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:H GLVFXVV HpFLHQW 0RQWH &DUOR VLPXODWLRQ WHFKQLTXHV IRU HVWLPDWLQJ SHUIRU�

PDQFH PHDVXUHV RI SURGXFW IRUP V\VWHPV� H�J� WKH PXOWLVHUYLFH ORVV V\VWHP� )LUVW�

WZR PHWKRGV IRU JHQHUDWLQJ WKH VDPSOHV DUH GLVFXVVHG� WKH WUDGLWLRQDO 0RQWH &DUOR

DQG WKH VR FDOOHG *LEEV VDPSOHU� 7KHQ D YDULDQFH UHGXFWLRQ PHWKRG� WKH FRQGLWLRQDO

H[SHFWDWLRQ PHWKRG� LV SUHVHQWHG ZKHUH WKH LGHD LV WR XWLOL]H NQRZQ DQDO\WLFDO UHVXOWV

WR WKH PD[LPXP GHJUHH� 7KLV LV SRVVLEOH IRU V\VWHPV ZLWK D SURGXFW IRUP SURED�

ELOLW\ GLVWULEXWLRQ IRU ZKLFK FRQGLWLRQDO RQH�GLPHQVLRQDO H[SHFWDWLRQV FDQ HDVLO\ EH

SUHFRPSXWHG� 7KH PHWKRG LV LQGHSHQGHQW RI WKH ZD\ WKH VDPSOHV DUH JHQHUDWHG�

)LQDOO\� ZH VWXG\ WKH XVH RI D KHXULVWLF LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ LQ FRQ�

QHFWLRQ ZLWK WKH WUDGLWLRQDO 0RQWH &DUOR PHWKRG DQG WKH FRQGLWLRQDO H[SHFWDWLRQ

PHWKRG�

� ,QWURGXFWLRQ

,Q WKLV SDSHU ZH ZLOO EH GHDOLQJ ZLWK HpFLHQW PHWKRGV IRU WKH 0RQWH &DUOR VLPXODWLRQ
RI V\VWHPV KDYLQJ D SURGXFW IRUP VROXWLRQ� 6\VWHPV SRVVHVVLQJ D SURGXFW IRUP VROXWLRQ
UHSUHVHQW DQ LPSRUWDQW FODVV RI V\VWHPV DQG DSSHDU LQ YDULRXV SUREOHP VHWWLQJV VXFK
DV PXOWLVHUYLFH ORVV QHWZRUNV >�@ DQG TXHXLQJ QHWZRUNV >�@� ,Q SULQFLSOH� SURGXFW IRUP
V\VWHPV DUH PDWKHPDWLFDOO\ VLPSOH DQG ZHOO XQGHUVWRRG� DQG RQH LV DEOH WR ZULWH GRZQ
H[DFW H[SUHVVLRQV IRU VXFK WKLQJV DV WKH EORFNLQJ SUREDELOLW\ RI D FDOO EHORQJLQJ WR D JLYHQ
FODVV� +RZHYHU� IRU UHDOLVWLF V\VWHPV� H�J� UHDO PXOWLVHUYLFH QHWZRUNV ZLWK D JUHDW QXPEHU
RI OLQNV DQG XVXDOO\ D YHU\ JUHDW QXPEHU RI GLmHUHQW WUDpF FODVVHV �D FODVV LV GHnQHG E\
WKH URXWH DQG WKH FRQQHFWLRQ DWWULEXWHV RI WKH FDOO�� VXFK DQDO\WLFDO H[SUHVVLRQV GHI\ D
GLUHFW HYDOXDWLRQ EHFDXVH RI WKH KXJH VL]H RI WKH VWDWH VSDFH�
,Q VXFK VLWXDWLRQV� RQH KDV WR UHVRUW WR VLPXODWLRQV� DQG ZKHQ WKH IRUP RI WKH VWDWLRQDU\

GLVWULEXWLRQ LV NQRZQ� WKH 0RQWH &DUOR DSSURDFK LV WKH PRVW REYLRXV FKRLFH� (YHQ WKHQ
JHWWLQJ UHVXOWV ZLWK VPDOO HQRXJK FRQnGHQFH LQWHUYDOV IRU ODUJH V\VWHPV FDQ EH D GLpFXOW
WDVN� 7KHUHIRUH� DFFHOHUDWLRQ PHWKRGV IRU UHGXFLQJ WKH VLPXODWLRQ WLPH DUH QHHGHG LQ
RUGHU WR DOORZ RQH WR VWXG\ ODUJHU V\VWHPV�
7KH VDPSOH JHQHUDWLRQ PHWKRG LV DQ LPSRUWDQW SDUW RI WKH VLPXODWLRQ SUREOHP ZKHUH

WKH PDLQ JRDO LV WR HpFLHQWO\ JHQHUDWH VDPSOHV KDYLQJ VRPH GHVLUHG GLVWULEXWLRQ� :H IRFXV



RQ WZR PHWKRGV IRU JHQHUDWLQJ WKHP� WKH WUDGLWLRQDO 0RQWH &DUOR �L�L�G� VDPSOHV IURP WKH
VWDWLRQDU\ GLVWULEXWLRQ� DQG WKH VR FDOOHG *LEEV VDPSOHU >�� �@� ,Q WKH ODWWHU PHWKRG ZH
FRQVWUXFW D 0DUNRY FKDLQ ZKLFK KDV WKH FRUUHFW VWDWLRQDU\ GLVWULEXWLRQ� EXW ZKLFK LV QRW
GHULYHG IURP H�J� WKH MXPS SURFHVV DVVRFLDWHG ZLWK WKH DUULYDOV DQG GHSDUWXUHV�
:H ZLOO WKHQ GHVFULEH D JHQHUDO YDULDQFH UHGXFWLRQ WHFKQLTXH FDOOHG WKH FRQGLWLRQDO

H[SHFWDWLRQ PHWKRG� ZKLFK ZDV LQWURGXFHG LQ >�@� DQG VKRZ KRZ LW FDQ EH DSSOLHG LQ
PXOWLVHUYLFH ORVV V\VWHPV� 7KH PHWKRG LV EDVHG RQ FRQGLWLRQLQJ RQ WKH VDPSOHV KLWWLQJ
FHUWDLQ VXEVHWV RI WKH VWDWH VSDFH IRU ZKLFK FRQGLWLRQDO H[SHFWDWLRQV FDQ EH FDOFXODWHG DQ�
DO\WLFDOO\� ,Q HmHFW LW HOLPLQDWHV WKH LQWHUQDO YDULDQFH ZLWKLQ HDFK VXEVHW� 7KH FRQGLWLRQDO
H[SHFWDWLRQ PHWKRG LV LQGHSHQGHQW RI WKH PHWKRG XVHG IRU JHQHUDWLQJ WKH VDPSOHV�
)LQDOO\� ZH VWXG\ WKH XVH RI LPSRUWDQFH VDPSOLQJ WR IXUWKHU UHGXFH YDULDQFH LQ WKH FDVH

RI UDUH HYHQW VLPXODWLRQ� :H FRPELQH WKH KHXULVWLF LPSRUWDQFH VDPSOLQJ PHWKRG E\ 5RVV
>�� FKDS� �@ ZLWK WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG DQG VKRZ E\ QXPHULFDO H[DPSOHV
KRZ WKH YDULDQFH FDQ EH PDGH HYHQ VPDOOHU�

� 7KH PXOWLVHUYLFH ORVV V\VWHP

7KURXJKRXW WKH SDSHU� DV DQ H[DPSOH RI D SURGXFW IRUP V\VWHP� ZH FRQVLGHU WKH FDOFX�
ODWLRQ RI EORFNLQJ SUREDELOLWLHV LQ D PXOWLVHUYLFH ORVV V\VWHP� +HUH ZH RQO\ GHVFULEH WKH
V\VWHP EULHo\ �VHH H�J� >�@ IRU D WKRURXJK GHVFULSWLRQ�� &RQVLGHU D QHWZRUN FRQVLVWLQJ RI
- OLQNV� LQGH[HG ZLWK M  �� � � � � - � OLQN M KDYLQJ D FDSDFLW\ RI &M UHVRXUFH XQLWV� 7KH
QHWZRUN VXSSRUWV . FODVVHV RI FDOOV� $VVRFLDWHG ZLWK D FODVV�N FDOO� N  �� � � � � .� LV DQ RI�
IHUHG ORDG |N DQG D EDQGZLGWK UHTXLUHPHQW RI EM�N XQLWV RQ OLQN M� 1RWH WKDW EM�N  � ZKHQ
FODVV�N FDOO GRHV QRW XVH OLQN M� /HW WKH YHFWRU EM  �EM��� � � � � EM�.� GHQRWH WKH UHTXLUHG
EDQGZLGWKV RI GLmHUHQW FODVVHV RQ OLQN M� $OVR� ZH DVVXPH WKDW WKH FDOOV LQ HDFK FODVV
DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV� D FDOO LV DOZD\V DFFHSWHG LI WKHUH LV HQRXJK FDSDFLW\
OHIW� DQG WKDW WKH EORFNHG FDOOV DUH FOHDUHG� 7KH VWDWH RI WKH V\VWHP LV GHVFULEHG E\ WKH
YHFWRU ;  �;�� � � � �;.�� ZKHUH HOHPHQW ;N LV WKH QXPEHU RI FODVV�N FDOOV LQ SURJUHVV�
7KH VHW RI DOORZHG VWDWHV 6 FDQ EH GHVFULEHG DV

6  I[ M �M � EM c [ � &MJ � ���

ZKHUH WKH VFDODU SURGXFW LV GHnQHG DV EM c[  
3

N EM�N[N� 7KLV V\VWHP KDV WKH ZHOO NQRZQ
SURGXFW IRUP VWDWLRQDU\ GLVWULEXWLRQ
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7KH VHW RI EORFNLQJ VWDWHV IRU D FODVV�N FDOO� %N� LV
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ZKHUH HN LV D .�FRPSRQHQW YHFWRU ZLWK � LQ WKH N
WK FRPSRQHQW DQG ]HURV HOVHZKHUH� 7KH

EORFNLQJ SUREDELOLW\ RI D FODVV�N FDOO� %N� LV WKHQ
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,W VKRXOG EH QRWHG WKDW WKH GLVWULEXWLRQ { JLYHQ E\ ��� UHSUHVHQWV WKH WUXQFDWLRQ RI
D . GLPHQVLRQDO LQGHSHQGHQW 3RLVVRQ W\SH GLVWULEXWLRQ WR WKH VWDWH VSDFH 6� 7KHQ� E\
GHnQLQJ DQRWKHU VWDWH VSDFH a6 VXFK WKDW a6 u 6 DQG D UDQGRP YHFWRU a; � a6 ZLWK WKH VDPH
SURGXFW IRUP GLVWULEXWLRQ� 3I a;  a[J z I�a[�� ZH FDQ H[SUHVV WKH EORFNLQJ SUREDELOLW\ DV
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:H ZLOO VHH ODWHU KRZ WKLV IRUPXODWLRQ FDQ EH XVHG DGYDQWDJHRXVO\�
7R PDNH WKLQJV FRQFUHWH� OHW XV FRQVLGHU D V\VWHP ZLWK WZR WUDpF FODVVHV� VHH )LJ� ��

)LQLWH FDSDFLWLHV RI GLmHUHQW OLQNV DUH UHoHFWHG LQ OLQHDU FRQVWUDLQWV RQ WKH VWDWH VSDFH 6
DQG WKH EORFNLQJ VWDWHV DUH WKH VWDWHV RQ WKH ERXQGDU\ RI WKH VWDWH VSDFH� 7KLV H[DPSOH
ZLOO EH XVHG WKURXJKRXW WKH SDSHU�
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)LJXUH �� 6LPSOH QHWZRUN H[DPSOH DQG LWV VWDWH VSDFH�

� 6DPSOH JHQHUDWLRQ PHWKRGV

7KH HpFLHQW JHQHUDWLRQ RI VDPSOHV KDYLQJ VRPH GHVLUHG GLVWULEXWLRQ LV DQ HVVHQWLDO SDUW
RI WKH VLPXODWLRQ SUREOHP� ,Q WKLV VHFWLRQ� ZH GLVFXVV WZR PHWKRGV IRU JHQHUDWLQJ WKH
VDPSOHV DQG VKRZ KRZ WKH\ DUH DSSOLHG LQ WKH PXOWLVHUYLFH ORVV V\VWHP FRQWH[W�

��� 7KH WUDGLWLRQDO 0RQWH &DUOR PHWKRG

,Q WKH WUDGLWLRQDO 0RQWH &DUOR PHWKRG WKH LGHD LV WR JHQHUDWH LQGHSHQGHQW LGHQWLFDOO\ GLV�
WULEXWHG VDPSOHV RI ;Q � 6 KDYLQJ VRPH GHVLUHG GLVWULEXWLRQ� ,Q WKH FDVH RI PXOWLVHUYLFH
ORVV V\VWHPV RQH RIWHQ XVHV WKH UHMHFWLRQ PHWKRG ZKLFK FRQVLVWV RI JHQHUDWLQJ VDPSOHV RI
a; LQ WKH ODUJHU VSDFH a6� ZKHUH WKH FRPSRQHQWV RI a; DUH LQGHSHQGHQW� DQG UHMHFWLQJ WKRVH
VDPSOHV ZKLFK IDOO RXWVLGH RI WKH DOORZHG VWDWH VSDFH 6� 7KH DFFHSWHG VDPSOHV ;Q ZLOO
WKHQ KDYH WKH FRUUHFW GLVWULEXWLRQ { DQG ZH FDQ HVWLPDWH WKH EORFNLQJ SUREDELOLWLHV IURP
��� E\ A%N  � 1

31

Q � � a;Q�%N
� ZKHUH 1 LV WKH QXPEHU RI WKRVH VDPSOHV IDOOLQJ LQVLGH WKH

DOORZHG VWDWH VSDFH 6�
$ SDUWLFXODUO\ VXLWDEOH FKRLFH IRU a6 LV WKH &DUWHVLDQ SURGXFW VSDFH OLPLWHG E\ WKH

PD[LPXP QXPEHU RI DOORZHG FODVV�N FDOOV 1N
PD[� )RUPDOO\ WKLV VWDWH VSDFH LV GHnQHG DV

a6  I�� � � � �1�
PD[J d c c c d I�� � � � � 1.

PD[J�

7KLV VWDWH VSDFH KDV WKH QLFH SURSHUW\ WKDW WKH SURGXFW IRUP VROXWLRQ ��� LQ a6 PHDQV WKDW
WKH GLmHUHQW FRPSRQHQWV DUH LQGHSHQGHQW DQG KHQFH WKH VDPSOHV DUH HDV\ WR JHQHUDWH�



:H FDOO WKLV VDPSOLQJ GLVWULEXWLRQ DV WKH LQGHSHQGHQW WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ�
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��� *LEEV VDPSOHU

7KH SUHYLRXV PHWKRG ZDV EDVHG RQ JHQHUDWLQJ LQGHSHQGHQW VDPSOHV IURP D GLVWULEXWLRQ�
EXW ZH QRWH WKDW WR HVWLPDWH WKH EORFNLQJ SUREDELOLWLHV IURP ��� GRHV QRW UHTXLUH WKH
VDPSOHV WR EH LQGHSHQGHQW� 3RVLWLYH FRUUHODWLRQ EHWZHHQ WKH VDPSOHV MXVW PDNHV WKH
HVWLPDWRU OHVV HpFLHQW IURP WKH SRLQW RI YLHZ RI WKH YDULDQFH� ,Q *LEEV VDPSOHU WKH
LGHD LV WR JHQHUDWH D 0DUNRY FKDLQ KDYLQJ WKH GHVLUHG VWDWLRQDU\ GLVWULEXWLRQ E\ XVLQJ
WUDQVLWLRQ SUREDELOLWLHV EDVHG RQ FRQGLWLRQLQJ�
7KH LGHD LV EDVHG RQ WKH IROORZLQJ YHU\ JHQHUDO SURSHUW\ �VHH >�@ RU >�@ IRU PRUH GHWDLOV��

$JDLQ OHW ; EH D YHFWRU UDQGRP YDULDEOH ZLWK VWDWH VSDFH 6 DQG VWDWLRQDU\ GLVWULEXWLRQ
3 � /HW $�� � � � �$, IRUP D SDUWLWLRQ RI WKH VWDWH VSDFH DQG OHW u�;� GHQRWH WKH XQLTXH
LQGH[ RI WKH VHW WR ZKLFK WKH VWDWH ; EHORQJV WR� 7KHQ WKH 0DUNRY FKDLQ ;Q ZLWK WKH
WUDQVLWLRQ SUREDELOLW\

3I;Q��  \ M;Q  [J  3I;  \ M; � $u�[�J ���

KDV WKH LQYDULDQW GLVWULEXWLRQ 3 �
/HW 3 GHQRWH WKH WUDQVLWLRQ SUREDELOLW\ PDWUL[ ZLWK WKH FRPSRQHQWV JLYHQ E\ ����

7KH 0DUNRY FKDLQ JHQHUDWHG E\ WKLV WUDQVLWLRQ PDWUL[ LV UHGXFLEOH� EHFDXVH WKHUH DUH QR
WUDQVLWLRQV EHWZHHQ GLmHUHQW VHWV� +RZHYHU� E\ GHnQLQJ VHYHUDO SDUWLWLRQV �� � � � �0 ZLWK
WUDQVLWLRQ PDWULFHV 3�P� WKH 0DUNRY FKDLQ ;Q FRUUHVSRQGLQJ WR WKH FRPSRXQG WUDQVLWLRQ
PDWUL[ 3  3��� c c c3�0� PD\ EH LUUHGXFLEOH ZLWK D VXLWDEOH FKRLFH RI WKH SDUWLWLRQV� 7KHQ
3 ZLOO EH WKH XQLTXH VWDWLRQDU\ GLVWULEXWLRQ RI WKH FKDLQ�
)RU WKH SXUSRVH RI HVWLPDWLQJ WKH EORFNLQJ SUREDELOLW\ RI FODVV�N FDOOV LQ WKH PXOWL�

VHUYLFH ORVV V\VWHP ZH GHnQH WKH SDUWLWLRQ WR FRQVLVW RI VHWV LQ WKH FRRUGLQDWH GLUHFWLRQ
RI WUDpF FODVV N� ZKLFK OHDGV WR WKH VR FDOOHG *LEEV VDPSOHU� &RQVLGHULQJ DOO WKH WUDpF
FODVVHV ZH KDYH DOWRJHWKHU . SDUWLWLRQV� /HW XV GHQRWH E\ $N

L WKH L
WK VHW LQ SDUWLWLRQ N�

8VLQJ WKH WZR WUDpF FODVV H[DPSOH� VKRZQ LQ )LJ� � �OHIW nJXUH� IRU WUDpF FODVV �� WKH
SDUWLWLRQ FRQVLVWV RI WKH YHUWLFDO FROXPQV� (DFK VHW $N

L FRQVLVWV RI VWDWHV ZKHUH WKH QXPEHU
RI FDOOV RI DOO RWKHU FODVVHV DUH n[HG� EXW WKH NWK FRPSRQHQW YDULHV� ,Q JHQHUDO� ZH UHIHU WR
VHWV $N

L DV N�FROXPQV� 7KH VHW RI EORFNLQJ VWDWHV %
N IRU WKH FODVV�N FDOOV FRQVLVWV RI WKH HQG

SRLQWV RI WKH N�FROXPQV� 7KH 0DUNRY FKDLQ ;Q JHQHUDWHG E\ WKH FRPSRXQG WUDQVLWLRQ
PDWUL[ 3 LV LUUHGXFLEOH VLQFH LW LV SRVVLEOH WR PRYH IURP DQ\ VWDWH [ LQ WKH FRRUGLQDWH
FRQYH[ VWDWH VSDFH 6 WR DQ\ RWKHU VWDWH \ ZLWK DW PRVW . VWHSV LQ DOWHUQDWLQJ GLUHFWLRQV�
7KH VLPXODWLRQ RI WKH 0DUNRY FKDLQ ;Q FRQVLVWV RI PDNLQJ WUDQVLWLRQV ZLWK WKH WUDQ�

VLWLRQ PDWULFHV 3�N� LQ F\FOLFDO RUGHU� 7KLV LV LOOXVWUDWHG IRU WKH WZR WUDpF FODVV H[DP�
SOH LQ )LJ� � �ULJKW nJXUH�� ,Q WUDQVLWLRQV JHQHUDWHG ZLWK 3�N� RQO\ WKH FRPSRQHQW [N
FKDQJHV� 6WDUWLQJ IURP VWDWH ;Q WKH YDOXH RI [N RI WKH QH[W VWDWH LV REWDLQHG E\ GUDZLQJ
LW IURP WKH RQH� GLPHQVLRQDO WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ I�[N� |N� J�/

N�;Q�� |N� ZLWK
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N�;Q� GHQRWLQJ WKH OHQJWK RI WKH N�FROXPQ WR ZKLFK WKH VWDWH ;Q

EHORQJV� DQG J�/� |� GHQRWLQJ WKH QRUPDOL]DWLRQ VXP
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)LJXUH �� 6WDWH VSDFH SDUWLWLRQLQJ DQG *LEEV VDPSOHU H[DPSOH�

7KH *LEEV VDPSOHU SURYLGHV D VLPSOH ZD\ RI JHQHUDWLQJ VDPSOHV ZLWK WKH GLVWULEXWLRQ
3 ZLWKRXW DQ\ PLVVHV� ZKLFK RFFXU ZLWK WKH WUDGLWLRQDO 0RQWH &DUOR UHMHFWLRQ PHWKRG�
$OO WKH VDPSOHV ;Q KDYH GLUHFWO\ WKH FRUUHFW GLVWULEXWLRQ 3 � 7KLV SURSHUW\ LV SDUWLFXODUO\
XVHIXO ZKHQ WKH WUDpF ORDGV DUH KLJK� ZKLFK ZRXOG FDXVH D ORW RI PLVVHV WR EH JHQHUDWHG LQ
WKH 0RQWH &DUOR UHMHFWLRQ PHWKRG� 6XFK D VLWXDWLRQ FDQ RFFXU QDWXUDOO\ LI WKH V\VWHP LV
YHU\ KHDYLO\ ORDGHG RU LW FDQ RFFXU ZKHQ ZH DUH XVLQJ LPSRUWDQFH VDPSOLQJ IRU LQFUHDVLQJ
WKH HpFLHQF\ RI WKH VLPXODWLRQ� DV ZH ZLOO VHH ODWHU� 2I FRXUVH� WKH *LEEV VDPSOHU FDQ DOVR
EH XVHG WR JHQHUDWH VDPSOHV IURP WKH LQGHSHQGHQW WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ� EXW LW
GRHV QRW QHFHVVDULO\ JLYH DQ\ DGYDQWDJH RYHU JHQHUDWLQJ WKHP LQ WKH WUDGLWLRQDO 0RQWH
&DUOR PHWKRG�

� 7KH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG

,Q WKLV VHFWLRQ ZH nUVW JLYH D JHQHUDO GHVFULSWLRQ RI D YDULDQFH UHGXFWLRQ PHWKRG IRU 0RQWH
&DUOR VLPXODWLRQV� ZKLFK ZH KDYH QDPHG DV WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG� 7KHQ
ZH VKRZ KRZ LW FDQ EH DSSOLHG LQ WKH FRQWH[W RI WKH PXOWLVHUYLFH ORVV V\VWHP�

��� 7KH JHQHUDO IRUPXODWLRQ

/HW XV FRQVLGHU D JHQHUDO SUREOHP RI HVWLPDWLQJ WKH H[SHFWDWLRQ

+  (>K�;�@ ���

RI VRPH IXQFWLRQ K�c� RI D YHFWRU UDQGRP YDULDEOH ; � 6 ZLWK VRPH VWDWH VSDFH 6 DQG
KDYLQJ D GLVWULEXWLRQ 3 � 7KH 0RQWH &DUOR PHWKRG FRQVLVWV RI GUDZLQJ 1 LQGHSHQGHQW
VDPSOHV ;Q� Q  �� � � � � 1 � IURP WKH GLVWULEXWLRQ 3 \LHOGLQJ DQ XQELDVHG HVWLPDWH
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1RZ� WKH IROORZLQJ HOHPHQWDU\ LGHQWLW\ KROGV DOZD\V�
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ZKHUH J�c� LV DQRWKHU IXQFWLRQ� $VVXPH QRZ WKDW WKH FRQGLWLRQDO H[SHFWDWLRQ

s�[�  ( >K�;� MJ�;�  [@

FDQ EH FDOFXODWHG DQDO\WLFDOO\� 7KHQ WKH H[SHFWDWLRQ RI K�;� EHFRPHV

+  (>K�;�@  (>s�J�;��@�

&RUUHVSRQGLQJO\� ZH JHW D QHZ 0RQWH &DUOR HVWLPDWRU IRU +�
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0RUH VSHFLnFDOO\� ZH FRQVLGHU WKH FDVH ZKHUH WKH VWDWH VSDFH 6 KDV D SDUWLWLRQLQJ LQWR
VHWV $L� L  �� � � � � ,� $ VWDWH ; EHORQJV WR RQH DQG RQO\ RQH RI WKH VHWV $L� /HW XV DJDLQ
GHQRWH WKH XQLTXH LQGH[ RI WKLV VHW E\ u�;�� :H XVH WKLV GLVFUHWH YDOXHG IXQFWLRQ DV WKH
IXQFWLRQ J�c� LQ WKH DERYH IRUPXODH� 6R� nQDOO\� RXU HVWLPDWRU LV
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ZKHUH 1L LV WKH FRXQW RI WKH VDPSOHV KDYLQJ u�;Q�  L RU� HTXLYDOHQWO\� ;Q � $L� DQG
s�L�  ( >K�;� M; � $L@� ,Q IDFW� WKH ODWWHU IRUP FRXOG KDYH EHHQ ZULWWHQ GLUHFWO\ IURP

(>K�;�@  
;
L

( >K�;� M; � $L@ 3I; � $LJ�

6LQFH s�L� UHSUHVHQWV WKH FRQGLWLRQDO H[SHFWDWLRQ RI K�;� RYHU WKH VHW $L LW LV LQWXLWLYHO\
REYLRXV WKDW WKH YDULDQFH RI HVWLPDWRU ���� LV VPDOOHU WKDQ WKDW RI ���� �VHH >�@ IRU D IRUPDO
H[SODQDWLRQ��
7KH PHWKRG GHVFULEHG DERYH LV VLPSOH� +RZHYHU� LW LV YHU\ XVHIXO LQ FDVHV ZKHUH RQH

LV DEOH WR GHnQH D SDUWLWLRQ RI WKH VWDWH VSDFH 6 VXFK WKDW WKH FRQGLWLRQDO H[SHFWDWLRQV
s�L�  ( >K�;� M; � $L@ FDQ EH FDOFXODWHG DQDO\WLFDOO\ IRU DOO L� 7KLV UHTXLUHPHQW LV
QLFHO\ IXOnOOHG E\ V\VWHPV ZLWK SURGXFW IRUP VWDWH SUREDELOLWLHV VXFK DV WKH PXOWLVHUYLFH
ORVV V\VWHP�

��� $SSOLFDWLRQ WR ORVV V\VWHPV

6SHFLnFDOO\� LQ WKH FDVH RI WKH PXOWLVHUYLFH ORVV V\VWHP� ZH XVH WKH VDPH . SDUWLWLRQV DV
ZLWK WKH *LEEV VDPSOHU �VHH VHFWLRQ ����� L�H� SDUWLWLRQ N FRQVLVWV RI FROXPQV LQ WKH GLUHFWLRQ
N� DQG $N

L GHQRWHV WKH L
WK N�FROXPQ LQ SDUWLWLRQ N� 1RZ� WKH EORFNLQJ SUREDELOLW\� JLYHQ E\

���� LV DQ H[SHFWDWLRQ RI WKH FRQVLGHUHG W\SH ZLWK K�;�  �;�%N � %HFDXVH RI WKH SURGXFW
IRUP RI WKH VWDWH SUREDELOLWLHV ��� WKH FRQGLWLRQDO H[SHFWDWLRQ sN�L�  (
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e
FDQ EH FDOFXODWHG HDVLO\� 7KH SUREDELOLW\ GLVWULEXWLRQ FRQVWUDLQHG WR FROXPQ L LQ SDUWLWLRQ
N �VHW $N

L � LV D WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ DQG WKH FRQGLWLRQDO EORFNLQJ SUREDELOLW\ LV
JLYHQ E\ WKH (UODQJ ORVV IXQFWLRQ �% IRUPXOD�� HUO�/N

L � |N�� ZKHUH /
N
L GHQRWHV WKH OHQJWK RI

WKH N�FROXPQ L �VHW $N
L �� 7KLV OHDGV WR WKH HVWLPDWRU
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ZKHUH� IRU FODULW\� ZH KDYH ZULWWHQ GLUHFWO\ /N�;� �LQVWHDG RI /N
u�;�� IRU WKH OHQJWK RI WKH

N�FROXPQ WR ZKLFK WKH VWDWH ; EHORQJV�
7KLV UDWKHU REYLRXV GHFRPSRVLWLRQ GRHV QRW VHHP WR KDYH EHHQ H[SORLWHG LQ WKH VLP�

XODWLRQ FRQWH[W LQ VSLWH RI LWV VLJQLnFDQW DGYDQWDJHV� 1RWH WKDW LQ WKH VWDQGDUG 0RQWH
&DUOR VLPXODWLRQ� D VDPSOH SRLQW ;Q JLYHV D FRQWULEXWLRQ WR WKH EORFNLQJ SUREDELOLW\ RQO\
ZKHQ LW KLWV WKH VHW %N� ,Q FRQWUDVW� LQ WKH SURSRVHG PHWKRG� IRU HDFK VDPSOH SRLQW ZH
FROOHFW WKH FRQGLWLRQDO H[SHFWDWLRQ RYHU WKH ZKROH FROXPQ� DOZD\V FRQWDLQLQJ D EORFNLQJ
VWDWH DW WKH HQG RI WKH FROXPQ� )XUWKHU� QRWH WKDW WKHUH LV QR SHQDOW\ IRU WKLV DGYDQWDJH
DV WKH YDOXHV RI HUO�/� |� FDQ EH HDVLO\ SUHFRPSXWHG DQG VWRUHG LQWR DQ DUUD\ IRU DOO WKH
YDOXHV RI / DQG | QHHGHG�

��� $OWHUQDWLYH DSSOLFDWLRQ WR ORVV QHWZRUNV

,Q WKH SUHYLRXV DSSOLFDWLRQ� WKH VDPSOHV ;Q KDYH WR EH JHQHUDWHG LQ WKH VWDWH VSDFH 6
IURP WKH GLVWULEXWLRQ ���� +RZHYHU� DV ZH QRWHG DW WKH HQG RI &KDSWHU �� HT� ���� ZH FDQ
GHnQH WKH EORFNLQJ SUREDELOLW\ E\ FRQVLGHULQJ D UDQGRP YHFWRU a; LQ D ODUJHU VWDWH VSDFH
a6� 0RQWH &DUOR PHWKRG FDQ EH DSSOLHG ERWK IRU WKH QXPHUDWRU DQG WKH GHQRPLQDWRU
OHDGLQJ WR WKH HVWLPDWRU

A%N  

31

Q � � a;Q�%N31

Q � � a;Q�6

� ����

,I WKH VDPH VDPSOHV a;Q DUH XVHG LQ ERWK WKH QXPHUDWRU DQG WKH GHQRPLQDWRU WKLV
HVWLPDWRU� LQ HmHFW� UHGXFHV WR WKH HVWLPDWRU A%N  � 16
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Q �;Q�%N � ZKHUH WKH VDPSOHV

;Q DUH REWDLQHG IURP a;Q E\ LQFOXGLQJ RQO\ WKRVH 16 VDPSOHV ZKLFK IDOO ZLWKLQ 6� L�H� WKH
;Q DUH JHQHUDWHG E\ WKH UHMHFWLRQ PHWKRG�
6RPHWKLQJ QHZ� KRZHYHU� LV REWDLQHG ZKHQ ZH QRWLFH WKDW ERWK WKH QXPHUDWRU DQG

WKH GHQRPLQDWRU RI ��� FDQ EH HVWLPDWHG ZLWK WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG� 7R
WKLV HQG ZH GHnQH . SDUWLWLRQV RI VSDFH a6 LQWR VHWV a$N

L ZKHUH WKH VHWV LQ WKH N
WK SDUWLWLRQ

FRQVLVWV RI N�FROXPQV LQ WKH VSDFH a6� DV LOOXVWUDWHG LQ )LJ� �� )XUWKHU� ZH GHnQH WKH
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:LWK WKH DLG RI WKHVH FRQGLWLRQDO H[SHFWDWLRQV WKH EORFNLQJ SUREDELOLW\ ��� FDQ EH
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ZKHUH uN� a;� QRZ GHQRWHV WKH XQLTXH LQGH[ L RI VHW a$N
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VSRQGLQJ 0RQWH &DUOR HVWLPDWRU EHFRPHV
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ZKHUH /N� a;� GHQRWHV WKH OHQJWK RI WKH FROXPQ $N
L WR ZKLFK

a; EHORQJV� a;
�N�
Q LV WKH .�

YHFWRU REWDLQHG IURP a;Q E\ VHWWLQJ LWV NWK FRPSRQHQW WR � �WKH VHW a$N
L WR ZKLFK

a;Q

EHORQJV KDV D QRQHPSW\ LQWHUVHFWLRQ ZLWK 6 LI DQG RQO\ LI a;
�N�
Q � 6�� DQG ZKHUH ZH KDYH

XWLOL]HG WKH IDFW WKDW J�1N
PD[� |N� LV FRQVWDQW IRU WUDpF FODVV N DQG FDQFHOV RXW�

,Q WKLV IRUPXODWLRQ HYHQ D VDPSOH a;Q IDOOLQJ RXWVLGH 6 FDQ JLYH D FRQWULEXWLRQ WR WKH
QXPHUDWRU DQG GHQRPLQDWRU RI �����

� ,PSRUWDQFH VDPSOLQJ IRU PXOWLVHUYLFH ORVV V\VWHPV

,Q WKLV VHFWLRQ ZH LQWURGXFH WKH KHXULVWLF LPSRUWDQFH VDPSOLQJ PHWKRG E\ 5RVV IRU WKH
PXOWLVHUYLFH ORVV V\VWHP DQG WKHQ ZH FRPELQH LW ZLWK WKH FRQGLWLRQDO DYHUDJLQJ PHWKRG
WR REWDLQ IXUWKHU YDULDQFH UHGXFWLRQ�

��� 7KH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ

7KH 0RQWH &DUOR HVWLPDWH ���� IRU WKH H[SHFWDWLRQ (>K�;�@ LV QRW YHU\ HpFLHQW LQ FDVHV
ZKHUH WKH PDLQ FRQWULEXWLRQ WR WKLV H[SHFWDWLRQ FRPHV IURP YDOXHV RI ; ZKLFK DUH UDUH
XQGHU WKH GLVWULEXWLRQ 3 � S�;�  3I;  [J GHnQHG LQ WKH VWDWH VSDFH 6� ,Q VXFK FDVHV
WKH YDULDQFH FDQ EH UHGXFHG E\ PDNLQJ WKH VDPSOLQJ IURP DQRWKHU GLVWULEXWLRQ� VR FDOOHG
LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ� 3 e � Se�[�  3I;e  [J ! �� :LWK UHVSHFW WR WKLV
GLVWULEXWLRQ WKH H[SHFWDWLRQ EHFRPHV
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ZKHUH Z�;e�  S�;e� Se�;e� LV WKH OLNHOLKRRG UDWLR� 7KLV OHDGV WR WKH 0RQWH &DUOR
HVWLPDWRU
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D ODUJHU VWDWH VSDFH a6 u 6� :H FDQ QRZ DSSO\ WKH LPSRUWDQFH VDPSOLQJ ERWK IRU WKH



QXPHUDWRU DQG GHQRPLQDWRU E\ GHnQLQJ D QHZ GLVWULEXWLRQ Se�c� LQ WKH VSDFH a6� 7KLV
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7KH LGHD ZLWK WKH LPSRUWDQFH VDPSOLQJ LV WR LQFUHDVH WKH OLNHOLKRRG RI PRUH LPSRUWDQW
SRLQWV LQ WKH VWDWH VSDFH� ,Q WKH FDVH RI HVWLPDWRU ����� LQ SDUWLFXODU� WKDW PHDQV WKDW ZH
VKRXOG WU\ WR LQFUHDVH WKH SUREDELOLW\ RI WKH HYHQW a;e

Q � %
N ZLWKRXW LQFUHDVLQJ WRR PXFK

WKH QXPEHU RI PLVVHV a;e
Q  � 6� $QRWKHU LPSRUWDQW FRQVLGHUDWLRQ LQ FKRRVLQJ WKH GLVWULEX�

WLRQ Se�c� LV WKDW WKH JHQHUDWLRQ RI WKH VDPSOHV IURP WKLV GLVWULEXWLRQ DQG WKH FDOFXODWLRQ
RI WKH OLNHOLKRRG UDWLR Z�c� VKRXOG EH FRPSXWDWLRQDOO\ HDV\� ,Q SUDFWLFH� FRPSURPLVHV KDYH
WR EH PDGH EHWZHHQ WKHVH VRPHZKDW FRQoLFWLQJ UHTXLUHPHQWV�
%DVHG RQ WKHVH FRQVLGHUDWLRQV 5RVV KDV GHULYHG D KHXULVWLF LPSRUWDQFH VDPSOLQJ GLVWUL�

EXWLRQ WR EH XVHG IRU WKH HVWLPDWLRQ RI EORFNLQJ SUREDELOLWLHV LQ PXOWLVHUYLFH ORVV V\VWHPV
>�� FKDS� �@� 7KH GLVWULEXWLRQ LV DJDLQ RI WKH VDPH SURGXFW IRUP EXW WKH DFWXDO WUDpF
LQWHQVLWLHV |N DUH UHSODFHG E\ YLUWXDO ORDGV oN� %DVLFDOO\ WKH LGHD LV WR LQFUHDVH WKH RmHUHG
ORDGV LI WKH ORDG LV WRR OLJKW DQG WR GHFUHDVH WKH ORDG LI LW LV WRR KLJK� :LWK WKLV VDPSOLQJ
GLVWULEXWLRQ WKH OLNHOLKRRG UDWLR LV� XS WR D FRQVWDQW PXOWLSOLHU �ZKLFK FDQFHOV RXW LQ WKH
UDWLR HVWLPDWRU��
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6SHFLnFDOO\� WKH 5RVV KHXULVWLFV LQFOXGH UXOHV IRU VHOHFWLQJ WKH YDOXHV IRU WKH SDUDPHWHUV
oN� 7KH KHXULVWLFV DUH UDWKHU FRQVHUYDWLYH LQ WKDW WKH\ WU\ WR OLPLW WKH PDJQLWXGH RI WKH
VKLIW LQ RUGHU WR DYRLG D ODUJH SURSRUWLRQ RI PLVVHV a;e

Q  � 6� 7KLV LV LQ IDFW D OLPLWDWLRQ
RI WKH 5RVV KHXULVWLFV� DQG H�J� LQ >�� FKDS� �@ LW LV VKRZQ WKDW WKH QXPHUDWRU DQG
GHQRPLQDWRU LQ ���� VKRXOG KDYH D GLmHUHQW LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ� 1RWH WKDW
LI *LEEV VDPSOHU LV XVHG� LW LV HDV\ WR JHQHUDWH WKH VDPSOHV ;e

Q GLUHFWO\ LQ 6 ZKHQFH WKH
SUREOHP ZLWK WKH PLVVHV GRHV QRW RFFXU DW DOO� DQG PXFK VWURQJHU WLOWLQJ RI WKH GLVWULEXWLRQ
LV SRVVLEOH�

��� &RPELQLQJ LPSRUWDQFH VDPSOLQJ DQG FRQGLWLRQDO H[SHFWD�

WLRQ PHWKRGV

7KH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG FDQ DOVR EH DSSOLHG WR WKH 0RQWH &DUOR HYDOXDWLRQ
RI WKH H[SHFWDWLRQV RFFXUULQJ LQ WKH LPSRUWDQFH VDPSOLQJ UHVXOW ����� 7KH RQO\ GLmHUHQFH
QRZ LV WKDW LQVWHDG RI KDYLQJ K�;�  �;�%N RU K�;�  �;�6 ZH KDYH WR PXOWLSO\ WKHVH
E\ WKH ZHLJKW IDFWRU Z�;�� 7KH VDPSOHV a;e

Q DUH WR EH JHQHUDWHG LQ WKH VSDFH a6 ZLWK WKH
WLOWHG GLVWULEXWLRQ Se�c��
7KH FRQGLWLRQDO H[SHFWDWLRQV FDQ DJDLQ EH FDOFXODWHG DQDO\WLFDOO\ DQG WKLV UHVXOWV LQ

WKH QHZ HVWLPDWRU
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,Q ����� WKH RQH GLPHQVLRQDO H[SHFWDWLRQV DUH HVVHQWLDOO\ WKRVH REWDLQHG ZLWK WKH DFWXDO
GLVWULEXWLRQ� L�H� IXQFWLRQV I�c� c� DQG J�c� c� DUH FDOFXODWHG ZLWK ORDG |N LQVWHDG RI oN� 7KH
HmHFW RI WKH LPSRUWDQFH VDPSOLQJ LV FRUUHFWHG ZLWK WKH ZHLJKW IDFWRU Z�N�� a;e
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ZKLFK LQ IDFW LV WKH OLNHOLKRRG UDWLR IRU WKH RFFXUUHQFH RI WKH N�FROXPQ WR ZKLFK a;e
Q

EHORQJV�
1RWH WKDW LI WKH VSDFH a6 KDV D PRUH JHQHUDO VKDSH VR WKDW WKH VHWV a$N

L KDYH GLmHUHQW
VL]HV� WKH OHQJWK RI WKH N�FROXPQ WR ZKLFK a;e

Q EHORQJV EHLQJ GHQRWHG E\
a/N� a;e

Q�� WKHQ WKH
ZHLJKW IDFWRU EHFRPHV Z�N�� a;e

Q�� a;�N�e
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 J�a/N� a;e
Q�� oN�� ,Q SDUWLFXODU� LI a6  6 WKHQ WKH

GLYLVRU LQ WKLV ZHLJKW LV VLPSO\ J�/N� a;e
Q�� oN��

� 1XPHULFDO UHVXOWV

+HUH ZH FRPSDUH WKURXJK QXPHULFDO H[DPSOHV WKH HpFLHQF\ RI WKH GLmHUHQW PHWKRGV
SUHVHQWHG LQ WKLV SDSHU� $V DQ H[DPSOH ZH XVH WKH VDPH IRXU OLQN VWDU QHWZRUN DV VWXGLHG
E\ 5RVV LQ >�� FKDS �@ ZLWK PRGHUDWH DQG OLJKW WUDpF ORDGV �FDVHV � DQG � LQ WKH WDEOHV��
%ORFNLQJ SUREDELOLWLHV DQG WKH ��� FRQnGHQFH LQWHUYDOV DUH JLYHQ IRU WZR W\SLFDO WUDpF
FODVVHV �RXW RI ���� :H DOVR H[SHULPHQW ZLWK D ODUJHU QHWZRUN �FDVH �� ZKHUH WKH OLQN
FDSDFLWLHV KDYH EHHQ LQFUHDVHG URXJKO\ E\ D IDFWRU RI �� DQG WKH WUDpF LQWHQVLWLHV KDYH
EHHQ LQFUHDVHG FRUUHVSRQGLQJO\�
,Q 7DEOH � ZH FRPSDUH WKH HpFLHQF\ RI WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG �&(

PHWKRG LQ WKH WDEOHV�� ZLWK VDPSOHV JHQHUDWHG LQ 6 DQG a6� DJDLQVW WKRVH REWDLQHG ZLWK
VWDQGDUG 0RQWH &DUOR VLPXODWLRQ� )URP WKH UHVXOWV RQH FDQ VHH WKDW E\ XVLQJ WKH FRQ�
GLWLRQDO H[SHFWDWLRQ PHWKRG D VLJQLnFDQW YDULDQFH UHGXFWLRQ LV REWDLQHG DQG WKDW WKH
UHGXFWLRQ IDFWRU LQFUHDVHV DV WKH V\VWHP VL]H LQFUHDVHV� 1RWH WKDW LI WKH VWDQGDUG GHYLD�
WLRQ LV UHGXFHG E\ D IDFWRU RI H�J� � DV LQ WKH FDVH � IRU WUDpF FODVV �� WKLV FRUUHVSRQGV WR
D UHGXFWLRQ RI �� WLPHV LQ WKH UHTXLUHG QXPEHU RI VDPSOHV�

7DEOH �� %ORFNLQJ SUREDELOLWLHV ��� ZLWK FRQnGHQFH LQWHUYDOV

&DVH &ODVV 6WDQGDUG 0& &( PHWKRG LQ 6 &( PHWKRG LQ a6
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����

,Q 7DEOH � ZH FRPSDUH WKH HpFLHQF\ RI WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG� DJDLQ�
ERWK LQ 6 DQG LQ a6 FRPELQHG ZLWK WKH LPSRUWDQFH VDPSOLQJ �,6� GLVWULEXWLRQ LQWURGXFHG LQ
&KDSWHU �� DJDLQVW WKH VWDQGDUG 0RQWH &DUOR PHWKRG ZLWK WKH VDPH LPSRUWDQFH VDPSOLQJ
GLVWULEXWLRQ �UHVXOWV REWDLQHG E\ 5RVV�� $JDLQ FOHDU YDULDQFH UHGXFWLRQ LV REWDLQHG ZLWK
WKH XVDJH RI WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRGV DQG WKH UHGXFWLRQ IDFWRUV DUH URXJKO\



RI WKH VDPH RUGHU DV ZLWK WKH UHVXOWV LQ 7DEOH �� 1RWH WKDW IURP WKH PRGHUDWH WUDpF
UHVXOWV LQ 7DEOH � �FI� WKH FRUUHVSRQGLQJ UHVXOWV LQ 7DEOH �� ZH FDQ VHH WKDW WKH XVDJH
RI WKH &( PHWKRG LQ a6 JLYHV VRPH YDULDQFH UHGXFWLRQ RYHU WKH VDPH PHWKRG LQ 6 ZKHQ
WKH SUREDELOLW\ RI D VDPSOH IDOOLQJ RXWVLGH 6 LQFUHDVHV �WKH RmHUHG ORDGV LQ WKH VDPSOLQJ
GLVWULEXWLRQ ZHUH KLJKHVW IRU WKH PRGHUDWH WUDpF FDVH LQ 7DEOH ��� ZKLFK DOVR VHHPV
LQWXLWLYHO\ SODXVLEOH� 7KLV SURSHUW\ FDQ SURYH WR EH YHU\ XVHIXO ZKHQ FRQVLGHULQJ RWKHU
LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQV ZLWK PXFK KHDYLHU WLOWLQJ�

7DEOH �� %ORFNLQJ SUREDELOLWLHV ��� ZLWK FRQnGHQFH LQWHUYDOV

&DVH &ODVV 6WDQGDUG 0& � ,6 &( PHWKRG LQ 6 � ,6 &( PHWKRG LQ a6 � ,6
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����
� � �����h ����� �����h ����� �����h �����

� &RQFOXVLRQV

,Q WKLV SDSHU ZH KDYH FRQVLGHUHG HpFLHQW PHWKRGV IRU WKH 0RQWH &DUOR VLPXODWLRQ RI
SURGXFW IRUP V\VWHPV VXFK DV WKH PXOWLVHUYLFH ORVV V\VWHP� :H KDYH nUVW GHFRPSRVHG WKH
VLPXODWLRQ SUREOHP LQWR WZR VHSDUDWH SUREOHPV� QDPHO\ WKDW RI WKH PHWKRG IRU JHQHUDWLQJ
WKH VDPSOHV DQG WKH PHWKRG XVHG WR FROOHFW WKH FRQWULEXWLRQ IURP WKH JHQHUDWHG VDPSOHV�
)RU WKH VDPSOH JHQHUDWLRQ SUREOHP ZH SUHVHQWHG WZR FRPSXWDWLRQDOO\ HDV\ PHWKRGV� WKH
WUDGLWLRQDO 0RQWH &DUOR PHWKRG DQG WKH *LEEV VDPSOHU� )RU WKH VDPSOH FRQWULEXWLRQ
FROOHFWLRQ SUREOHP ZH KDYH SUHVHQWHG WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG� ZKLFK JLYHV
VLJQLnFDQW YDULDQFH UHGXFWLRQ� DQG LV HDV\ WR DSSO\ LQ V\VWHPV KDYLQJ D SURGXFW IRUP�
7KH PHWKRG LV EDVHG RQ SDUWLWLRQLQJ WKH VWDWH VSDFH LQWR VHWV VXFK WKDW ZLWKLQ HDFK
VHW WKH FRQGLWLRQDO H[SHFWDWLRQ RI WKH HVWLPDWHG IXQFWLRQ FDQ EH FDOFXODWHG DQDO\WLFDOO\�
ZKLFK LQ HmHFW HOLPLQDWHV WKH LQWHUQDO YDULDQFH ZLWKLQ WKH VHW IURP WKH HVWLPDWRU� $V D
QHZ UHVXOW� ZH SUHVHQWHG D PHWKRG ZKHUH ZH FDQ GHnQH D ODUJHU VDPSOLQJ VWDWH VSDFH DQG
XVH WKH FRQGLWLRQDO H[SHFWDWLRQ PHWKRG WR FROOHFW WKH FRQWULEXWLRQ RI HYHQ WKRVH VDPSOHV�
ZKLFK IDOO RXWVLGH WKH DOORZHG VWDWH VSDFH� )LQDOO\� ZH VWXGLHG WKH XVH RI D KHXULVWLF
LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ IRU WKH VDPSOH JHQHUDWLRQ� 7KH XVHG KHXULVWLFV LV QRW�
KRZHYHU� YHU\ HpFLHQW DQG VXmHUV IURP EHLQJ WRR FRQVHUYDWLYH� 7KH IXWXUH UHVHDUFK ZLOO
EH GLUHFWHG WRZDUGV GHnQLQJ PRUH HpFLHQW LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQV�
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