DYRLG FRQIXVLQJ DQG RYHUO\
FRPSOH[ QRWDWLRQ� :H VLPSO\ GHQRWH ZLWK J�]� \� WKH SJI REWDLQHG IRU WKH HVWLPDWRU ���
WKURXJK HTXDWLRQV ��� � ����� L�H� ZH RPLW WKH GHSHQGHQGHQFH RQ 0 DQG Q� $OVR� ZH GHQRWH
ZLWK / �EORFNLQJV� DQG . �DUULYDOV�� WKH UDQGRP YDULDEOHV DVVRFLDWHG ZLWK WKH YDULDEOHV ]
DQG \ LQ WKH SJI� UHVSHFWLYHO\� J�L�M��]� \� LV XVHG WR GHQRWH WKH LWK DQG MWK SDUWLDO GHULYDWLYHV
ZLWK UHVSHFW WR ] DQG \�

7KHQ IRU WKH QXPHUDWRU SDUW� L�H� UDQGRP YDULDEOH /� ZH VKDOO QHHG WKH IROORZLQJ UHODWLRQV

( >/@  
;
N�O

O S�N� O�  
#

#\

�;
N�O

S�N� O�]N\O

�nnnnn
] ��\ �

 J�������� �� ����

(
d
/�

e
 

;
N�O

O� S�N� O�  
;
N�O

O�O b �� S�N� O� �
;
N�O

O S�N� O�

 
#

#\�

�;
N�O

S�N� O�]N\O

�nnnnn
] ��\ �

�
#

#\

�;
N�O

S�N� O�]N\O

�nnnnn
] ��\ �

 J�������� �� � J�������� �� ����

)RU FDOFXODWLQJ WKH VWDWLVWLFV RI WKH DUULYDOV .� ZH QHHG WR EH DEOH WR HYDOXDWH WKH IROORZLQJ
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:KHUH LQ HTXDWLRQ ���� ZH KDYH FKDQJHG WKH RUGHU RI LQWHJUDWLRQ WR VLPSOLI\ WKH LQWHJUDWLRQ
WR D VLQJOH LQWHJUDO�
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(TXDWLRQ ���� FDQ EH SURYHG TXLWH HDVLO\� 7KH SJI RI WKH DUULYDOV . LV GHULYHG IURP WKH WRWDO
SJI J�]� \� DV J�]� ��  
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(T� ���� FDQ EH SURYHG LQ D VLPLODU IDVKLRQ E\ RQO\ GRLQJ WKH LQWHJUDWLRQ WZLFH� 7KHQ E\
XVLQJ PHWKRGV DV LQ HTXDWLRQV ���� � ���� ZH FDQ GHULYH WKH IROORZLQJ
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1RZ� E\ XVLQJ HTXDWLRQV ���� DQG ���� ZH DUH DEOH WR FDOFXODWH WKH PHDQ DQG YDULDQFH RI
WKH GLVWULELWLRQ IRU HVWLPDWRU ��� DIWHU 0 VLPXODWLRQ F\FOHV�

��� &RPSDULQJ 5HVXOWV IRU 'LmHUHQW 5HJHQHUDWLRQ 6WDWHV

7R FRPSDUH WKH HmHFW RI GLmHUHQW UHJHQHUDWLRQ VWDWHV� ZH PXVW EH DEOH WR FRPSDUH WKH PHDQ
DQG YDULDQFH RI WKH HVWLPDWRU IRU HTXDO QXPEHU RI JHQHUDWHG HYHQWV IURP WKH '70& RI WKH
SURFHVV� +RZHYHU� HTXDWLRQV ���� DQG ���� RQO\ JLYH XV YDOXHV DV D IXQFWLRQ RI LQFUHDVLQJ
QXPEHU RI VLPXODWHG F\FOHV�

)LUVW ZH FDQ QRWLFH WKDW WKH PHDQ QXPEHU RI DUULYDOV LQ D F\FOH LV JLYHQ E\

( >.@  J�������� �� ����

$OVR� ZH NQRZ WKDW WKH QXPEHU RI GHSDUWXUHV GXULQJ D F\FOH PXVW HTXDO WKH QXPEHU RI
DUULYDOV� 7KXV� LW LV VXpFLHQW WR FRPSDUH WKH HpFLHQF\ RI WKH HVWLPDWRU IRU GLmHUHQW VWDUWLQJ
VWDWHV DV D IXQFWLRQ RI WKH QXPEHU RI DUULYDOV QHHGHG WR DFKHLYH FHUWDLQ SUHFLVLRQ� 7KHUHIRUH�
ZKHQ FRPSDULQJ WKH HVWLPDWRUV ZH MXVW QHHG WR HYDOXDWH ���� DQG ���� XQWLO D VXpFLHQW
QXPEHU RI F\FOHV� VR WKDW IRU HDFK UHJHQHUDWLRQ VWDWH� WKH PHDQ QXPEHU RI DUULYDOV QHHGHG
WR DFKLHYH WKLV DFFXUDF\ LV HQRXJK�
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$OVR� ZH GHnQH D PHWULF (55 A%0
WKDW WULHV WR FRPELQH WKH HmHFW RI ERWK WKH ELDV DQG WKH

LQoXHQFH RI WKH VWDQGDUG GHYLDWLRQ DV IROORZV
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� 1XPHULFDO 5HVXOWV

,Q WKLV VHFWLRQ ZH SUHVHQW WKH UHVXOWV RI XVLQJ HTXDWLRQV ��� � ���� DQG WKHQ HYDOXDWLQJ
HTXDWLRQV ���� DQG ���� RQ D V\VWHP ZLWK 1  � DQG D  �� 7KH UHDO EORFNLQJ SUREDELOLW\ LV
(UO��� ��  ������ LQ WKLV FDVH� :H KDYH DOVR LQFOXGHG LQ WKH nJXUHV WKH UHVXOWV IRU FKRRVLQJ
WKH UHJHQHUDWLRQ VWDWH DV LQ >�@� L�H� IURP D EORFNLQJ HYHQW WR WKH QH[W EORFNLQJ HYHQW�

,Q WKH IROORZLQJ JUDSKV� nJ� � � �� ZH KDYH SORWWHG WKH UHVXOWV IRU DOO SRVVLEOH UHJHQHUDWLRQ
VWDWHV IRU LQFUHDVLQJ QXPEHU RI VLPXODWLRQ F\FOHV� ,Q DOO WKH JUDSKV� WKH ORZHVW FXUYH FRUUH�
VSRQGV WR WKH UHVXOWV IRU KDYLQJ WKH UHJHQHUDWLRQ VWDWH DV VWDWH �� DQG WKH QH[W XSSHU FXUYH
FRUUHVSRQGV WR VWDWH � HWF�

50 100 150 200 250 300

Arrivals

0

0.01

0.02

0.03

0.04

0.05

0.06

E
[B

]

)LJXUH �� ([SHFWHG YDOXH RI WKH HVWLPDWRU�

,Q nJ� � WKH KRUL]RQWDO OLQH UHSUHVHQWV WKH WUXH YDOXH RI WKH EORFNLQJ SUREDELOLW\�

7KH FXUYHV FOHDUO\ VKRZ WKDW DW OHDVW RQH VKRXOG QRW FKRRVH DQ\ VWDWH DV WKH UHJHQHUDWLRQ
VWDWH� 2Q WKH RWKHU KDQG WKH\ VKRZ UDSLG FRQYHUJHQFH DV WKH QXPEHU RI DUULYDOV LQFUHDVH�
L�H� VLPXODWLRQ WLPH� VKRZLQJ JRRG DJUHHPHQW ZLWK WKH DV\PSWRWLF UHVXOWV� :KDW LV SHUKDSV
PRVW VXUSULVLQJ LQ WKH FXUYHV LV WKDW WKH VWDQGDUG GHYLDWLRQ } A%0 LQFUHDVHV ZKHQ WKH FKRVHQ
UHJHQHUDWLRQ VWDWH EHFRPHV JUHDWHU� $OVR� LW FDQ EH VHHQ WKDW ZLWK WKH FRPELQHG PHWULF HT�
����� WKH VWDQGDUG GHYLDWLRQ LV WKH RQH GRPLQDWLQJ WKH JUDSK EHKDYLRU�
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)LJXUH �� 6WDQGDUG GHYLDWLRQ RI WKH HVWLPDWRU�
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)LJXUH �� (55> A%@ PHWULF RI WKH HVWLPDWRU�

7KXV IURP nJ� �� VWDWH � ZRXOG EH WKH EHVW FKRLFH IRU WKH UHJHQHUDWLRQ VWDWH� +RZHYHU� WKH
PHDQ QXPEHU RI DUULYDOV IRU F\FOHV EHJLQQLQJ IURP WKH GLmHUHQW VWDWHV ZDV IRU WKLV H[DPSOH
(>.@  >���� ���� ���� ���� ���� ����� �����@� ZKHUH WKH ODVW QXPEHU FRUUHVSRQGV WR F\FOHV
IURP D EORFNLQJ HYHQW WR WKH QH[W� %XW� IURP WKH JUDSK LW FDQ EH VHHQ WKDW IRU DOO WKH VWDWHV
���� WKH VWDQGDUG GHYLDWLRQ GURSV WR DOPRVW HTXDO OHYHO YHU\ TXLFNO\� 2Q WKH RWKHU KDQG�
IURP nJ�� RQH FDQ VHH WKDW IRU DOO VWDWHV ���� WKH HVWLPDWH ZRXOG EH ELDVHG GRZQZDUGV� EXW
WKH HVWLPDWH IRU VWDWH � ZRXOG UHPDLQ ELDVHG XSZDUGV� 6R D PRUH FRQVHUYDWLYH FKRLFH IRU
WKH UHJHQHUDWLRQ VWDWH ZRXOG EH WR FKRRVH VWDWH ��
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� &RQFOXVLRQV

,Q WKLV SDSHU D PHWKRG ZDV SUHVHQWHG IRU DQDO\]LQJ WKH HVWLPDWRUV EHKDYLRU ZKHQ VLPXODWLQJ
WKH EORFNLQJ SUREDELOLW\ IRU D VLQJOH OLQN DQG VLQJOH WUDpF W\SH FDVH XVLQJ WKH UHJHQHUDWLYH
VLPXODWLRQ PHWKRG� $ UHFXUVLYH SUHVHQWDWLRQ IRU WKH SUREDELOLW\ JHQHUDWLQJ IXQFWLRQ IRU WKH
DUULYDOV DQG EORFNLQJV GXULQJ D UHJHQHUDWLYH F\FOH ZDV GHULYHG� VHH HTV� ��� � ����� $OVR� WKH
QHFHVVDU\ IRUPXODV IRU FDOFXODWLQJ WKH H[SHFWHG YDOXH DQG VWDQGDUG GHYLDWLRQ IRU WKH UDWLR
W\SH HVWLPDWRU ZHUH JLYHQ� HTV� ���� DQG �����

7KH QXPHULFDO UHVXOWV VKRZHG WKDW WKH UHJHQHUDWLRQ VWDWH VKRXOG EH FKRVHQ TXLWH QHDU WKH
VWDWH KDYLQJ WKH VKRUWHVW PHDQ F\FOH OHQJWK� +RZHYHU� WKHUH LV QR FOHDU FKRLFH IRU WKH EHVW
VWDWH� EHFDXVH LW GHSHQGV RQ KRZ PXFK ZHLJKW LV JLYHQ WR WKH PDJQLWXGH RI WKH ELDV RI WKH
HVWLPDWRU DQG LWV VWDQGDUG GHYLDWLRQ� 0RUH UHVHDUFK LV QHHGHG WR GHWHUPLQH WKLV UHODWLRQVKLS
PRUH DFFXUDWHO\�

7KH H[WHQVLRQ RI WKLV DQDO\VLV DSSURDFK LQ WKH PXOWL VHUYLFH FDVH OHDGV WR FHUWDLQ SUREOHPV�
7KH PDLQ SUREOHP LV WKDW ZH QR ORQJHU KDYH WKH VLWXDWLRQ ZKHUH WKH QXPEHU RI ?VXE F\FOHV�
ZLWKLQ D F\FOH ZRXOG EH JHRPHWULFDOO\ GLVWULEXWHG� 7KLV LV D UHVXOW RI WKH IDFW WKDW QRZ WKH
SDWKV FDQ ZDQGHU LQ WKH VWDWH VSDFH LQ GLmHUHQW GLUHFWLRQV� DQG DV D FRQVHTXHQFH WKH QLFH
UHJXODU SURSHUWLHV RI WKH SDWKV LQ WKH RQH GLPHQVLRQDO VWDWH VSDFH DUH GHVWUR\HG�

2QH SRVVLEOH DSSURDFK WR WKH SUREOHP ZRXOG EH WR FKDQJH WKH UHFXUVLRQV WR IROORZ WKH
HYROXWLRQ RI WKH V\VWHP IURP DUULYDO WR DQRWKHU� +RZHYHU� WKLV DSSURDFK OHDGV WR D VLWXDWLRQ�
ZKHUH ZH FDQ QR ORQJHU FDOFXODWH WKH SUREDELOLW\ JHQHUDWLQJ IXQFWLRQ H[SOLFLWO\� ,QVWHDG ZH
ZLOO KDYH D VHW RI FRXSOHG HTXDWLRQV UHODWLQJ WKH SJI RI HDFK VWDWH LQ WKH V\VWHP WR RQH
DQRWKHU� )RU WKH SXUSRVH RI GRLQJ QXPHULFDO FDOFXODWLRQV LW LV QRW D SUREOHP� EHFDXVH ZH
FDQ DOZD\V FDOFXODWH WKH VROXWLRQV DW DQ\ n[HG SRLQW� EXW ZH ZLOO QRW EH DEOH WR JHW DQ
DQDO\WLFDO H[SUHVVLRQ IRU WKH SJI DQ\PRUH�
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