
$Q ([DFW $OJRULWKP IRU &DOFXODWLQJ %ORFNLQJ
3UREDELOLWLHV LQ 0XOWLFDVW 1HWZRUNV

(HYD 1\EHUJ� -RUPD 9LUWDPR� DQG 6DPXOL $DOWR
/DERUDWRU\ RI 7HOHFRPPXQLFDWLRQV 7HFKQRORJ\

+HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\
3�2�%R[ ����� ),1������ +87� )LQODQG

�WK 2FWREHU ����

$EVWUDFW 7KH SDSHU GHDOV ZLWK WUHH�VWUXFWXUHG SRLQW�WR�PXOWLSRLQW QHWZRUNV� ZKHUH
XVHUV IURP LQnQLWH XVHU SRSXODWLRQV DW WKH OHDI QRGHV VXEVFULEH WR D YDULHW\ RI FKDQQHOV�
RmHUHG E\ RQH VRXUFH� 7KH XVHUV MRLQLQJ WKH QHWZRUN IRUP G\QDPLF PXOWLFDVW FRQQHF�
WLRQV WKDW VKDUH WKH QHWZRUN UHVRXUFHV� $Q H[DFW DOJRULWKP IRU FDOFXODWLQJ HQG�WR�HQG FDOO
EORFNLQJ SUREDELOLWLHV IRU G\QDPLF FRQQHFWLRQV LV GHYLVHG IRU WKLV PXOWLFDVW PRGHO� 7KH
DOJRULWKP LV EDVHG RQ WKH ZHOO�NQRZQ DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ
KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV� ZKHUH OLQN RFFXSDQF\ GLVWULEXWLRQV DUH DOWHU�
QDWHO\ FRQYROYHG DQG WUXQFDWHG� 7KH UHVRXUFH VKDULQJ RI PXOWLFDVW FRQQHFWLRQV UHTXLUHV
WKH PRGLnFDWLRQ RI WKH DOJRULWKP E\ XVLQJ D QHZ W\SH RI FRQYROXWLRQ� WKH 25�FRQYROXWLRQ�
7KH H[DFW DOJRULWKP IRU HQG�WR�HQG FDOO EORFNLQJ SUREDELOLWLHV HQDEOHV XV WR VWXG\ WKH DF�
FXUDF\ RI HDUOLHU UHVXOWV EDVHG RQ 5HGXFHG /RDG $SSUR[LPDWLRQ� 7KH PRGHO LV IXUWKHU
H[WHQGHG WR LQFOXGH EDFNJURXQG WUDpF� DOORZLQJ WKH DQDO\VLV RI QHWZRUNV FDUU\LQJ PL[HG
WUDpF H�J� PXOWLFDVW DQG XQLFDVW WUDpF�

.H\ZRUGV 0XOWLFDVW� EORFNLQJ� QHWZRUN� 25�FRQYROXWLRQ

� ,QWURGXFWLRQ

$ PXOWLFDVW WUDQVPLVVLRQ RULJLQDWHV DW D VRXUFH DQG� RSSRVHG WR D XQLFDVW WUDQVPLVVLRQ� LV
UHSOLFDWHG DW YDULRXV QHWZRUN QRGHV WR IRUP D WUHH�DQG�EUDQFK VWUXFWXUH� 7KH WUDQVPLVVLRQ
UHDFKHV PDQ\ GLmHUHQW HQG�XVHUV ZLWKRXW D VHSDUDWH WUDQVPLVVLRQ UHTXLUHG IRU HDFK XVHU�
$ PXOWLFDVW FRQQHFWLRQ KDV WKHUHIRUH D EDQGZLGWK VDYLQJ QDWXUH� %ORFNLQJ RFFXUV LQ D
QHWZRUN ZKHQ� GXH WR OLPLWHG FDSDFLW\� DW OHDVW RQH OLQN RQ WKH URXWH LV QRW DEOH WR DGPLW
D QHZ FDOO� 7UDGLWLRQDO PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV LQ WUHH�
VWUXFWXUHG QHWZRUNV H[LVW IRU XQLFDVW WUDpF� 'XH WR GLmHUHQW UHVRXUFH XVDJH� WKHVH PRGHOV
FDQQRW GLUHFWO\ EH XVHG IRU PXOWLFDVW QHWZRUNV ZKHUH UHTXHVWV IURP GLmHUHQW XVHUV DUULYH
G\QDPLFDOO\� 2QO\ UHFHQWO\� KDYH PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV
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�� ,QWURGXFWLRQ

LQ PXOWLFDVW QHWZRUNV EHHQ VWXGLHG�

7KH UHVHDUFK KDV PDLQO\ EHHQ IRFXVHG RQ EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW FDSDEOH
VZLWFKHV� .LP >�@ VWXGLHG EORFNLQJ SUREDELOLWLHV LQ D PXOWLUDWH PXOWLFDVW VZLWFK� 7KUHH
VWDJH VZLWFKHV DUH VWXGLHG E\ <DQJ DQG :DQJ >��@ DQG /LVWDQWL DQG 9HOWUL >�@� 6WDVLDN
DQG =ZLHU]\NRZVNL >��@ VWXGLHG EORFNLQJ LQ DQ $70 QRGH ZLWK PXOWLFDVW VZLWFKLQJ QRGHV
FDUU\LQJ GLmHUHQW PXOWL�UDWH WUDpF �XQLFDVW DQG PXOWLFDVW�� XVLQJ .DXIPDQ�5REHUWV UH�
FXUVLRQ DQG 5HGXFHG /RDG $SSUR[LPDWLRQ� $GPLVVLRQ FRQWURO DOJRULWKPV DUH VWXGLHG LQ
>��@� $OPHURWK DQG $PPDU >�@ LQYHVWLJDWHG 0XOWLFDVW JURXS EHKDYLRU LQ WKH 0XOWLFDVW
%DFNERQH �0%RQH�� )URP WKLV GDWD� WKH\ FRQFOXGHG WKDW LQWHUDUULYDO WLPHV DUH H[SRQHQ�
WLDOO\ GLVWULEXWHG ZKLOH PHPEHUVKLS GXUDWLRQ WLPHV DUH H[SRQHQWLDOO\ GLVWULEXWHG IRU VPDOO
QHWZRUNV DQG =LSI GLVWULEXWHG IRU ODUJHU QHWZRUNV� 7KH VWXG\ RI LQWHUVHVVLRQ GDWD VXJJHVWV
WKDW VLPXOWDQHRXV VHVVLRQV� ZKHUH D XVHU VXEVFULEHV WR PRUH WKDQ RQH FKDQQHO� RFFXU� EXW
QRW IUHTXHQWO\�

&KDQ DQG *HUDQLRWLV >�@ KDYH VWXGLHG EORFNLQJ GXH WR nQLWH FDSDFLW\ LQ QHWZRUN OLQNV�
7KH\ IRUPXODWHG D FORVHG IRUP H[SUHVVLRQ IRU WLPH EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN
WUDQVPLWWLQJ OD\HUHG YLGHR VLJQDOV� 7KH PRGHO LV D PXOWLSRLQW�WR�PXOWLSRLQW PRGHO� 7KH
QHWZRUN FRQVLVWV RI VHYHUDO YLGHR VRXUFHV� ZKHUH HDFK VRXUFH QRGH FDQ DOVR DFW DV D UHFHLYHU�
7KH YLGHR VLJQDOV DUH FRGHG LQWR GLmHUHQW OD\HUV GHnQLQJ WKH TXDOLW\ RI WKH YLGHR VLJQDO
UHFHLYHG E\ WKH XVHU� 7KH WUDpF FODVV LV GHnQHG E\ WKH WULSOHW� SK\VLFDO SDWK� VRXUFH QRGH�
DQG FODVV RI YLGHR TXDOLW\� 7KH EHKDYLRU RI HDFK XVHU LV PRGHOHG DV D WZR VWDWH 0DUNRY
FKDLQ� ZLWK XQLTXH WUDQVLWLRQ UDWHV GHnQHG IRU HDFK WUDpF FODVV WULSOHW�

.DUYR HW DO� >�@ DQG >�@ VWXGLHG EORFNLQJ LQ D SRLQW�WR�PXOWLSRLQW QHWZRUN ZLWK RQO\ RQH
VRXUFH QRGH� 7KH VRXUFH LV FDOOHG WKH VHUYLFH FHQWHU DQG LW FDQ RmHU D YDULHW\ RI FKDQQHOV�
H�J� 79�FKDQQHOV� 7KH XVHUV VXEVFULELQJ WR WKH QHWZRUN PD\ MRLQ DQG OHDYH WKH FKDQQHO
DW DQ\ WLPH� 7KH EHKDYLRU RI WKH XVHU SRSXODWLRQ GHnQHV WKH VWDWH SUREDELOLWLHV DW WKH
OLQNV RI WKH WUHH�VWUXFWXUHG QHWZRUN� 7KH XVHU SRSXODWLRQ LV DVVXPHG LQnQLWH DQG WKH
UHTXHVWV WR MRLQ WKH QHWZRUN DUULYH DV IURP D 3RLVVRQ SURFHVV� 7KH PRGHO VWXGLHG LQ >�@
FRQVLGHUHG WKH PRGHO LQ D VLPSOLnHG FDVH ZKHUH DOO EXW RQH OLQN LQ D QHWZRUN KDYH LQnQLWH
FDSDFLW\� 7KH\ GHULYHG DQ H[DFW DOJRULWKP WR FDOFXODWH ERWK WKH FKDQQHO DQG FDOO EORFNLQJ
SUREDELOLW\ LQ WKLV VLPSOLnHG FDVH� ([WHQGLQJ WKH PRGHO WR WKH ZKROH QHWZRUN ZDV GRQH
RQO\ DSSUR[LPDWHO\ LQ >�@� ZKHUH HQG�WR�HQG EORFNLQJ SUREDELOLWLHV DUH HVWLPDWHG XVLQJ WKH
5HGXFHG /RDG $SSUR[LPDWLRQ �5/$� DSSURDFK�

7KH SUHVHQW VWXG\ H[WHQGV WKH VLQJOH OLQN FDVH GLVFXVVHG LQ >�@ DQG >�@ WR D PDWKHPDWLFDO
PRGHO IRU D PXOWLFDVW QHWZRUN ZLWK DQ\ QXPEHU RI nQLWH OLQNV� 7KH QHWZRUN PRGHO
UHPDLQV DV D SRLQW�WR�PXOWLSRLQW PRGHO� DOORZLQJ WKH IRUPXODWLRQ RI DQ H[DFW DOJRULWKP�
ZKLFK LQ WKH FDVH RI PXOWLSOH VRXUFHV ZRXOG EH WRR FRPSOH[� 7KH H[DFW DOJRULWKP LV
EDVHG RQ WKH ZHOO�NQRZQ DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO
PXOWLVHUYLFH DFFHVV QHWZRUNV� ZKHUH OLQN RFFXSDQF\ GLVWULEXWLRQV DUH DOWHUQDWHO\ FRQYROYHG
DQG WUXQFDWHG� 7KH UHVRXUFH VKDULQJ RI PXOWLFDVW FRQQHFWLRQV UHTXLUHV WKH PRGLnFDWLRQ
RI WKH DOJRULWKP E\ XVLQJ D QHZ W\SH RI FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� 7KH H[DFW
DOJRULWKP IRU HQG�WR�HQG FDOO EORFNLQJ SUREDELOLWLHV HQDEOHV XV WR VWXG\ WKH DFFXUDF\ RI
HDUOLHU UHVXOWV EDVHG RQ 5/$� 7KH PRGHO LV IXUWKHU H[WHQGHG WR LQFOXGH EDFNJURXQG WUDpF�
DOORZLQJ WKH DQDO\VLV RI QHWZRUNV FDUU\LQJ PL[HG WUDpF H�J� PXOWLFDVW DQG XQLFDVW WUDpF�

�



�� 6LQJOH OLQN PRGHO

7KLV SDSHU FRQWLQXHV E\ SUHVHQWLQJ� LQ VHFWLRQ �� WKH VLQJOH OLQN PRGHO RI .DUYR HW DO�
6RPH RI WKH H[SUHVVLRQV JLYHQ LQ WKH SDSHU >�@ DUH IRUPXODWHG LQ D QHZ ZD\� 7KH PDLQ
UHVXOWV RI WKLV SDSHU DUH SUHVHQWHG LQ VHFWLRQ �� ZKLFK LV GLYLGHG LQWR nYH SDUWV� )LUVW� WKH
QRWDWLRQ LV SUHVHQWHG� 6HFRQGO\� WKH PRGHO IRU D QHWZRUN ZLWK LQnQLWH OLQN FDSDFLWLHV LV
SUHVHQWHG DQG WKLUGO\� WKH 25�FRQYROXWLRQ XVHG WR FRQYROYH PXOWLFDVW VWDWH GLVWULEXWLRQV
LQ WUHH QHWZRUNV LV LQWURGXFHG� 7KHQ� DQ H[SUHVVLRQ IRU WKH FDOO EORFNLQJ SUREDELOLW\ LQ
D QHWZRUN ZLWK DQ\ QXPEHU RI nQLWH OLQNV LV JLYHQ DQG nQDOO\� WKH DOJRULWKP WR FDOFXODWH
WKH FDOO EORFNLQJ SUREDELOLW\ LV LQWURGXFHG� ,Q VHFWLRQ �� FRPSDULVRQV EHWZHHQ WKH H[DFW
VROXWLRQ DQG 5HGXFHG /RDG $SSUR[LPDWLRQ DUH FDUULHG WKURXJK� 7KH QHWZRUN PRGHO LV
H[WHQGHG WR LQFOXGH QRQ�PXOWLFDVW WUDpF DV EDFNJURXQG WUDpF LQ VHFWLRQ �� 7KH SDSHU LV
FRQFOXGHG LQ VHFWLRQ ��

� 6LQJOH OLQN PRGHO

,Q WKLV VHFWLRQ� ZH UHYLHZ WKH SRLQW�WR�PXOWLSRLQW PRGHO IRU D G\QDPLF PXOWLFDVW QHWZRUN
ZLWK DQ LQnQLWH XVHU SRSXODWLRQ SUHVHQWHG LQ >�@� $ VLQJOH VRXUFH RmHUV D YDULHW\ RI
FKDQQHOV� EHORQJLQJ WR WKH VHW ,� 6XEVFULSWLRQV WR FKDQQHO L � , DUULYH DFFRUGLQJ WR D
3RLVVRQ SURFHVV ZLWK LQWHQVLW\ wL� 7KH FKDQQHO L LV FKRVHQ LQGHSHQGHQWO\ DFFRUGLQJ WR D
SUHIHUHQFH SUREDELOLW\ mL� 7KH RmHUHG WUDpF LQWHQVLW\ IRU D PXOWLFDVW FKDQQHO L LV WKHQ
DL  wL xL  mLw xL� ZKHUH � xL LV WKH DYHUDJH KROGLQJ WLPH RI FKDQQHO L DQG LV JHQHUDOO\
GLVWULEXWHG� ,W LV VKRZQ LQ >�@ WKDW LQ D PXOWLFDVW QHWZRUN ZLWK DOO OLQNV KDYLQJ LQnQLWH
FDSDFLW\� WKH GLVWULEXWLRQ RI WKH QXPEHU RI XVHUV VLPXOWDQHRXVO\ FRQQHFWHG WR FKDQQHO L
LV WKH GLVWULEXWLRQ RI WKH QXPEHU RI FXVWRPHUV LQ DQ 0 * � TXHXH� 7KH SUREDELOLW\ RI
KDYLQJ FKDQQHO L RQ LV WKH SUREDELOLW\ WKDW DW OHDVW RQH XVHU VXEVFULEHV WR FKDQQHO L DQG
LV WKHUHIRUH�

SL  �b HbDL � ���

:KHQ WKH OLQN FDSDFLW\ LV UHVWULFWHG� EORFNLQJ RFFXUV� 7R FDOFXODWH WKHVH EORFNLQJ SURE�
DELOLWLHV� .DUYR HW DO� >�@ FRQVLGHUHG WKH FDVH ZKHUH RQO\ RQH OLQN KDV nQLWH FDSDFLW\ DQG
DOO RWKHU OLQNV LQ WKH QHWZRUN KDYH LQnQLWH FDSDFLW\� 7KH EORFNLQJ SUREDELOLW\ LV GLYLGHG
LQWR WKUHH W\SHV� FKDQQHO EORFNLQJ %F

L � FDOO EORFNLQJ E
F
L � DQG WLPH EORFNLQJ E

W
L� 7KH FKDQQHO

EORFNLQJ SUREDELOLW\ LV WKH SUREDELOLW\ WKDW DQ DWWHPSW WR WXUQ FKDQQHO L RQ IDLOV GXH WR
WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN� &KDQQHO EORFNLQJ FDQ WKHUHIRUH RFFXU RQO\� LI WKH
FKDQQHO LV LGOH� &DOO EORFNLQJ RFFXUV ZKHQ D XVHU LV QRW DEOH WR VXEVFULEH WR FKDQQHO L�
&DOO DQG FKDQQHO EORFNLQJ DUH GLmHUHQW DV D VXEVFULSWLRQ WR D FKDQQHO LV DOZD\V DFFHSWHG
LI WKH FKDQQHO LV DOUHDG\ DFWLYH� 7LPH EORFNLQJ SUREDELOLW\ RI FKDQQHO L LV GHnQHG DV WKH
SUREDELOLW\ WKDW DW DQ DUELWUDU\ LQVWDQW WKH OLQN LV QRW DEOH WR DFFHSW D UHTXHVW IRU FKDQQHO
L� L�H� WKH FKDQQHO LV Rm DQG DW OHDVW &bGL�� FDSDFLW\ XQLWV DUH RFFXSLHG� +HUH GL GHQRWHV
WKH FDSDFLW\ UHTXLUHPHQW RI FKDQQHO L�

.DUYR HW DO� GHGXFH WKDW ZKHQ WKH FDSDFLW\ RI WKH OLQN LV UHVWULFWHG� WKH PHDQ OHQJWK RI
DQ Rm�SHULRG RI FKDQQHO L LV

7L�Rm  
�

wL��b%F
L �

DQG WKH DYHUDJH WLPH WKH FKDQQHO LV RQ LV WKH VDPH DV WKH DYHUDJH RQ�SHULRG IRU D OLQN

�



�� 6LQJOH OLQN PRGHO

ZLWK LQnQLWH FDSDFLW\

7L�RQ  
SL

��b SL�wL
�

.DUYR HW DO� JLYH DQ H[SUHVVLRQ IRU WKH FDOO EORFNLQJ LQ D nQLWH OLQN� ZKLFK E\ LQVHUWLQJ
HTXDWLRQ ��� LQWR WKH RULJLQDO H[SUHVVLRQ JLYHQ LQ >�@ FDQ EH UHZULWWHQ DV
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F
L
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7KH HTXDWLRQ FRQnUPV WKDW FKDQQHO EORFNLQJ SUREDELOLW\ HTXDOV FDOO EORFNLQJ SUREDELOLW\
XSRQ FRQGLWLRQ WKDW WKH FKDQQHO LV Rm� DV LQ WKH nQLWH V\VWHP WKH SUREDELOLW\ WKDW WKH
FKDQQHO LV Rm LV

7L�Rm
7L�RQ � 7L�Rm
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.DUYR HW DO� >�@ SURFHHG LQ GHULYLQJ DQ H[SUHVVLRQ IRU WKH FKDQQHO EORFNLQJ SUREDELOLW\ %F
L

RI FKDQQHO L� 7KH\ REVHUYH WKDW FKDQQHO EORFNLQJ LQ WKH RQH nQLWH OLQN FDVH LV HTXDO WR
WKH FDOO EORFNLQJ LQ D FHUWDLQ JHQHUDOL]HG (QJVHW V\VWHP� WKDW LV D 0 * & & , TXHXH�
7KXV� WKH FKDQQHO EORFNLQJ SUREDELOLW\ %F

L LV HTXDO WR WKH WLPH EORFNLQJ SUREDELOLW\ EWL LQ
D V\VWHP ZKHUH FKDQQHO L LV UHPRYHG�

%F
L  

3&
M &bGL�� {M

�L�

3&
M � {M

�L�
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ZKHUH {
�L�
M LV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ RI D V\VWHP ZLWK FKDQQHO L UHPRYHG�

$Q DOWHUQDWLYH ZD\ RI FDOFXODWLQJ WKH FDOO EORFNLQJ SUREDELOLW\ LV FDOFXODWLQJ WKH WLPH
EORFNLQJ SUREDELOLW\ RI WKH ZKROH V\VWHP�

EWL  

3&
M &bGL��

{M
�[L ��

3&
M � {M

� ���

ZKHUH {M LV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ IRU DQ LQnQLWH V\VWHP DQG {
�[L ��
M LV WKH OLQN

RFFXSDQF\ GLVWULEXWLRQ UHVWULFWHG WR WKH VWDWHV ZLWK FKDQQHO L Rm�

{
�[L ��
M  

;
[cG M�[L �

{�[�  ��b SL�{
�L�
M � ���

ZKHUH G  �GL� L � ,�� 7KH ODVW H[SUHVVLRQ VWHPV IURP WKH SURGXFW IRUP RI WKH OLQN
RFFXSDQF\ GLVWULEXWLRQ {M� 6LPLODUO\� WKH OLQN RFFXSDQF\ GLVWULEXWLRQ {M LQ WHUPV RI WKH

OLQN RFFXSDQF\ GLVWULEXWLRQ {
�L�
M LV

{M  ��b SL�{
�L�
M � SL{

�L�
MbGL

� ���

%HFDXVH RI 3RLVVRQ DUULYDOV� WKH WLPH EORFNLQJ DQG WKH FDOO EORFNLQJ SUREDELOLWLHV IRU WKH
ZKROH V\VWHP DUH HTXDO� 7KLV FDQ DOVR EH YHULnHG E\ LQYHVWLJDWLQJ HTXDWLRQV ��� WKURXJK
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�� 1HWZRUN PRGHO

��� DQG UHZULWLQJ WKH H[SUHVVLRQV IRU {
�[L ��
M DQG {M ZLWK WKH KHOS RI HTXDWLRQV ��� DQG ����

EWL  

3&
M &bGL��

{M
�[L ��

3&
M � {M

 
��b SL�

3&
M &bGL��

{M
�L�

��b SL�
3&

M � {
�L�
M � SL

3&bGL
M � {

�L�
M

 
��b SL�

3&
M &bGL��

{M
�L�

��b SL�
3&

M � {
�L�
M � SL�

3&
M � {

�L�
M b3&

M &bGL��
{
�L�
M �

 
��b SL�%

F
L

�b SL � SL��b%F
L �
 
��b SL�%

F
L

�b SL%F
L

 EFL �

(TXDWLRQ ��� LV FRPSXWDWLRQDOO\ PRUH FRQYHQLHQW ZKHQ FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV
IRU GLmHUHQW WUDpF FODVVHV� DV WKH GHQRPLQDWRU GRHV QRW KDYH WR EH FDOFXODWHG DQHZ IRU
HDFK WUDpF FODVV�

� 1HWZRUN PRGHO

7KLV VHFWLRQ LV GLYLGHG LQWR nYH SDUWV� WKH QRWDWLRQ XVHG� WKH PRGHO IRU WKH QHWZRUN ZLWK
LQnQLWH OLQN FDSDFLWLHV� WKH 25�FRQYROXWLRQ� WKH H[SUHVVLRQ IRU EORFNLQJ SUREDELOLWLHV� DQG
WKH DOJRULWKP WR FDOFXODWH FDOO EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN�

��� 1RWDWLRQ

7KH QRWDWLRQ XVHG WKURXJKRXW WKLV SDSHU LV DV IROORZV� 7KH VHW RI DOO OLQNV LV GHQRWHG E\
- � /HW 8 | - GHQRWH WKH VHW RI OHDI OLQNV� 7KH OHDI OLQN DQG XVHU SRSXODWLRQ EHKLQG WKH
OHDI OLQN LV GHQRWHG E\ X � 8  I�� ���� 8J� 7KH VHW RI OLQNV RQ WKH URXWH IURP OHDI OLQN X WR
WKH VRXUFH LV GHQRWHG E\ 5X� 7KH VHW RI OLQNV GRZQVWUHDP OLQN M � - LQFOXGLQJ OLQN M LV
GHQRWHG E\0M� ZKLOH WKH VHW RI GRZQVWUHDP OLQNV WHUPLQDWLQJ DW OLQN M � - DUH GHQRWHG
E\ 1M� 7KH VHW RI XVHU SRSXODWLRQV GRZQVWUHDP OLQN M LV GHQRWHG E\ 8M� 7KH VHW RI
FKDQQHOV RmHUHG E\ WKH VRXUFH LV ,� ZLWK FKDQQHO L  �� ��� ,� /HW G  IGL� L � ,J� ZKHUH GL
LV WKH FDSDFLW\ UHTXLUHPHQW RI FKDQQHO L� +HUH ZH DVVXPH WKDW WKH FDSDFLW\ UHTXLUHPHQWV
GHSHQG RQO\ RQ WKH FKDQQHO� EXW OLQN GHSHQGHQFLHV FRXOG DOVR EH LQFOXGHG LQWR WKH PRGHO�
7KH FDSDFLW\ RI WKH OLQN M LV GHQRWHG E\ &M� 7KH GLmHUHQW VHWV DUH VKRZQ LQ nJXUH ��

��� 1HWZRUN ZLWK LQnQLWH OLQN FDSDFLWLHV

:H nUVW FRQVLGHU D QHWZRUN ZLWK DOO OLQNV KDYLQJ LQnQLWH FDSDFLW\� 6XEVFULSWLRQV WR FKDQQHO
L EHKLQG OHDI OLQN X DUULYH IURP DQ LQnQLWH XVHU SRSXODWLRQ DV IURP D 3RLVVRQ SURFHVV ZLWK
LQWHQVLW\ wX�L  mLwX� ZKHUH mL LV JHQHUDWHG IURP D SUHIHUHQFH GLVWULEXWLRQ IRU FKDQQHO L
DQG wX LV WKH DUULYDO LQWHQVLW\ IRU XVHU SRSXODWLRQ X� 7KH FKDQQHO KROGLQJ WLPH LV DVVXPHG
WR EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQ � xL� ,Q DGGLWLRQ ZH GHQRWH WKH WUDpF LQWHQVLW\
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)LJXUH �� $Q H[DPSOH QHWZRUN WR VKRZ WKH QRWDWLRQ XVHG�

DX�L  mLwX xL� /HW WKH SDLU �X� L� � 8 d , GHQRWH D WUDpF FODVV DOVR FDOOHG D FRQQHFWLRQ�
7KH FRQQHFWLRQ VWDWH� ZKLFK PD\ EH Rm RU RQ� LV GHQRWHG E\ ;X�L � I�� �J� 7KH VWDWH
SUREDELOLW\ IRU D FRQQHFWLRQ� DFFRUGLQJ WR WKH 0 * � PRGHO� LV

{X�L�[X�L�  3 �;X�L  [X�L�  �SX�L�
[X�L��b SX�L�

�b[X�L �

ZKHUH SX�L  �b HbDX�L �

,Q WKH LQnQLWH OLQN FDSDFLW\ FDVH� DOO FRQQHFWLRQV DUH LQGHSHQGHQW RI HDFK RWKHU� )RU OHDI
OLQN X� WKH VWDWH SUREDELOLW\ KDV D SURGXFW IRUP DQG LV

{X�[X�  3 �;X  [X�  
<
L�,

{X�L�[X�L��

ZKHUH ;X  �;X�L� L � ,� � 6 LV WKH VWDWH YHFWRU IRU WKH OHDI OLQN� DQG 6  I�� �J, GHQRWHV
WKH OLQN VWDWH VSDFH�

7KH OHDI OLQN VWDWHV MRLQWO\ GHnQH WKH QHWZRUN VWDWH ;�

;  �;X� X � 8�  �;X�L� X � 8 � L � ,� � l� ���

ZKHUH l  I�� �J8d, GHQRWHV WKH QHWZRUN VWDWH VSDFH� )RU WKH ZKROH QHWZRUN� WKH VWDWH
SUREDELOLW\ LV

{�[�  3 �;  [�  
<
X�8

{X�[X��

DV HDFK XVHU SRSXODWLRQ LV LQGHSHQGHQW RI HDFK RWKHU�

��� 25�FRQYROXWLRQ

7KH OHDI OLQN VWDWH GLVWULEXWLRQV MRLQWO\ GHnQH WKH QHWZRUN VWDWH GLVWULEXWLRQ� DV ZDV
VKRZQ LQ WKH SUHYLRXV VHFWLRQ� ,Q RUGHU WR FDOFXODWH WKH OLQN VWDWH GLVWULEXWLRQV LQ D WUHH�
VWUXFWXUHG QHWZRUN D FRQYROXWLRQ RSHUDWLRQ LV QHHGHG� 7KH UHVRXUFH VKDULQJ FKDUDFWHULVWLF
RI PXOWLFDVW WUDpF UHTXLUHV D QHZ W\SH RI FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� &RQVLGHU WZR
GRZQVWUHDP OLQNV V� W � 1Y WHUPLQDWLQJ DW OLQN Y� ZKHUH V� W� Y � - � &KDQQHO L LV LGOH LQ
OLQN Y LI LW LV LGOH LQ ERWK OLQNV V DQG W DQG DFWLYH LQ DOO RWKHU FDVHV� ZKLFK LV HTXLYDOHQW WR
WKH ELQDU\ 25�RSHUDWLRQ� ,Q RWKHU ZRUGV� IRU \V�\W � 6

\Y  \V j \W � 6� ���

�



��� %ORFNLQJ SUREDELOLWLHV LQ D QHWZRUN ZLWK nQLWH OLQN FDSDFLWLHV

ZKHUH WKH YHFWRU RSHUDWRU j GHQRWHV WKH 25�RSHUDWLRQ WDNHQ FRPSRQHQWZLVH� 7KH 25�
FRQYROXWLRQ� GHQRWHG E\ l� LV WKHQ WKH RSHUDWLRQ�

>IV l IW@�\Y�  
;

\Vj\W \Y

IV�\V�IW�\W�

GHnQHG IRU DQ\ GLVWULEXWLRQV IV DQG IW�

,Q D PXOWLFDVW OLQN� WKH OLQN VWDWH GHSHQGV RQ WKH XVHU VWDWHV GRZQVWUHDP WKH OLQN� ,I
D FKDQQHO LV LGOH LQ DOO OLQNV GRZQVWUHDP OLQN M LW LV Rm LQ OLQN M DQG LQ DOO RWKHU FDVHV
WKH FKDQQHO LV DFWLYH� 7KH 25�RSHUDWLRQ RQ WKH QHWZRUN VWDWH JLYHV WKH OLQN VWDWH <M  
�<M�L� L � ,� � 6� M � - DV D IXQFWLRQ RI WKH QHWZRUN VWDWH�

<M  JM�;�  
0
N�8M

;N�

6LPLODUO\� WKH 25�FRQYROXWLRQ RQ WKH QHWZRUN VWDWH GLVWULEXWLRQ JLYHV WKH OLQN VWDWH GLV�
WULEXWLRQ� 7KXV� WKH VWDWH SUREDELOLW\� GHQRWHG E\ }M�\M�� IRU \M � 6� LV HTXDO WR

}M�\M�  3 �<M  \M�  >
2
N�8M

{N@�\M�  

�!!�
!!�

{M�\M� � LI M � 8
>
2
N�1M

}N@�\M� � RWKHUZLVH �

:KHQ ;  [ WKH RFFXSLHG FDSDFLW\ RQ WKH OLQN M LV G c JM�[��

��� %ORFNLQJ SUREDELOLWLHV LQ D QHWZRUN ZLWK nQLWH OLQN FDSDFL�
WLHV

:KHQ WKH FDSDFLWLHV RI RQH RU PRUH OLQNV LQ WKH QHWZRUN DUH nQLWH� WKH VWDWH VSDFHV GHnQHG
DERYH DUH WUXQFDWHG DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQV� 7KH QHWZRUN VWDWH ; GHnQHG
LQ HTXDWLRQ ��� LV UHSODFHG E\ WKH WUXQFDWHG QHWZRUN VWDWH a; � al� ZKHUH al GHQRWHV WKH
WUXQFDWHG VWDWH VSDFH

al  I[ � l M G c JM�[� � &M� �M � - J�

7KH LQVHQVLWLYLW\ >�@ DQG WUXQFDWLRQ SULQFLSOHV >�@ DSSO\ IRU WKLV SURGXFW IRUP QHWZRUN�
DQG IRU WKH WUXQFDWHG V\VWHP WKH VWDWH SUREDELOLWLHV RI WKH QHWZRUN GLmHU RQO\ E\ WKH
QRUPDOL]DWLRQ FRQVWDQW *�al�  

3
[�al {�[�� 7KH VWDWH SUREDELOLWLHV RI WKH WUXQFDWHG

V\VWHP DUH WKHUHIRUH

a{�[�  3 � a;  [�  
{�[�

*�al�
� IRU [ � al�

:KHQ WKH FDSDFLW\ RQ WKH OLQNV LV nQLWH� EORFNLQJ RFFXUV� 'XH WR 3RLVVRQ DUULYDOV� WKH
FDOO EORFNLQJ SUREDELOLW\ LV HTXDO WR WKH WLPH EORFNLQJ SUREDELOLW\ RI WKH V\VWHP� $ FDOO LQ
WUDpF FODVV �X� L� LV EORFNHG LI WKHUH LV QRW HQRXJK FDSDFLW\ LQ WKH QHWZRUN WR VHW XS WKH
FRQQHFWLRQ� 1RWH WKDW� RQFH WKH FKDQQHO LV DFWLYH RQ DOO OLQNV EHORQJLQJ WR WKH URXWH 5X

RI XVHU SRSXODWLRQ X� QR H[WUD FDSDFLW\ LV UHTXLUHG IRU D QHZ FRQQHFWLRQ� /HW XV GHnQH

�



��� 7KH DOJRULWKP

DQRWKHU WUXQFDWHG VHW alX�L | al ZLWK D WLJKWHU FDSDFLW\ UHVWULFWLRQ IRU OLQNV ZLWK FKDQQHO
L LGOH�

alX�L  I[ � l M G c
r
JM�[�j �HL�M�5X

�
s
� &M� �M � - J�

ZKHUH HL LV WKH ,�GLPHQVLRQDO YHFWRU FRQVLVWLQJ RI RQO\ ]HURHV H[FHSW IRU D RQH LQ WKH
LWK FRPSRQHQW DQG �M�5X

LV WKH LQGLFDWRU IXQFWLRQ HTXDO WR RQH IRU M � 5X DQG ]HUR
RWKHUZLVH� 7KLV VHW GHnQHV WKH VWDWHV ZKHUH EORFNLQJ GRHV QRW RFFXU ZKHQ XVHU X UHTXHVWV
D FRQQHFWLRQ WR FKDQQHO L� 7KH FDOO EORFNLQJ SUREDELOLW\ EFL IRU WUDpF FODVV �X� L� LV WKXV�

EFX�L  �b 3 � a; � alX�L�  �b *�alX�L�

*�al�
� ���

7KLV DSSURDFK UHTXLUHV FDOFXODWLQJ WZR VHWV RI VWDWH SUREDELOLWLHV� WKH VHW RI QRQ�EORFNLQJ
VWDWHV DSSHDULQJ LQ WKH QXPHUDWRU DQG WKH VHW RI DOORZHG VWDWHV DSSHDULQJ LQ WKH GHQRP�
LQDWRU RI HTXDWLRQ ����

$ PXOWLFDVW QHWZRUN LV D WUHH�W\SH QHWZRUN� DQG PXFK RI WKH WKHRU\ LQ FDOFXODWLQJ EORFNLQJ
SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV >�@ FDQ EH XVHG WR IRUPXODWH WKH
HQG�WR�HQG EORFNLQJ SUREDELOLW\ LQ D PXOWLFDVW QHWZRUN DV ZHOO�

��� 7KH DOJRULWKP

$V LQ WKH FDVH RI DFFHVV QHWZRUNV� WKH EORFNLQJ SUREDELOLW\ FDQ EH FDOFXODWHG E\ UHFXUVLYHO\
FRQYROYLQJ WKH VWDWH SUREDELOLWLHV RI LQGLYLGXDO OLQNV IURP WKH OHDI OLQNV WR WKH RULJLQ OLQN�
$W HDFK VWHS� WKH VWDWH SUREDELOLWLHV DUH WUXQFDWHG DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQ RI
WKH OLQN�

,Q RUGHU WR FDOFXODWH WKH GHQRPLQDWRU RI HTXDWLRQ ���� OHW XV GHnQH D QHZ VXEVHW a6M RI VHW
6�

a6M  I\ � 6MG c \ � &MJ� IRU M � - �

7KH FRUUHVSRQGLQJ WUXQFDWLRQ RSHUDWRU DFWLQJ RQ DQ\ GLVWULEXWLRQ I LV

7MI�\�  

��
�

I�\� � LI \ � a6M

� � RWKHUZLVH�
����

/HW
4M�\M�  3 �<M  \M�<N � a6N� �N � 0M�� IRU \M � 6� ����

,W IROORZV WKDW WKH 4M�\�
V FDQ EH FDOFXODWHG UHFXUVLYHO\�

4M�\�  

�!!�
!!�

7M{M�\� � LI M � 8
7M>

2
N�1M

4N@�\� � RWKHUZLVH�

1RWH WKDW� LI WKH FDSDFLW\ FRQVWUDLQW RI OLQN M � 0M LV UHOD[HG� WKHQ WKH EUDQFKHV WHUPL�
QDWLQJ DW OLQN M DUH LQGHSHQGHQW� DQG WKH MRLQWO\ UHTXHVWHG FKDQQHO VWDWH FDQ EH REWDLQHG
E\ WKH 25�FRQYROXWLRQ� 7KH HmHFW RI WKH nQLWH FDSDFLW\ &M RI OLQN M LV WKHQ MXVW WKH

�



��� 7KH DOJRULWKP

WUXQFDWLRQ RI WKH GLVWULEXWLRQ WR WKH VWDWHV IRU ZKLFK WKH UHTXHVWHG FDSDFLW\ LV QR PRUH
WKDQ &M�

7KH VWDWH VXP *�al� QHHGHG WR FDOFXODWH WKH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ��� LV HTXDO
WR

*�al�  
;
\�6

4-�\��

ZKHUH 4- LV WKH SUREDELOLW\ ���� UHODWHG WR WKH FRPPRQ OLQN M  - �

6LPLODUO\ IRU WKH QXPHUDWRU RI HTXDWLRQ ���� OHW a6X�L
M | a6M EH GHnQHG DV WKH VHW RI VWDWHV RQ

OLQN M WKDW GR QRW SUHYHQW XVHU X IURP FRQQHFWLQJ WR PXOWLFDVW FKDQQHO L� ,Q RWKHU ZRUGV

a6X�L
M  I\ � 6 M G c

r
\ j �HL�M�5X

�
s
� &MJ� IRU M � - � L � ,�

7KH WUXQFDWLRQ RSHUDWRU LV WKHQ

7 X�L
M I�\�  

��
�

I�\� � LI \ � a6X�L
M

� � RWKHUZLVH�
����

7KH QRQ�EORFNLQJ SUREDELOLW\ RI OLQN M LV

4X�L
M �\M�  3 �<M  \M�<N � a6X�L

M ��N � 0M�� IRU \M � 6� ����

6LPLODUO\� DV DERYH� LW IROORZV WKDW

4X�L
M �\�  

�!!�
!!�

7 X�L
M {M�\� � LI M � 8

7 X�L
M >

2
N�1M

4X�L
N @�\� � RWKHUZLVH�

7KH VWDWH VXP LQ WKH QXPHUDWRU RI HTXDWLRQ ��� LV WKHQ

*�alX�L�  
;
\�6

4X�L
- �\��

ZKHUH 4X�L
- LV WKH SUREDELOLW\ ���� UHODWHG WR WKH FRPPRQ OLQN M  - �

7KH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ��� LV WKHUHIRUH

EFX�L  �b
3

\�6 4
X�L
- �\�3

\�6 4-�\�
�

7KH VLQJOH OLQN PRGHO E\ .DUYR HW DO� LV D VSHFLDO FDVH RI WKH QHWZRUN PRGHO SUHVHQWHG�
KHQFH WKH VDPH UHVXOWV FDQ EH REWDLQHG XVLQJ WKH QHWZRUN DOJRULWKP�

7KH FRPSOH[LW\ RI WKH DOJRULWKP LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH QXPEHU RI FKDQQHOV� DV
WKH QXPEHU RI VWDWHV LQ WKH GLVWULEXWLRQV WR EH FRQYROYHG LV �, � 7KHUHIRUH WKH XVH RI 5/$
DV D FRPSXWDWLRQDOO\ VLPSOHU PHWKRG LV VWXGLHG�

�



�� &RPSDULVRQV EHWZHHQ WKH H[DFW PRGHO DQG 5/$

� &RPSDULVRQV EHWZHHQ WKH H[DFW PRGHO DQG 5/$

7KH FDOFXODWLRQ RI HQG�WR�HQG EORFNLQJ SUREDELOLWLHV IRU PXOWLFDVW QHWZRUNV ZDV GRQH DS�
SUR[LPDWHO\ LQ >�@ XVLQJ WKH 5/$�DOJRULWKP� 7KH n[HG SRLQW HTXDWLRQ XVHG WUHDWV HDFK
OLQN DV DQ LQGHSHQGHQW OLQN ZLWK nQLWH FDSDFLW\� 7KH n[HG SRLQW HTXDWLRQ LV EDVHG RQ
HTXDWLRQ ��� GHULYHG IRU WKH VLQJOH OLQN FDVH�

/L
M  EFL�VM�G� &M�� IRU L � , DQG M � - � ����

ZKHUH VM LV WKH WKLQQHG WUDpF LQWHQVLW\ YHFWRU VM  �VM�L� L � ,��
VM�L  

;
X�8M

DX�L
<

N�5XbIMJ

��b /L
N�� ����

:ULWLQJ HTXDWLRQ ���� LQ PDWUL[ IRUP JLYHV D n[HG SRLQW HTXDWLRQ 7 �/�  / IRU /  �/L
M��

)RU D PXOWLVHUYLFH QHWZRUN� WKH VROXWLRQ LV QRW DOZD\V XQLTXH VHH >�@� 6ROYLQJ WKH n[HG
SRLQW HTXDWLRQ JLYHV WKH FDOO EORFNLQJ SUREDELOLW\ IRU HDFK LQGLYLGXDO OLQN LQ WKH QHWZRUN�
8QGHU WKH LQGHSHQGHQFH DVVXPSWLRQ� WKH EORFNLQJ RI WKH WUDpF FODVV �X� L� LV

EFX�L  �b
<

N�5X

��b /L
N��

7KH H[DFW DOJRULWKP GHULYHG LQ WKH SUHYLRXV VHFWLRQ DOORZV XV WR VWXG\ WKH DFFXUDF\ RI
5/$� 7R WKLV HQG� ZH FRQVLGHU WKH H[DPSOH QHWZRUN GHSLFWHG LQ nJXUH �� 7KH nJXUH
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EE
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� �

� �
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X  �

X  �

X  �

X  ��

� �

� �

� �

)LJXUH �� 7KH H[DPSOH QHWZRUN XVHG WR FRPSDUH WKH H[DFW UHVXOW ZLWK WKH UHVXOW JLYHQ E\
WKH 5/$�DOJRULWKP�

VKRZV WKH WZR SRVVLEOH URXWHV LQ WKH QHWZRUN DQG WKH FDSDFLWLHV RI WKH OLQNV� 7KH OLQNV
DUH QXPEHUHG LQ WKH IROORZLQJ ZD\� 7KH OHDI OLQNV RI XVHU RQH KDYH X� M  �� WKH OHDI OLQNV
RI XVHU WZR KDYH X� M  �� WKH PLGGOH OLQN KDV M  �� DQG WKH FRPPRQ OLQN KDV M  ��
&RPSDULVRQV ZHUH PDGH EHWZHHQ WKH H[DFW VROXWLRQ DQG WKH 5/$�DOJRULWKP� 7KH QXPEHU
RI FKDQQHOV RmHUHG LV HLJKW� (DFK FKDQQHO UHTXLUHV RQH XQLW RI FDSDFLW\� 7KH FRPPRQ OLQN
LQ WKH QHWZRUN KDV D FDSDFLW\ RI VHYHQ XQLWV� $OO RWKHU OLQNV KDYH D FDSDFLW\ RI VL[ XQLWV�
7KH EORFNLQJ SUREDELOLWLHV DUH FDOFXODWHG IRU WKH OHDVW XVHG FKDQQHO XVLQJ D WUXQFDWHG
JHRPHWULF GLVWULEXWLRQ IRU WKH FKDQQHO SUHIHUHQFH

mL  
S��b S�Lb�

�b ��b S�,
�

ZLWK SDUDPHWHU S  ���� 7KH PHDQ KROGLQJ WLPH LV WKH VDPH IRU DOO FKDQQHOV� � x  ��
,Q DGGLWLRQ� WKH DUULYDO LQWHQVLW\ LV WKH VDPH IRU ERWK XVHU SRSXODWLRQV� wX  w DQG
FRQVHTXHQWO\� WKH WUDpF LQWHQVLW\ D  w x LV WKH VDPH IRU ERWK XVHU SRSXODWLRQV�

��



�� &RPSDULVRQV EHWZHHQ WKH H[DFW PRGHO DQG 5/$

7KH UHVXOWV DUH JLYHQ LQ WDEOH �� 7KH FRPSDULVRQ ZDV DOVR GRQH IRU PXOWLVHUYLFH WUDpF�
ZKHUH WKH FDSDFLW\ UHTXLUHPHQW LV RQH IRU RGG FKDQQHOV DQG WZR IRU HYHQ FKDQQHO QXPEHUV�
7KH FDSDFLW\ RI WKH FRPPRQ OLQN ZDV HOHYHQ XQLWV DQG WKRVH RI WKH RWKHU OLQNV ZHUH QLQH
XQLWV� 7KH UHVXOWV DUH JLYHQ LQ WDEOH ��

7DEOH �� &DOO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH ��

5RXWH� �X  �� 5RXWH� �X  ��

D ([DFW 5/$ HUURU ([DFW 5/$ HUURU
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �

7DEOH �� &DOO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH �� ZLWK FDSDFLW\ UHTXLUHPHQWV
FRGG  � DQG FHYHQ  ��

5RXWH� �X  �� 5RXWH� �X  ��

&KDQQHO D ([DFW 5/$ HUURU ([DFW 5/$ HUURU
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ � � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �
� ��� ������ ������ �� � ������ ������ �� �
� ��� ������ ������ �� � ������ ������ � �

7KH UHVXOWV FRQnUP WKH FRPSDULVRQV PDGH LQ >�@� 5/$�DOJRULWKP \LHOGV EORFNLQJ SURED�
ELOLWLHV RI WKH VDPH PDJQLWXGH DV WKH H[DFW PHWKRG� $V D UXOH� 5/$ JLYHV ODUJHU EORFNLQJ
YDOXHV IRU ERWK URXWHV� )RU URXWH �� 5/$ JLYHV JRRG UHVXOWV� 7KLV LV EHFDXVH WKH URXWH LV
YHU\ VKRUW� DQG WKH DVVXPSWLRQ RI LQGHSHQGHQFH EHWZHHQ WKH OLQNV LV QRW YLRODWHG VHYHUHO\�

��



�� ,QFOXGLQJ EDFNJURXQG WUDpF

� ,QFOXGLQJ EDFNJURXQG WUDpF

7KH QHWZRUNV FRQVLGHUHG XQWLO QRZ ZHUH DVVXPHG WR WUDQVIHU RQO\ PXOWLFDVW WUDpF� 7KH
PRGHO FDQ� KRZHYHU� EH H[WHQGHG WR FRYHU QHWZRUNV ZLWK PL[HG WUDpF� ,Q WKLV FDVH� WKH
QHWZRUN WUDQVIHUV� LQ DGGLWLRQ WR PXOWLFDVW WUDpF� QRQ�PXOWLFDVW WUDpF WKDW LV DVVXPHG
LQGHSHQGHQW RQ HDFK OLQN� 7KH GLVWULEXWLRQ GRHV QRW GHSHQG RQ WKH PXOWLFDVW WUDpF LQ
WKH OLQN DQG WKH WUDpF LQ WKH RWKHU OLQNV� 7KH QRQ�PXOWLFDVW WUDpF LQ OLQN M LV DVVXPHG
WR EH 3RLVVRQ ZLWK D WUDpF LQWHQVLW\ $M� 7KH FDSDFLW\ UHTXLUHPHQW LV HTXDO WR RQH XQLW
RI FDSDFLW\� 7KH OLQN RFFXSDQF\ GLVWULEXWLRQ RI WKH QRQ�PXOWLFDVW WUDpF LQ D OLQN ZLWK
LQnQLWH FDSDFLW\ LV WKXV�

TM�]�  
�$M�

]

]�
Hb$M � ����

7KH LQFOXVLRQ RI QRQ�PXOWLFDVW WUDpF DmHFWV RQO\ WKH WUXQFDWLRQ VWHS RI WKH DOJRULWKP
SUHVHQWHG LQ VHFWLRQ ���� 7KH VWDWH SUREDELOLWLHV DUH GHnQHG DV LQ VHFWLRQ �� 7KH VWDWH
SUREDELOLWLHV RI WKH OLQN VWDWHV WKDW UHTXLUH PRUH FDSDFLW\ WKDQ DYDLODEOH RQ WKH OLQN DUH VHW
WR ]HUR DV EHIRUH� +RZHYHU� WKH VWDWH SUREDELOLWLHV RI WKH VWDWHV WKDW VDWLVI\ WKH FDSDFLW\
UHVWULFWLRQ RI WKH OLQN DUH DOWHUHG� DV WKH DYDLODEOH FDSDFLW\ RQ WKH OLQN GHSHQGV RQ WKH
DPRXQW RI QRQ�PXOWLFDVW WUDpF RQ WKH OLQN� $QRWKHU ZD\ RI GHVFULELQJ WKH UHODWLRQVKLS
EHWZHHQ WKH WZR GLmHUHQW W\SHV RI WUDpF� LV WR FRQVLGHU WKHP DV WZR WUDpF FODVVHV LQ D
WZR GLPHQVLRQDO OLQN RFFXSDQF\ VWDWH VSDFH DV LV VKRZQ LQ nJXUH �� 7KH WUDpF FODVVHV
DUH LQGHSHQGHQW RI HDFK RWKHU� 7KH FDSDFLW\ RI WKH OLQN LV WKH OLQHDU FRQVWUDLQW RI WKLV
VWDWH VSDFH� :H QRWLFH WKDW WKH PDUJLQDO GLVWULEXWLRQ RI WKH FDSDFLW\ RFFXSDQF\ RI WKH
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)LJXUH �� 6KDSLQJ RI WKH PDUJLQDO GLVWULEXWLRQ RI WKH FDSDFLW\ RFFXSDQF\ ZKHQ EDFN�
JURXQG WUDpF LV LQFOXGHG LQ WKH PRGHO�

PXOWLFDVW WUDpF LV ZHLJKWHG E\ WKH VXPV RYHU WKH FROXPQV RI WKH RFFXSDQF\ SUREDELOLWLHV
RI WKH EDFNJURXQG WUDpF� ,I WKH PXOWLFDVW WUDpF RFFXSLHV F  G c \M XQLWV RI FDSDFLW\�
DQG WKH OLQN FDSDFLW\ LV &M� WKHQ SRVVLEOH QRQ�PXOWLFDVW WUDpF VWDWHV RQ WKH OLQN DUH WKRVH
ZLWK ] � &M b F� ZKHUH ] LV WKH QXPEHU RI QRQ�PXOWLFDVW FDOOV� 7KHUHIRUH� WKH WUXQFDWLRQ

��



��� 1XPHULFDO UHVXOWV

IXQFWLRQV SUHVHQWHG LQ HTXDWLRQV ���� DQG ���� PXVW EH UHSODFHG E\ WKH RSHUDWRUV
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7KH DOJRULWKP GLmHUV WKHUHIRUH RQO\ E\ WKH WUXQFDWLRQ IXQFWLRQ XVHG�
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7KH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ��� LV DJDLQ REWDLQHG E\ WZR VHULHV RI FRQYROXWLRQV
DQG WUXQFDWLRQV IURP WKH OHDI OLQNV WR WKH FRPPRQ OLQN - � 7KH FDOO EORFNLQJ SUREDELOLW\
RI WKH QHWZRUN LV
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��� 1XPHULFDO UHVXOWV

7KH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\ ZDV FDOFXODWHG XVLQJ WKH VDPH QHWZRUN DV LQ
VHFWLRQ �� nJXUH �� 7KH LQWHQVLW\ RI WKH QRQ�PXOWLFDVW WUDpF ZDV VHW WR $M  ��� IRU
DOO OLQNV� 7DEOH � VKRZV WKH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\ IRU D QHWZRUN ZLWK RQO\
PXOWLFDVW WUDpF DQG IRU D QHWZRUN WUDQVIHUULQJ PXOWLFDVW DQG QRQ�PXOWLFDVW WUDpF� 7DEOH �
VKRZV WKH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLWLHV ZKHQ WKH PXOWLFDVW WUDpF UHTXLUHV GRXEOH
WKH FDSDFLW\ FRPSDUHG WR WKH QRQ�PXOWLFDVW WUDpF�

7KH LQWHQVLW\ RI QRQ�PXOWLFDVW WUDpF VWD\V WKH VDPH� DV WKH LQWHQVLW\ RI WKH PXOWLFDVW
WUDpF LQFUHDVHV� &OHDUO\� WKH EORFNLQJ SUREDELOLWLHV DUH DmHFWHG OHVV� DV WKH LQWHQVLW\ RI
WKH PXOWLFDVW WUDpF LQFUHDVHV� 7KLV FDQ DOVR EH VHHQ E\ VWXG\LQJ WKH UHODWLYH FKDQJH LQ
EORFNLQJ SUREDELOLWLHV VKRZQ LQ WDEOHV � DQG �� 7KH HmHFW RI WKH QRQ�PXOWLFDVW WUDpF WR
WKH EORFNLQJ SUREDELOLW\ LV RI WKH VDPH PDJQLWXGH RQ ERWK URXWHV� )URP WDEOH � ZH VHH
WKDW DQ LQFOXVLRQ RI XQLFDVW WUDpF ZLWK RQH WHQWK WKH LQWHQVLW\ D  ��� RI WKH PXOWLFDVW
WUDpF DOPRVW GRXEOHV WKH EORFNLQJ SUREDELOLW\� )URP WDEOH � WKH EORFNLQJ SUREDELOLW\
LQFUHDVHV E\ D IDFWRU RI ���� ZKHQ WKH WUDpF LQWHQVLW\ D LV LQFUHDVHG IURP ��� WR ����
7KHVH WZR FDVHV DUH QRW HTXLYDOHQW DV WKH EDFNJURXQG WUDpF LV DVVXPHG LQGHSHQGHQW RI
WKH PXOWLFDVW WUDpF� EXW JLYH D JRRG UHIHUHQFH WR WKH HmHFW EDFNJURXQG WUDpF KDV RQ
HQG�WR�HQG EORFNLQJ SUREDELOLWLHV�
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�� &RQFOXVLRQV

7DEOH �� %ORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH � ZLWK EDFNJURXQG WUDpF DQG
PXOWLFDVW WUDpF�

5RXWH� �X  �� 5RXWH� �X  ��

D 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����

7DEOH �� %ORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH � ZLWK EDFNJURXQG WUDpF UHTXLULQJ
RQH XQLW DQG PXOWLFDVW WUDpF UHTXLULQJ WZR XQLWV RI FDSDFLW\�

5RXWH� �X  �� 5RXWH� �X  ��

D 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH
��� ������ ���� ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����

� &RQFOXVLRQV

7KH SDSHU SUHVHQWHG D QHZ DOJRULWKP IRU H[DFWO\ FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ
WUHH�VWUXFWXUHG PXOWLFDVW QHWZRUNV� 7KH DOJRULWKP LV EDVHG RQ WKH ZHOO�NQRZQ DOJRULWKP
IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV� 7KH
PXOWLFDVW WUDpF FKDUDFWHULVWLFV ZHUH WDNHQ LQWR DFFRXQW LQ WKH FRQYROXWLRQ VWHS RI WKH
DOJRULWKP� XVLQJ WKH QHZ 25�FRQYROXWLRQ� &DOFXODWLQJ WKH H[DFW VROXWLRQ IRU WKH HQG�
WR�HQG FDOO EORFNLQJ SUREDELOLW\� KRZHYHU� EHFRPHV LQIHDVLEOH DV WKH QXPEHU RI FKDQQHOV
LQFUHDVHV� ,Q FRQWUDVW WR RUGLQDU\ DFFHVV QHWZRUNV WKH DJJUHJDWH RQH GLPHQVLRQDO OLQN
RFFXSDQF\ GHVFULSWLRQ LV QRW VXpFLHQW� VLQFH LQ WKH PXOWLFDVW QHWZRUN LW LV HVVHQWLDO WR
GR DOO FDOFXODWLRQV LQ WKH OLQN VWDWH VSDFH� ZLWK �, VWDWHV� 7KLV LV GXH WR WKH UHVRXUFH
VKDULQJ SURSHUW\ RI PXOWLFDVW WUDpF� QDPHO\ WKH FDSDFLW\ LQ XVH RQ D OLQN LQFUHDVHV RQO\
LI D FKDQQHO LV UHTXHVWHG ZKHQ WKH FKDQQHO LV LGOH� 7KH XVH RI 5/$ ZDV VWXGLHG� DV WKH
FRPSOH[LW\ RI WKH 5/$�DOJRULWKP GRHV QRW GHSHQG FULWLFDOO\ RQ WKH QXPEHU RI FKDQQHOV LQ
WKH QHWZRUN� 5/$ PHWKRG XVHG LQ >�@� KRZHYHU� JLYHV ODUJHU EORFNLQJ SUREDELOLWLHV� (YHQ
IRU VPDOO QHWZRUNV� WKH HUURUV DUH DURXQG �� �� 7KH QHWZRUN PRGHO DQG WKH DOJRULWKP
IRU FDOFXODWLQJ FDOO EORFNLQJ SUREDELOLWLHV ZHUH IXUWKHU EURDGHQHG WR LQFOXGH EDFNJURXQG
WUDpF LQ DGGLWLRQ WR PXOWLFDVW WUDpF�

:H OHDYH IRU IXUWKHU UHVHDUFK WKH VWXG\ RI QHZ DSSUR[LPDWLRQ PHWKRGV IRU FDOFXODWLQJ
EORFNLQJ SUREDELOLWLHV� 7KH DFFHOHUDWLRQ RI WKH H[DFW DOJRULWKP SUHVHQWHG VKRXOG DOVR EH
LQYHVWLJDWHG� $W SUHVHQW� WKH PRGHO DOVR DVVXPHV DQ LQnQLWH XVHU SRSXODWLRQ EHKLQG HDFK
OHDI OLQN� 7KH PRGHO FDQ EH JHQHUDOL]HG WR DOORZ D nQLWH XVHU SRSXODWLRQ EHKLQG D OHDI
OLQN DQG LV D VXEMHFW IRU IXUWKHU VWXG\�
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>�@ $OPHURWK .�&� DQG $PPDU 0�+�� 0XOWLFDVW *URXS %HKDYLRU LQ WKH ,QWHUQHW
V 0XO�
WLFDVW %DFNERQH �0%RQH�� ,((( &RPPXQLFDWLRQV 0DJD]LQH ������ -XQH ����� SS�
��� �����

>�@ &KDQ :�&�� *HUDQLRWLV (�� 7UDGHRm %HWZHHQ %ORFNLQJ DQG 'URSSLQJ LQ 0XOWLFDVWLQJ
1HWZRUNV� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ &RPPXQLFDWLRQV� &RQIHUHQFH 5HFRUG�
&RQYHUJLQJ 7HFKQRORJLHV IRU 7RPRUURZ
V $SSOLFDWLRQV SS� ���� � ����� �����

>�@ +XL -�� ?6ZLWFKLQJ DQG WUDpF WKHRU\ IRU LQWHJUDWHG EURDGEDQG QHWZRUNV�� .OXZHU
$FDGHPLF 3XEOLVKHUV� %RVWRQ� �����

>�@ .DUYR -�� 9LUWDPR -�� $DOWR 6�� 0DUWLNDLQHQ 2�� %ORFNLQJ RI G\QDPLF PXOWLFDVW FRQ�
QHFWLRQV LQ D VLQJOH OLQN� 3URF� RI %URDGEDQG &RPPXQLFDWLRQV 
��� HG� 3� .�XKQ� 5�
8OULFK� ,),3� SS� �������� �����

>�@ .DUYR -�� 9LUWDPR -�� $DOWR 6�� 0DUWLNDLQHQ 2�� %ORFNLQJ RI '\QDPLF 0XOWLFDVW &RQ�
QHFWLRQV� ,Q �WK ,1)2506 7HOHFRPPXQLFDWLRQV &RQIHUHQFH� %RFD 5DWRQ� )ORULGD�
0DUFK �����

>�@ .HOO\ )�3�� ?5HYHUVLELOLW\ DQG 6WRFKDVWLF 1HWZRUNV�� -RKQ :LOH\ 	 6RQV� �����

>�@ .LP &�.�� %ORFNLQJ 3UREDELOLW\ RI +HWHURJHQHRXV 7UDpF LQ D 0XOWLUDWH 0XOWLFDVW
6ZLWFK� ,((( -RXUQDO RQ 6HOHFWHG $UHDV LQ &RPPXQLFDWLRQV ������ ����� SS� ����
����

>�@ /LVWDQWL 0�� 9HOWUL /�� %ORFNLQJ 3UREDELOLW\ RI 7KUHH�6WDJH 0XOWLFDVW 6ZLWFKHV� ,(((
,QWHUQDWLRQDO &RQIHUHQFH RQ &RPPXQLFDWLRQV� &RQIHUHQFH 5HFRUG� ����� SS� ��� �����

>�@ 5RVV .� :�� ?0XOWLVHUYLFH /RVV 0RGHOV IRU %URDGEDQG 7HOHFRPPXQLFDWLRQ 1HW�
ZRUNV�� 6SULQJHU�9HUODJ� /RQGRQ� �����

>��@ 6KDFKDP 1�� <RNRWD +�� $GPLVVLRQ &RQWURO $OJRULWKPV IRU 0XOWLFDVW 6HVVLRQV ZLWK
0XOWLSOH 6WUHDPV ,((( -RXUQDO RQ 6HOHFWHG $UHDV LQ &RPPXQLFDWLRQV ������ �����
SS� ��������

>��@ 6WDVLDN 0� DQG =ZLHU]\NRZVNL 3�� $QDO\WLFDO 0RGHO RI $70 1RGH ZLWK 0XOWLFDVW
6ZLWFKLQJ� 0HGLWHUUDQHDQ (OHFWURWHFKQLFDO &RQIHUHQFH� ����� SS� ��� �����

>��@ <DQJ <�� 2Q %ORFNLQJ 3UREDELOLW\ RI 0XOWLFDVW 1HWZRUNV� ,((( 7UDQVDFWLRQV RQ
&RPPXQLFDWLRQV �� ���� SS� ��� ����� -XO\ �����
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