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&DFKHV SURYLGH DQ LPSRUWDQW PHDQV IRU UHGXFLQJ ODWHQF\ WLPHV H[SHULHQFHG E\
WKH XVHUV� 7KLV SDSHU JLYHV D VKRUW UHYLHZ RI WKH PRVW LPSRUWDQW DUULYDO PRGHOV DQG
VRPH EDVLF UHVXOWV UHODWHG WR WKHVH� 7KH WKUHH DUULYDO PRGHOV DUH WKH ,QGHSHQGHQW
5HIHUHQFH 0RGHO �,50�� WKH /HDVW 5HFHQWO\ 8VHG �/58� VWDFN PRGHO DQG WKH UH�
QHZDO PRGHO� :H DOVR GLVFXVV WKH SUREOHP RI JRRG UHSODFHPHQW DOJRULWKP DQG� PRUH
VSHFLnFDOO\� VWXG\ WKH SHUIRUPDQFH RI D VHW RI DOJRULWKPV E\ VLPXODWLRQ� DVVXPLQJ
UHQHZDO DUULYDO SURFHVV�

.H\ZRUGV ^ DUULYDO PRGHO� UHSODFHPHQW DOJRULWKP� FDFKH

� ,QWURGXFWLRQ

::: FDFKHV SURYLGH DQ LPSRUWDQW PHDQV IRU UHGXFLQJ QHWZRUN WUDpF DQG ODWHQF\ WLPHV
H[SHULHQFHG E\ WKH XVHUV� $FFRUGLQJO\� PRGHOLQJ WKH FDFKH EHKDYLRU KDV UHFHQWO\ EHFRPH
DQ DFWLYH nHOG RI UHVHDUFK� $ FDFKH LV EDVLFDOO\ GHnQHG E\ WKUHH IDFWRUV� WKH FDFKH VL]H�
WKH DUULYDO SURFHVV RI GRFXPHQW UHTXHVWV DQG WKH FDFKH UHSODFHPHQW DOJRULWKP�
$UULYDO PRGHOV ZHUH VWXGLHG DOUHDG\ LQ WKH ����
V DQG ����
V LQ WKH FRQWH[W RI SURJUDP

EHKDYLRU� ,Q WKHVH VWXGLHV DQ DUULYDO PRGHO GHVFULEHG KRZ WKH SURJUDP UHIHUHQFHG WKH
SDJHV LQ LWV PHPRU\� 7KH WZR EDVLF DUULYDO PRGHOV DUH WKH ,50 �,QGHSHQGHQW 5HIHUHQFH
0RGHO� DQG WKH /58 �/HDVW 5HFHQWO\ 8VHG� VWDFN PRGHO� ,50 GHVFULEHV WKH UHTXHVW VWULQJ
DV D VHTXHQFH RI L�L�G� UDQGRP YDULDEOHV ZKHUHDV WKH /58�VWDFN PRGHO DVVXPHV WKDW ZKHQ
WKH SDJHV DUH RUGHUHG LQ D VWDFN DFFRUGLQJ WR WKHLU ODVW UHIHUHQFH WLPHV� WKH PRVW UHFHQWO\
UHIHUHQFHG SDJH EHLQJ RQ WKH WRS RI WKH VWDFN� WKHQ WKH VWDFN GHSWKV RI WKH UHIHUHQFHV
IRUP D VHTXHQFH RI L�L�G� UDQGRP YDULDEOHV� 7KH /58 PRGHO KDV WKH LPSRUWDQW SURSHUW\
RI ORFDOLW\� D UHFHQWO\ UHIHUHQFHG SDJH LV PRUH OLNHO\ WR EH UHIHUHQFHG DJDLQ LQ WKH QHDU
IXWXUH� 2Q WKH RWKHU KDQG� LQ WKLV PRGHO� DOO WKH SDJHV DUH VWDWLVWLFDOO\ LQGLVWLQJXLVKDEOH�
7KH WKLUG DUULYDO PRGHO� UHQHZDO PRGHO� KDV QRW EHHQ VWXGLHG DV H[WHQVLYHO\ DV WKH

WZR HDUOLHU RQHV� ,W WULHV WR FRPELQH WKH IHDWXUHV RI WKH RWKHU PRGHOV� ORFDOLW\ DQG SDJH
GLmHUHQWLDWLRQ� 7KH UHQHZDO PRGHO DVVXPHV WKDW LQWHUUHIHUHQFH WLPHV WR D SDJH L DUH L�L�G�
YDULDEOHV �GLmHUHQW IRU GLmHUHQW SDJHV� DQG WKDW WKH UHQHZDO SURFHVVHV IRU DOO WKH SDJHV
DUH LQGHSHQGHQW� 7KH ,50 LV REWDLQHG DV D VSHFLDO FDVH ZLWK H[SRQHQWLDOO\ GLVWULEXWHG
LQWHUYDOV�



%HFDXVH RI WKH FRPSOH[LW\ RI WKH UHQHZDO PRGHO QR RSWLPDO UHSODFHPHQW DOJRULWKP
LV NQRZQ IRU LW� ,Q WKLV SDSHU ZH XVH VLPXODWLRQ WR H[DPLQH WKH TXHVWLRQ RI WKH EHVW
UHSODFHPHQW DOJRULWKP IRU UHIHUHQFH VWULQJV FUHDWHG E\ WKH UHQHZDO PRGHO�
7KH QH[W WZR VHFWLRQV SUHVHQW WKH FHQWUDO QRWDWLRQV DQG FRQFHSWV� 7KH IROORZLQJ

VHFWLRQV JLYH D VKRUW UHYLHZ RI WKH PRVW LPSRUWDQW DUULYDO PRGHOV DQG VRPH EDVLF UHVXOWV
UHODWHG WR WKHVH� )LQDOO\ ZH DGGUHVV WKH SUREOHP RI JRRG UHSODFHPHQW DOJRULWKP� DVVXPLQJ
UHQHZDO DUULYDO SURFHVV� 6SHFLnFDOO\� WKH SHUIRUPDQFH RI D VHW RI DOJRULWKPV LQ VWXGLHG E\
VLPXODWLRQ�

� 'HnQLWLRQV

7KH DUULYDO RI UHTXHVWV LV H[SUHVVHG DV D UHTXHVW VWULQJ 5W  U�� U�� U�� � � � � UW� ZKHUH UW
GHQRWHV WKH SDJH UHTXHVWHG DW WLPH W� 7KHUH H[LVWV D JLYHQ VHW RI SDJHV ;  �� �� � � � � Q
DQG D FDFKH PHPRU\ DEOH WR DFFRPPRGDWH P SDJHV� ,I UW  L� LW LV XQGHUVWRRG WKDW SDJH
L LV UHTXHVWHG DW WLPH W� $ FDFKH PLVV RFFXUV LI DW WKH WLPH RI WKH UHTXHVW WKH SDJH LV QRW
LQ WKH FDFKH�
$ ORFDOLW\ VHW LV GHnQHG DV D VXEVHW RI SDJHV ZKLFK KDV WKH SURSHUW\ WKDW LI WKH\ DUH

NHSW LQ WKH FDFKH WKH IUHTXHQF\ RI PLVVHV UHPDLQV UHODWLYHO\ ORZ� 7KH ORFDOLW\ VHW YDULHV LQ
WLPH� DQG LW LV WKHUHIRUH GHVLUDEOH IRU D UHSODFHPHQW DOJRULWKP WR KDYH WKH IROORZLQJ WZR
SURSHUWLHV� ZKLFK DUH LQ SDUW FRQWUDGLFWRU\� 7KH UHSODFHPHQW DOJRULWKP VKRXOG UHWDLQ LQ
WKH FDFKH WKH SDJHV RI WKH ORFDOLW\ VHW� DQG LW VKRXOG UDSLGO\ XSGDWH PHPRU\ ZKHQ WKH
ORFDOLW\ VHW LV FKDQJHG�
$ VHTXHQFH RI /58 �OHDVW UHFHQWO\ XVHG� VWDFNV V�� V�� � � � � VW FDQ EH DVVRFLDWHG ZLWK

WKH UHIHUHQFH VWULQJ U�� U�� � � � � >�@� 7KH VWDFN VW LV WKH Q�WXSOH �'��'�� � � � � 'Q� LQ ZKLFK
'L LV WKH LWK PRVW UHFHQWO\ UHIHUHQFHG SDJH DW WLPH W� ,I GW LV WKH SRVLWLRQ RI WKH UHTXHVWHG
SDJH UW LQ WKH VWDFN VWb�� WKHQ� DVVRFLDWHG ZLWK WKH UHTXHVW VWULQJ� WKHUH H[LVWV WKH GLVWDQFH
VWULQJ pW  G�� G�� � � � � GW�

� 5HSODFHPHQW DOJRULWKPV

,Q DGGLWLRQ WR WKH SDUDPHWHU RI FDFKH PHPRU\ VL]H� DQ LPSRUWDQW GHVLJQ IDFWRU LV WKH
UHSODFHPHQW DOJRULWKP� $ UHSODFHPHQW DOJRULWKP GHnQHV WKH VHW RI SDJHV LQ WKH FDFKH� ,Q
SDUWLFXODU� LW GHWHUPLQHV ZKLFK SDJHV DUH WR EH UHSODFHG� ZKHQ QHFHVVDU\� LQ RUGHU WR PDNH
URRP IRU DQ LQFRPLQJ SDJH� 7KH HpFLHQF\ RI WKH FDFKH LV GHWHUPLQHG E\ WKH QXPEHU RI
UHTXHVWV LW FDQ VDWLVI\ DQG GHSHQGV WKXV KHDYLO\ RQ WKH FKRVHQ UHSODFHPHQW DOJRULWKP�
:LWK D n[HG VL]H FDFKH� WKH PLQLPXP QXPEHU RI FDFKH PLVVHV LV DFKLHYHG E\ DQ

DOJRULWKP WKDW DOZD\V UHSODFHV WKDW SDJH LQ WKH FDFKH ZKLFK ZLOO QRW EH UHTXHVWHG IRU
WKH ORQJHVW SHULRG RI WLPH >�@� +RZHYHU� VXFK DQ DOJRULWKP LV XQUHDOL]DEOH� VLQFH DGYDQFH
LQIRUPDWLRQ LV QRUPDOO\ QRW DYDLODEOH RQ IXWXUH SDJH UHTXHVWV� 6R� WKH SUREOHP LV WKH
LGHQWLnFDWLRQ RI DOJRULWKPV WKDW ZLOO JLYH DQ DFFHSWDEO\ KLJK IUHTXHQF\ RI UHIHUHQFHV WR
WKH FDFKH IRU WKH JUHDWHVW YDULHW\ RI XVHU EHKDYLRU�
$ GHPDQG UHSODFHPHQW DOJRULWKP EULQJV SDJHV LQWR WKH FDFKH RQO\ ZKHQ WKH\ DUH

UHTXHVWHG� 2QFH LQ PHPRU\� D SDJH UHPDLQV WKHUH XQWLO WKH UHSODFHPHQW DOJRULWKP GHFLGHV
WR UHPRYH LW� 2QFH UHPRYHG� LW ZLOO QRW UHHQWHU WKH FDFKH XQWLO LW LV QH[W UHTXHVWHG�
$ ZLGH YDULHW\ RI SRVVLEOH GHPDQG UHSODFHPHQW DOJRULWKPV H[LVWV� 7KH SK\VLFDOO\

UHDOL]DEOH RQHV XVH WKH REVHUYHG KLVWRULFDO LQIRUPDWLRQ� HLWKHU WKH KLVWRU\ RI WKH PRVW UHFHQW



XVH RU WKH KLVWRU\ RI WKHLU DEVHQFH DQG SUHVHQFH LQ PHPRU\� 7KHUH DUH DOVR DOJRULWKPV
WKDW GR QRW XVH DQ\ LQIRUPDWLRQ DERXW PHPRU\ XVDJH�
2SWLPDO UHSODFHPHQW DOJRULWKP FDQ EH GHnQHG DV WKH RQH WKDW PLQLPL]HV WKH H[SHFWHG

IUHTXHQF\ RI UHTXHVWV WR WKH RULJLQDO VRXUFHV� $ KHXULVWLF FULWHULRQ� WKH H[SHFWHG IRUZDUG
GLVWDQFH FULWHULRQ� LV D UXOH ZKLFK FKRRVHV IRU UHSODFHPHQW WKH SDJH LQ WKH FDFKH KDYLQJ
WKH ORQJHVW H[SHFWHG WLPH XQWLO WKH QH[W UHTXHVW� 8VLQJ WKLV UXOH GRHV QRW QHFHVVDULO\
FRQVWLWXWH DQ RSWLPDO UHSODFHPHQW DOJRULWKP EXW IRU VRPH EDVLF PRGHOV LW GRHV�

� ,QGHSHQGHQW 5HIHUHQFH 0RGHO �,50�

7KH LQGHSHQGHQW UHIHUHQFH PRGHO >�@ LV WKH VLPSOHVW DUULYDO PRGHO� ,W GHVFULEHV WKH UHTXHVW
VWULQJ 5W  U�� U�� U�� � � � � DV D VHTXHQFH RI LQGHSHQGHQW� LGHQWLFDOO\ GLVWULEXWHG UDQGRP
YDULDEOHV ZLWK WKH SUREDELOLW\ GLVWULEXWLRQ
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ZKHUH WKH SDJHV DUH LQGH[HG �� �� � � � � Q �
$V WKH UHTXHVW VWULQJ LV D GLVFUHWH SDUDPHWHU LQGHSHQGHQW SURFHVV� LW LV FOHDU WKDW WKH

LQWHUYDO EHWZHHQ WZR VXFFHVVLYH UHTXHVWV WR SDJH L� RU LQWHUUHIHUHQFH LQWHUYDO ; RI SDJH L�
LV JHRPHWULFDOO\ GLVWULEXWHG ZLWK SDUDPHWHU nL DQG PHDQ � nL�
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Nb� IRU N  �� �� � � � ���

7KH RSWLPDO UHSODFHPHQW SROLF\ IRU ,50 LV WR NHHS LQ WKH FDFKH WKH P SDJHV ZLWK WKH
KLJKHVW UHIHUHQFLQJ SUREDELOLWLHV >�@� 7KLV LV WKH VDPH VHW RI SDJHV DV WKH RQH ZLWK WKH
VKRUWHVW H[SHFWHG WLPHV XQWLO QH[W UHIHUHQFH�
7KH PRVW QDWXUDO FRXQWHUSDUW RI WKH ,50 LQ FRQWLQXRV WLPH LV JLYHQ E\ WKH VXSHUSRVL�

WLRQ RI Q LQGHSHQGHQW 3RLVVRQ SURFHVVHV� RQH IRU HDFK SDJH� ZLWK SDUDPHWHUV w�� w�� � � � � wQ�
7KH DUULYDO UDWH wL FRUUHVSRQGV WR WKH UHTXHVW SUREDELOLW\

nL  
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1RWDEO\� RQH ZRXOG nQG LW ORJLFDO WR DVVXPH WKDW WKH UHIHUHQFLQJ RI D SDJH EHFRPHV
OHVV SUREDEOH DV WKH WLPH VLQFH ODVW UHIHUHQFH JURZV� 6LQFH H[SRQHQWLDO GLVWULEXWLRQ LV
PHPRU\OHVV� WKLV SURSHUW\ FDQ QRW EH GHVFULEHG ZLWK WKLV PRGHO�

� /HDVW 5HFHQWO\ 8VHG �/58� 6WDFN 0RGHO

7KH VHFRQG FRPPRQO\ XVHG DUULYDO PRGHO LV WKH /58 VWDFN PRGHO� 7KLV VHFWLRQ SUHVHQWV
WKH PRGHO DQG VRPH DQDO\WLFDO UHVXOWV IRU LW�
$ VHTXHQFH RI /58 VWDFNV V�� V�� � � � � VW DQG WKH GLVWDQFH VWULQJ pW  G�� G�� � � � � GW� � � �

FDQ EH DVVRFLDWHG ZLWK D UHIHUHQFH VWULQJ U�� U�� � � � �� 7KH /58�VWDFN PRGHO >�@ DVVXPHV
WKDW WKH GLVWDQFH VWULQJ LV D VHTXHQFH RI LQGHSHQGHQW LGHQWLFDOO\ GLVWULEXWHG UDQGRP YDUL�
DEOHV ZLWK WKH SUREDELOLW\ PDVV IXQFWLRQ IDLJ
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)LJXUH �� $ /58 VWDFN XSGDWH� WKH SDJH DW GLVWDQFH � IURP WKH WRS LV UHIHUHQFHG DQG
EURXJKW WR WKH WRSPRVW SRVLWLRQ�

7KH GLVWULEXWLRQ IXQFWLRQ LV WKHQ
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:KLOH WKH GLVWDQFH VWULQJ LV DQ LQGHSHQGHQW SURFHVV LQ WKH /58 VWDFN PRGHO� WKH
FRUUHVSRQGLQJ UHTXHVW VWULQJ LV D GHSHQGHQW SURFHVV� ,Q VRPH FDVHV D ORFDOLW\ FRQGLWLRQ
D� w D� w � � � w DQ KDV EHHQ DGGHG WR WKH PRGHO� :KHQ WKLV FRQGLWLRQ LV LQ IRUFH� WKH
UHFHQWO\ UHIHUHQFHG SDJHV KDYH D KLJKHU SUREDELOLW\ RI EHLQJ UHIHUHQFHG DJDLQ�
7KH PRYHPHQW RI D WDJJHG SDJH WKURXJK WKH /58 VWDFN LV D GLVFUHWH SDUDPHWHU 0DUNRY

FKDLQ� 7KH SRVLWLRQ RI WKH SDJH LQ VWDFN VW�� LV GHWHUPLQHG E\ WKH QH[W UHTXHVW UW�� DQG WKH
SRVLWLRQ RI WKH SDJH LQ VWDFN VW� EXW QRW LWV SRVLWLRQ LQ SUHYLRXV VWDFNV� 7KH GLVWULEXWLRQ
RI WKH WLPH ; EHWZHHQ VXFFHVVLYH UHTXHVWV IRU WKH WDJJHG SDJH FDQ EH FDOFXODWHG EDVHG RQ
WKH WUDQVLWLRQ SUREDELOLWLHV� 2QH ZD\ LV WR XVH JHQHUDWLQJ IXQFWLRQV LQ DQ LWHUDWLYH PDQQHU
RQ WKH 0DUNRY FKDLQ �WKH GHWDLOV DUH RPLWWHG KHUH�� 7KH SUREDELOLW\ GLVWULEXWLRQ LV
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7KH nUVW IRUP� (T� ���� LV FRPSXWDWLRQDOO\ LPSUDFWLFDO �DQG HTXLYDOHQW WR WKH FRQYR�
OXWLRQ IRUP SUHVHQWHG LQ >�@� VLQFH WKH GHQRPLQDWRU FRQVLVWV RI D SURGXFW RI PDQ\ VPDOO
QXPEHUV� 7KH VHFRQG IRUP� (T� ���� LV LQWXLWLYHO\ XQGHUVWDQGDEOH DQG UHSUHVHQWV WKH VXP
RYHU DOO SRVVLEOH SDWKV VXFK WKDW WKH SDJH RQ WKH WRS RI WKH VWDFN DW WLPH W � LV UHIHUHQFHG
QH[W DW WLPH W  L� 7KH nUVW VXP LV RYHU WKRVH SRVLWLRQV ZKLFK DUH SRVVLEOH UHWXUQLQJ
SRLQWV WR WKH SRVLWLRQ �� 7KH VHFRQG SDUW LV WKH SUREDELOLW\ RI UHDFKLQJ WKH UHWXUQ SRLQW
DQG WKH WKLUG SDUW LV WKH SUREDELOLW\ RI WKH QHFHVVDU\ ORRSV� WKDW EULQJ WKH OHQJWK RI SDWK
WR L�
:KLOH WKH IRUP SUHVHQWHG LQ (T� ��� UHSUHVHQWV D SUDFWLFDO ZD\ WR FDOFXODWH WKH GLV�

WULEXWLRQ� WKH HDVLHVW ZD\ RI FDOFXODWLQJ WKH LQWHUUHIHUHQFH GLVWULEXWLRQ LV ZLWK D PDWUL[
IRUPXODWLRQ� &RQVLGHU WKH IROORZLQJ SDUWLWLRQ RI WKH WUDQVLWLRQ SUREDELOLW\ PDWUL[ 3 RI
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ZLWK WKH DLG RI WKHVH WKH VROXWLRQ IRU L ! � FDQ EH ZULWWHQ DV

3�;  L�  E7%Lb�D� L ! �� ����

,Q (T� ���� E7 UHSUHVHQWV WKH VWHS RI H[LWLQJ SRVLWLRQ �� %Lb� UHSUHVHQWV WKH Lb � VWHSV
EHWZHHQ WKH RWKHU SRVLWLRQV DQG D WKH UHWXUQ WR SRVLWLRQ � �VHH )LJXUH ���
,Q >�@ D VLPSOH H[SUHVVLRQ IRU WKH H[SHFWHG WLPH XQWLO WKH QH[W UHTXHVW IRU D SDJH

FXUUHQWO\ LQ D JLYHQ VWDFN SRVLWLRQ L LV JLYHQ DV

7 �L�  
Qb L� �

�b$Lb�

� IRU � � L � Q� ZLWK $�  �� ����

7KXV WKH H[SHFWDWLRQ IRU WKH LQWHUUHIHUHQFH LQWHUYDO LV 7 ���  Q�
*HQHUDOO\ WKH LQWHUUHIHUHQFH GLVWULEXWLRQ LV QRW JHRPHWULF� 7KH ORFDOLW\ FRQGLWLRQ D� w

D� w � � � w DQ LV UHoHFWHG LQ D VKDUSHU SHDN IRU VKRUW LQWHUYDOV DQG KHDYLHU WDLO IRU
ORQJHU LQWHUYDOV� $ QRWDEOH IHDWXUH RI WKH /58 PRGHO LV WKDW DOO SDJHV DUH VWDWLVWLFDOO\
LQGLVWLQJXLVKDEOH� 7KH LQWHUUHIHUHQFH WLPH GLVWULEXWLRQ LV WKH VDPH IRU DOO WKH SDJHV DQG
WKH SUREDELOLW\ GLVWULEXWLRQ RI HDFK SDJH LQ WKH VWDFN LV XQLIRUP� ,QGHHG� WKH ,50 ZLWK
LGHQWLFDO UHIHUHQFH SUREDELOLWLHV� nL  n� LV HTXLYDOHQW WR D /58 PRGHO ZLWK XQLIRUP
GLVWDQFH GLVWULEXWLRQ�
7KH RSWLPDO UHSODFHPHQW DOJRULWKP IRU WKH /58 VWDFN PRGHO LV /58 LWVHOI >�@� 7KH

DOJRULWKP NHHSV WKH VHW RI SDJHV FDFKHG WKDW KDYH WKH KLJKHVW UHIHUHQFH SUREDELOLWLHV EXW
DOVR LPSOHPHQWV WKH KHXULVWLF RI WKH H[SHFWHG IRUZDUG GLVWDQFH FULWHULRQ ZKHQ WKH ORFDOLW\
FRQGLWLRQ LV VDWLVnHG� 7KDW LV WR VD\� WKLV LV DOVR WKH VHW RI SDJHV ZLWK WKH VKRUWHVW H[SHFWHG
WLPHV XQWLO QH[W UHIHUHQFH�



� 5HQHZDO PRGHO

,Q WKH SUHYLRXV VHFWLRQV ZH VDZ WKDW WKH /58 VWDFN PRGHO KDV WKH GHVLUDEOH SURSHUW\ RI
ORFDOLW\ EXW� XQUHDOLVWLFDOO\� WKH PRGHO GRHV QRW PDNH DQ\ GLVWLQFWLRQ EHWZHHQ GLmHUHQW
SDJHV�� L�H� LQ WKH ORQJ UXQ HDFK SDJH LV UHIHUHQFHG ZLWK HTXDO IUHTXHQF\� 2Q WKH RWKHU
KDQG� LQ WKH ,50 GLmHUHQW SDJHV KDYH GLmHUHQW UHIHUHQFH SUREDELOLWLHV EXW WKHUH LV QR
ORFDOLW\ HmHFW� $V DQ DOWHUQDWLYH WR WKHVH PRGHOV� WKH UHQHZDO PRGHO� ZDV LQWURGXFHG LQ
>�@ DQG VXJJHVWHG LQ >�@�� 7KH UHQHZDO PRGHO DWWHPSWV WR FRPELQH EHVW IHDWXUHV RI WKH
,50 DQG /58 VWDFN PRGHO� WKH ORFDOLW\ SURSHUW\ DQG WKH GLmHUHQW EHKDYLRU RI GLmHUHQW
SDJHV�
7KH UHQHZDO PRGHO LV EHVW LQWURGXFHG LQ WKH FRQWH[W RI FRQWLQXRXV WLPH� ,W FDQ EH

YLHZHG DV D VLPSOH JHQHUDOL]DWLRQ RI WKH ,50 REWDLQHG E\ UHSODFLQJ WKH 3RLVVRQ DUULYDO
SURFHVVHV IRU HDFK SDJH E\ D PRUH JHQHUDO LQGHSHQGHQW UHQHZDO SURFHVVHV� )RU SDJH L
WKH LQWHUUHIHUHQFH WLPH LV DVVXPHG WR REH\ GLVWULEXWLRQ )L�W� �ZLWK SGI IL�W�� DQG WR EH
LQGHSHQGHQW RI RWKHU LQWHUUHIHUHQFH WLPHV RI SDJH L RU WKRVH RI RWKHU SDJHV�
)RU WKH FRQWLQXRV ,50� WKH SUREDELOLW\ RI UHIHUHQFLQJ VRPH SDJH L GXULQJ WKH VPDOO

WLPH LQWHUYDO cW LV FRQVWDQW DQG HTXDO WR nLcW� ,Q UHQHZDO WKHRU\ nL LV NQRZQ DV WKH
LQVWDQWDQHRXV UHQHZDO UDWH� LQ WKH SUHVHQW FDVH WKH WHUP LPPHGLDWH UHIHUHQFH GHQVLW\ �LUG�
LV ORJLFDO� :LWK H[SRQHQWLDOO\ GLVWULEXWHG LQWHUUHIHUHQFH LQWHUYDOV WKH LUG nL LV LQGHSHQGHQW
RI WKH FXUUHQW EDFNZDUG GLVWDQFH RI SDJH L� WKDW LV� WKH WLPH LQWHUYDO EHWZHHQ WKH ODVW
UHIHUHQFH WR SDJH L DQG WKH FXUUHQW WLPH� 7KH SULQFLSOH RI ORFDOLW\ LPSOLHV WKDW WKH ODUJHU
WKH FXUUHQW EDFNZDUG GLVWDQFH RI SDJH L� WKH VPDOOHU LWV UHIHUHQFH SUREDELOLW\� 7KH LUG nL
VKRXOG QRW EH FRQVWDQW EXW D GHFUHDVLQJ IXQFWLRQ RI WKH EDFNZDUG GLVWDQFH�
%\ GHnQLQJ WKH IRUP RI nL�W� WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ IL�W� DQG WKH FXPXODWLYH
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7KH H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH ZKHQ WLPH W KDV SDVVHG VLQFH WKH ODVW UHIHUHQFH
LV �VHH� H�J� >�@�
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,I SDJH L LV DVVXPHG WR KDYH WLPH WL VLQFH WKH ODVW UHIHUHQFH DQG D NQRZQ IRUP RI
LPPHGLDWH UHIHUHQFH GHQVLW\ nL�WL� RU LWV LQWHJUDO %L�WL� WKH H[SHFWHG WLPH XQWLO QH[W UHI�
HUHQFH FDQ EH FDOFXODWHG� 7KH SDJHV FDQ EH RUGHUHG DFFRUGLQJO\� $OWHUQDWLYHO\� WKH SDJHV



FRXOG EH RUGHUHG E\ WKHLU LPPHGLDWH UHIHUHQFH GHQVLW\� %RWK RUGHUV GHSHQG RQ WKH IRUP
RI WKH LPPHGLDWH UHIHUHQFH GHQVLWLHV DV ZHOO DV RQ WKH XSGDWHG WLPHV� VR WKH RUGHU RI WKH
XQUHIHUHQFHG SDJHV LV QRW QHFHVVDULO\ FRQVHUYHG� 7KLV PDNHV LW GLpFXOW WR GHWHUPLQH DQ
RSWLPDO UHSODFHPHQW SROLF\�
8VLQJ WKH nUVW UDQNLQJ RI H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH HPXODWHV WKH SRSXODU

KHXULVWLF RI UHSODFLQJ WKH SDJH ZLWK WKH ORQJHVW WLPH WLOO QH[W UHIHUHQFH� 7KH VHFRQG
UDQNLQJ� RUGHULQJ WKH SDJHV DFFRUGLQJ WR WKHLU UHIHUHQFH SUREDELOLWLHV� LV DQDORJRXV WR WKH
RSWLPDO SROLF\ RI WKH ,50 PRGHO� ,Q >�@ WKLV ZDV UHFRJQL]HG DV D UHDVRQDEOH DSSUR[LPD�
WLRQ WR RSWLPDOLW\ ZKHQ WKH UHVSHFWLYH RUGHU RI WKH SDJH UHIHUHQFH SUREDELOLWLHV LV VORZO\
YDU\LQJ�

� 5HSODFHPHQW DOJRULWKP DQG VLPXODWLRQ

,Q WKH IROORZLQJ ZH ZLOO FRQVWUXFW D SRVVLEOH ZD\ RI XWLOL]LQJ WKH UHQHZDO PRGHO� $IWHU
FRQVWUXFWLQJ D UHSODFHPHQW DOJRULWKP LWV HpFLHQF\ LV WHVWHG E\ D VLPSOH VLPXODWLRQ� ,Q
SDUWLFXODU� ZH DVVXPH WKDW WKH LQWHUUHIHUHQFH WLPHV REH\ WKH :HLEXOO GLVWULEXWLRQ

)L�W�  �b HbmLW
oL ����

ZLWK PHDQ

PL  
b��b �

oL
�

m
�
oL

L

� ����

7KH FRUUHVSRQGLQJ SUREDELOLW\ GHQVLW\ IXQFWLRQ IL�W� DQG LPPHGLDWH UHIHUHQFH GHQVLW\ nL�W�
DUH

IL�W�  mLoLW
oLb�HbmLW

oL � DQG nL�W�  mLoLW
oLb�� ����

7KH H[SRQHQWLDO GLVWULEXWLRQ FDQ EH YLHZHG DV D VSHFLDO FDVH RI WKH :HLEXOO GLVWULEXWLRQ
IRU ZKLFK nL  � PL DQG oL  ��
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ZKHUH WKH SDJH L KDV EHHQ UHIHUHQFHG N WLPHV ZLWK WKH REVHUYHG LQWHUUHIHUHQFH WLPHV
W�� W�� � � � � WN� :LWK WKLV HVWLPDWH DQG DQ HVWLPDWH RI WKH PHDQ �WKH DYHUDJH RI LQWHUUHIHUHQFH
WLPHV� ZH FDQ FDOFXODWH WKH UHIHUHQFH SUREDELOLW\ DQG H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH
QHHGHG IRU WKH LPSOHPHQWDWLRQ RI WKH WZR VWDFN DOJRULWKPV VXJJHVWHG HDUOLHU�
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5HDUUDQJH OLVW ZLWK WKH FKRVHQ NH\
$� H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH
%� UHIHUHQFH SUREDELOLW\

�� 5HPRYH

,I QHFHVVDU\ UHPRYH WKH SDJH � ZLWK
$� WKH ORQJHVW H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH
%� WKH VPDOOHVW UHIHUHQFH SUREDELOLW\

,Q RUGHU WR H[DPLQH WKH TXHVWLRQ RI WKH QHDU RSWLPDO VWDFN DOJRULWKP D VLPXODWHG FDFKH
ZLWK D UHTXHVW VWULQJ FRUUHVSRQGLQJ WR WKH UHQHZDO PRGHO ZDV FUHDWHG� ,Q WKH VLPXODWHG
FDVH HDFK RI WKH Q SDJHV KDG D :HLEXOO GLVWULEXWHG LQWHUUHIHUHQFH WLPHV ZLWK D FRPPRQ
SDUDPHWHU o� 7KH PHDQV ZHUH FKRVHQ IURP D XQLIRUP GLVWULEXWLRQ �VLQFH o LV D FRQVWDQW�
WKLV DOVR VHWV WKH YDOXHV RI WKH mL�� 7KH LQLWLDO YDOXHV m�

�L� DQG 7�
�L� ZHUH FKRVHQ DV

WKH DYHUDJH RI WKH SDUDPHWHU YDOXHV RI WKH FUHDWHG SDJH SRSXODWLRQ� 7KH WLPHV RI nUVW
UHIHUHQFHV ZHUH JHQHUDWHG IURP WKH IRUZDUG UHFXUUHQFH WLPH GLVWULEXWLRQ�
7KH SDJH SRSXODWLRQ VL]H XVHG ZDV ��� DQG WKH OHQJWK RI WKH UHTXHVW VWULQJ �����

&DFKH VL]HV UDQJHG IURP � WR �� SDJHV� (DFK RI WKH DOJRULWKPV FRPSDUHG XVHG D GLmHUHQW
NH\ WR DUUDQJH WKH SDJHV LQWR D VWDFN� 7KH NH\V FRPSDUHG ZHUH

q QXPEHU RI UHIHUHQFHV

q WLPH VLQFH ODVW UHIHUHQFH �UHDO WLPH QRW YLUWXDO�

q PHDQ RI LQWHUUHIHUHQFH WLPHV

q UHIHUHQFH SUREDELOLW\ nL FDOFXODWHG ZLWK WKH DFWXDO mL

q H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH FDOFXODWHG ZLWK WKH PHDQ DQG DFWXDO mL

q DYHUDJH RI LQWHUUHIHUHQFH WLPHV

q UHIHUHQFH SUREDELOLW\ nL FDOFXODWHG ZLWK WKH HVWLPDWHG AmL

q H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH FDOFXODWHG ZLWK WKH DYHUDJH DQG HVWLPDWHG AmL

7KH UHVXOWV RI WKH VLPXODWLRQV ZHUH QRW TXLWH ZKDW ZDV H[SHFWHG� )LJXUH � VKRZV D
UHSUHVHQWDWLYH H[DPSOH� +LW UDWHV IRU WKH NH\V �WLPH VLQFH ODVW UHIHUHQFH� DQG �UHIHUHQFH
SUREDELOLW\� DUH VR FORVH WR HDFK RWKHU DV WR EH LQGLVWLQJXLVKDEOH� 1H[W EHVW LV WKH NH\
�H[SHFWHG WLPH� DQG WKH RUGHU RI WKH UHVW LV GHSHQGHQW RQ WKH FDFKH VL]H�

�7KLV FDQ EH WKH LQFRPLQJ SDJH ZKLFK LV UHDOO\ QRW FDFKHG DW DOO�
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)LJXUH �� 5HVXOWV RI D VLPXODWLRQ ZLWK UHQHZDO PRGHO UHTXHVW VWULQJV DQG VL[ GLmHUHQW
FDFKH VL]HV DQG HLJKW GLmHUHQW NH\V� e WLPH VLQFH ODVW UHIHUHQFH� " UHIHUHQFH SUREDELOLW\
n FDOFXODWHG ZLWK WKH DFWXDO m� 2 H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH FDOFXODWHG ZLWK WKH
PHDQ DQG DFWXDO m� p UHIHUHQFH SUREDELOLW\ n FDOFXODWHG ZLWK WKH HVWLPDWHG m� e DYHUDJH
RI LQWHUUHIHUHQFH WLPHV� d QXPEHU RI UHIHUHQFHV� � H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH
FDOFXODWHG ZLWK WKH DYHUDJH DQG HVWLPDWHG m� h PHDQ RI LQWHUUHIHUHQFH WLPHV

:LWK WKH SUREDELOLVWLF NH\V WKDW XVHG WKH DFWXDO SDUDPHWHU YDOXHV UHIHUHQFH SUREDELOLW\
DFKLHYHV FOHDUO\ EHWWHU UHVXOWV WKDQ WKH DOWHUQDWLYH H[SHFWHG WLPH XQWLO QH[W UHIHUHQFH� 7KH
UHVXOWV REWDLQHG ZLWK WKH HVWLPDWHG UHIHUHQFH SUREDELOLW\ DUH DOVR IDLUO\ JRRG� +RZHYHU
WLPH VLQFH ODVW UHIHUHQFH� ZKLFK UHTXLUHV QR HVWLPDWLRQ RU SULRU NQRZOHGJH SHUIRUPV EHWWHU
RU DV ZHOO DV DOO RI WKHVH�
,I LQGHHG WKH UHQHZDO PRGHO DQG :HLEXOO GLVWULEXWLRQ DUH GHVFULSWLYH RI WKH WUDpF�

WKHVH UHVXOWV LPSO\ WKDW LQVWHDG RI XVLQJ WKH VSHFLnF NH\V� HTXDOO\ JRRG UHVXOWV FDQ EH
DFKLHYHG ZLWK D VLPSOHU PRGHO�
,Q WKH VLPXODWLRQ WKH GDWD ZDV XSGDWHG DQG JDWKHUHG IRU DOO WKH SDJHV� ZKHWKHU WKH\

ZHUH LQ WKH FDFKH RU RXWVLGH� 7KLV LV QRW D RSWLRQ LQ UHDOLW\� 1RWDEO\ WKH KLW UDWHV IRU
WKH WKUHH EHVW NH\V ZHUH KLJK HYHQ IRU WKH VPDOOHVW FDFKH� LQGLFDWLQJ WKDW UHIHUHQFHV ZHUH
FRQFHQWUDWHG WR D VPDOO SDUW RI WKH SDJHV�

� &RQFOXVLRQV

6WDWLVWLFDO DUULYDO PRGHOV SURYLGH WKH RQO\ ZD\ WR H[DPLQH WKH SHUIRUPDQFH RI FDFKHV
DQDO\WLFDOO\� ,Q WKLV SDSHU ZH KDYH UHYLHZHG WKUHH EDVLF PRGHOV� :LWK VLPSOH PRGHOV VXFK
DV ,50 DQG /58 VWDFN PRGHO� VRPH DVSHFWV RI UHDOLW\ DUH QRW PRGHOHG EXW DQDO\WLFDO
UHVXOWV FDQ EH GHULYHG� 7KH UHQHZDO PRGHO� ZKLFK LV PRUH oH[LEOH� LV WRR FRPSOLFDWHG IRU
WKLV� 7KH VLPXODWLRQ VWXG\ SUHVHQWHG LQ WKLV SDSHU VKRZV WKDW LW GRHV QRW IROORZ WKH VDPH
UXOHV WKDW WKH PRUH EDVLF PRGHOV GR� 7KH KHXULVWLF RI NHHSLQJ LQ WKH FDFKH WKH SDJHV ZLWK
WKH KLJKHVW UHIHUHQFH SUREDELOLWLHV SHUIRUPV EHWWHU WKDQ WKH KHXULVWLF RI ORQJHVW H[SHFWHG
WLPHV XQWLO QH[W UHIHUHQFH�

5HIHUHQFHV
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>�@ 3�*� +DUULVRQ DQG 1�0� 3DWHO� 3HUIRUPDQFH 0RGHOOLQJ RI &RPPXQLFDWLRQ 1HWZRUNV
DQG &RPSXWHU $UFKLWHFWXUHV� $GGLVRQ�:HVOH\� �����

>�@ 5�/� 0DWWVRQ� -� *HVFHL� '�5� 6OXW] DQG ,�/� 7UDLJHU� (YDOXDWLRQ 7HFKQLTXHV IRU 6WRU�
DJH +LHUDUFKLHV� ,%0 6\VWHPV -RXUQDO� YRO� �� QR��� ����� SS� �������

>�@ +� 2SGHUEHFN DQG :�:� &KX� 7KH 5HQHZDO 0RGHO IRU 3URJUDP %HKDYLRU� 6LDP -RXU�
QDO RQ &RPSXWLQJ� YRO� �� QR� �� ����� SS� ��������

>�@ $�-� 6PLWK� $QDO\VLV RI WKH RSWLPDO� ORRN�DKHDG GHPDQG SDJLQJ DOJRULWKPV� 6LDP
-RXUQDO RQ &RPSXWLQJ� YRO� �� QR� �� ����� SS� ��������
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