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,PSRUWDQFH 6DPSOLQJ IRU 0RQWH &DUOR
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+HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\

$EVWUDFW

,Q WKLV SDSHU ZH FRQVLGHU WKH XVH RI WUDGLWLRQDO 0RQWH &DUOR VLPXODWLRQ WHFKQLTXHV

IRU HVWLPDWLQJ YHU\ VPDOO EORFNLQJ SUREDELOLWLHV LQ PXOWLVHUYLFH ORVV V\VWHPV� :H GHULYH

DQ HpFLHQW VDPSOLQJ GLVWULEXWLRQ� ZKLFK KDV D FRPSRVLWH IRUP FRQVLVWLQJ RI D ZHLJKWHG

FRPELQDWLRQ RI H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQV� ,Q WKH OLWHUDWXUH WKH FRPSRVLWH

GLVWULEXWLRQ KDV EHHQ VKRZQ WR EH DV\PSWRWLFDOO\ HpFLHQW LQ V\VWHPV VXFK DV WKH

PXOWLVHUYLFH ORVV V\VWHP� +RZHYHU� WKH DV\PSWRWLF WKHRU\ OHDYHV RSHQ WKH TXHVWLRQ RI

KRZ WR FKRRVH WKH ZHLJKWV� )RU WKDW ZH JLYH KHXULVWLFV WR PLQLPL]H WKH YDULDQFH RI

WKH HVWLPDWRU E\ PDNLQJ WKH OLNHOLKRRG UDWLR DV FRQVWDQW DV SRVVLEOH LQ WKH VHW RI WKH

EORFNLQJ VWDWHV�

� ,QWURGXFWLRQ

0RGHUQ EURDGEDQG QHWZRUNV KDYH EHHQ GHVLJQHG WR LQWHJUDWH VHYHUDO VHUYLFH W\SHV LQWR WKH
VDPH QHWZRUN� 2Q WKH FDOO VFDOH� WKH SURFHVV GHVFULELQJ WKH QXPEHU RI FDOOV SUHVHQW LQ WKH
QHWZRUN FDQ EH PRGHOHG E\ D ORVV V\VWHP� VHH H�J� >�@� :H DUH LQWHUHVWHG LQ FDOFXODWLQJ WKH
VWHDG\ VWDWH EORFNLQJ SUREDELOLW\ IRU HDFK WUDpF FODVV LQ WKH V\VWHP� 6SHFLnFDOO\� ZH DUH
VWXG\LQJ V\VWHPV ZKHUH WKH EORFNLQJ SUREDELOLWLHV DUH YHU\ VPDOO� L�H� ZH DUH GHDOLQJ ZLWK
SUREDELOLWLHV RI VR FDOOHG UDUH HYHQWV� 7KH VWHDG\ VWDWH GLVWULEXWLRQ RI WKH V\VWHP KDV WKH
ZHOO NQRZQ SURGXFW IRUP� IURP ZKLFK LW LV HDV\ WR ZULWH GRZQ DQDO\WLF H[SUHVVLRQV DOVR IRU
WKH EORFNLQJ SUREDELOLWLHV� $ SUREOHP ZLWK WKH H[DFW VROXWLRQ� KRZHYHU� LV WKDW LW UHTXLUHV
WKH FDOFXODWLRQ RI D VR FDOOHG QRUPDOL]DWLRQ FRQVWDQW� ZKLFK HQWDLOV WKH FDOFXODWLRQ RI D VXP
RYHU WKH FRPSOHWH DOORZHG VWDWH VSDFH RI WKH V\VWHP� ,Q D QHWZRUN RI UHDOLVWLF VL]H WKH VWDWH
VSDFH YHU\ UDSLGO\ EHFRPHV DVWURQRPLFDO�
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,Q VXFK D VLWXDWLRQ ZH KDYH WZR DOWHUQDWLYHV� WR XVH DQDO\WLFDO DSSUR[LPDWLRQV RU WR VLPXODWH
WKH SUREOHP WR D GHVLUHG OHYHO RI DFFXUDF\� ,Q WKLV SDSHU ZH ZLOO EH GHDOLQJ ZLWK WKH ODWWHU�
7KHQ� DV WKH IRUP RI WKH VWDWLRQDU\ GLVWULEXWLRQ LV NQRZQ� WKH WUDGLWLRQDO 0RQWH &DUOR �0&�
PHWKRG LV DQ HpFLHQW ZD\ WR SHUIRUP WKH VLPXODWLRQ� $OWHUQDWLYHO\� RQH FDQ XWLOL]H WKH IDFW
WKDW WKH V\VWHP FDQ DOVR EH UHSUHVHQWHG E\ D 0DUNRY FKDLQ DQG VLPXODWH WKDW�

6LQFH ZH DUH DVVXPLQJ WKDW WKH EORFNLQJ SUREDELOLWLHV DUH YHU\ VPDOO� XVLQJ GLUHFW VLPXODWLRQ
EHFRPHV LQHpFLHQW EHFDXVH WKH UHTXLUHG QXPEHU RI VDPSOHV WR EH GUDZQ LQFUHDVHV H[SR�
QHQWLDOO\ DV WKH HVWLPDWHG SUREDELOLW\ EHFRPHV VPDOOHU� 7R RYHUFRPH WKLV� LW LV SRVVLEOH WR
XVH LPSRUWDQFH VDPSOLQJ �,6�� ZKHUHE\ RQH XVHV DQ DOWHUQDWLYH VDPSOLQJ GLVWULEXWLRQ� ZKLFK
HVVHQWLDOO\ PDNHV WKH LQWHUHVWLQJ VDPSOHV PRUH OLNHO\ WKDQ XQGHU WKH RULJLQDO GLVWULEXWLRQ�
7KH ELDV LQ WKH VDPSOHV FDXVHG E\ WKLV LV WKHQ FRUUHFWHG ZLWK WKH VR FDOOHG OLNHOLKRRG UDWLR�

)XUWKHUPRUH� ZH OLPLW RXUVHOYHV WR VWXG\LQJ ,6 GLVWULEXWLRQV� ZKLFK EHORQJ LQ WKH IDPLO\ RI
VR FDOOHG H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQV� 3UHYLRXVO\ WKLV KDV EHHQ VWXGLHG E\ 5RVV LQ
>�� FKDS� �@ DQG 0DQGMHV LQ >�@� :KHQ XVLQJ WKH WUDGLWLRQDO 0&� WKH VLPXODWLRQ FRQVLVWV
RI HVWLPDWLQJ WZR LQGHSHQGHQW SUREDELOLWLHV� WKH SUREDELOLW\ RI KLWWLQJ WKH EORFNLQJ VWDWHV
DQG WKH SUREDELOLW\ RI EHLQJ LQ WKH DOORZHG VWDWH VSDFH� 5RVV SURSRVHV KHXULVWLFV EDVHG RQ
DQ REVHUYDWLRQ WKDW ZKHQ XVLQJ WKH WUDGLWLRQDO 0& PHWKRG DQG WKH VDPH ,6 GLVWULEXWLRQ
IRU ERWK SUREDELOLWLHV� WKHQ ZLWK WKH RSWLPDO� L�H� PLQLPXP YDULDQFH� ,6 GLVWULEXWLRQ KDOI RI
WKH VDPSOHV ZLOO IDOO ZLWKLQ WKH DOORZHG VWDWH VSDFH DQG KDOI RI WKH VDPSOHV ZLOO IDOO ZLWKLQ
WKH EORFNLQJ VWDWHV� %DVHG RQ WKLV REVHUYDWLRQ 5RVV KDV SUHVHQWHG KHXULVWLFV ZKLFK DWWHPSW
WR LQFUHDVH WKH OLNHOLKRRG RI WKH EORFNLQJ VWDWHV� ZKLOH� DW WKH VDPH� LW WULHV WR OLPLW WKH
OLNHOLKRRG RI JHQHUDWLQJ PLVVHV IURP WKH DOORZHG VWDWH VSDFH� +RZHYHU� 0DQGMHV KDV QRWHG
WKDW LW LV QRW DGYDQWDJHRXV LQ WKH UDUH HYHQW FRQWH[W WR HVWLPDWH WKH WZR SUREDELOLWLHV DW WKH
VDPH WLPH XVLQJ WKH VDPH VDPSOLQJ GLVWULEXWLRQ� ,QVWHDG� LW LV RQO\ WKH SUREDELOLW\ RI KLWWLQJ
WKH EORFNLQJ VWDWHV WKDW UHTXLUHV LPSRUWDQFH VDPSOLQJ� 0DQGMHV
 PHWKRG LV PRWLYDWHG E\
ODUJH GHYLDWLRQ UHVXOWV IRU UDUH HYHQWV RI VXPV RI LQGHSHQGHQW 3RLVVRQ YDULDEOHV DQG KH
SURSRVHV WR XVH DQ LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ ZKLFK VKLIWV WKH PHDQ RI WKH VDPSOLQJ
GLVWULEXWLRQ WR PDWFK WKH PRVW SUREDEOH EORFNLQJ VWDWH� (VVHQWLDOO\ WKH PHWKRG DVVXPHV
WKDW WR HVWLPDWH WKH EORFNLQJ SUREDELOLW\ LW LV HQRXJK WR LGHQWLI\ WKH PRVW SUREDEOH EORFNLQJ
VWDWH� ZKLFK DOVR LGHQWLnHV WKH OLQN ZKHUH WKH EORFNLQJ ZLOO RFFXU� DQG WR WZLVW WKH VDPSOLQJ
GLVWULEXWLRQ VXFK WKDW LWV SUREDELOLW\ PDVV ZLOO EH FRQFHQWUDWHG DURXQG WKH PRVW SUREDEOH
EORFNLQJ VWDWH�

2XU DSSURDFK LV EDVHG RQ XVLQJ D VLPLODU WHFKQLTXH DV SURSRVHG E\ 0DQGMHV� EXW ZH H[WHQG
WKH LGHDV EDVHG RQ WKH ODUJH GHYLDWLRQ UHVXOWV REWDLQHG E\ 6DGRZVN\ HW DO� LQ >�@� 7KHUH LW LV
VKRZQ WKDW VRPHWLPHV� GHSHQGLQJ RQ WKH VKDSH RI WKH ?LQWHUHVWLQJ� VHW� LW LV QRW VXpFLHQW WR
XVH RQH WZLVWHG GLVWULEXWLRQ WR VDWLVI\ WKH FRQGLWLRQV RI DV\PSWRWLFDO RSWLPDOLW\ IRU WKH ,6
GLVWULEXWLRQ� ,QVWHDG� RQH QHHGV WR XVH D FRPSRVLWH GLVWULEXWLRQ� ZKLFK LV D ZHLJKWHG FRQYH[
FRPELQDWLRQ RI VHYHUDO H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQV� ,Q WKLV SDSHU ZH LOOXVWUDWH WKDW
WKH EORFNLQJ SUREDELOLW\ HVWLPDWLRQ SUREOHP KDV WKH VDPH SURSHUWLHV DV VWXGLHG LQ >�@ DQG ZH
SUHVHQW DQ ,6 GLVWULEXWLRQ IRU HVWLPDWLQJ WKH EORFNLQJ SUREDELOLWLHV� ZKLFK LV RI WKH FRPSRVLWH
IRUP� +RZHYHU� WKH UHVXOWV LQ >�@ OHDYH RSHQ WKH TXHVWLRQ DERXW WKH FKRLFH RI WKH ZHLJKWV
LQ WKH FRPSRVLWH GLVWULEXWLRQ� :H SURSRVH KHXULVWLFV IRU WKDW� ZKLFK DOVR KDYH D VRXQG
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WKHRUHWLFDO PRWLYDWLRQ� 7KH VOLJKW LQFUHDVH LQ FRPSXWDWLRQDO FRPSOH[LW\ ZKHQ FRPSDUHG
ZLWK MXVW XVLQJ D VLQJOH WZLVWHG GLVWULEXWLRQ DSSHDUV WR EH ZHOO MXVWLnHG E\ WKH JDLQV LQ WKH
YDULDQFH UHGXFWLRQ DQG DFFXUDF\ REWDLQHG LQ RXU QXPHULFDO H[SHULPHQWV�

7KLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � GHVFULEHV EULHo\ WKH PXOWLVHUYLFH ORVV V\VWHP
DQG WKH DVVRFLDWHG VLPXODWLRQ SUREOHP LV FKDUDFWHUL]HG LQ VHFWLRQ �� 6HFWLRQ � FRQWDLQV WKH
PDLQ UHVXOWV RI WKLV SDSHU� ZKLFK LV WKH GHULYDWLRQ RI WKH FRPSRVLWH GLVWULEXWLRQ� 1XPHULFDO
H[DPSOHV DUH JLYHQ LQ VHFWLRQ � DQG WKH FRQFOXVLRQV DUH SUHVHQWHG LQ VHFWLRQ ��

� 7KH PXOWLVHUYLFH ORVV V\VWHP

&RQVLGHU D QHWZRUN FRQVLVWLQJ RI - OLQNV� LQGH[HG ZLWK M  �� � � � � - � OLQN M KDYLQJ D FDSDFLW\
RI &M UHVRXUFH XQLWV� 7KH QHWZRUN VXSSRUWV . FODVVHV RI FDOOV� $VVRFLDWHG ZLWK D FODVV�N
FDOO� N  �� � � � �.� LV DQ RmHUHG ORDG |N DQG D EDQGZLGWK UHTXLUHPHQW RI EM�N XQLWV RQ OLQN M�
1RWH WKDW EM�N  � ZKHQ FODVV�N FDOO GRHV QRW XVH OLQN M� /HW WKH YHFWRU EM  �EM��� � � � � EM�.�
GHQRWH WKH UHTXLUHG EDQGZLGWKV RI GLmHUHQW FODVVHV RQ OLQN M� $OVR� ZH DVVXPH WKDW WKH
FDOOV LQ HDFK FODVV DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV� D FDOO LV DOZD\V DFFHSWHG LI WKHUH
LV HQRXJK FDSDFLW\ OHIW� DQG WKDW WKH EORFNHG FDOOV DUH FOHDUHG� 7KH VWDWH RI WKH V\VWHP LV
GHVFULEHG E\ WKH YHFWRU ;  �;�� � � � � ;.�� ZKHUH HOHPHQW ;N LV WKH QXPEHU RI FODVV�N FDOOV
LQ SURJUHVV�

7KH VHW RI DOORZHG VWDWHV 6 FDQ EH GHVFULEHG DV

6  I[ M �M � EM c [ � &MJ �

ZKHUH WKH VFDODU SURGXFW LV GHnQHG DV EM c [  
3

N EM�N[N� 7KLV V\VWHP KDV WKH ZHOO NQRZQ
SURGXFW IRUP VWDWLRQDU\ GLVWULEXWLRQ
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7KH VHW RI EORFNLQJ VWDWHV IRU D FODVV�N FDOO� %N� LV

%N  I[ � 6 M �M � EM c �[� HN� ! &MJ �

ZKHUH HN LV D .�FRPSRQHQW YHFWRU ZLWK � LQ WKH NWK FRPSRQHQW DQG ]HURV HOVHZKHUH� 7KH
EORFNLQJ SUREDELOLW\ RI D FODVV�N FDOO� %N� LV WKHQ

%N  
;
[�%N

{�[�  
;
[�6

{�[��[�%N  ( >�[�%N @ � ���

�



,W VKRXOG EH QRWHG WKDW WKH GLVWULEXWLRQ { JLYHQ E\ ��� UHSUHVHQWV WKH WUXQFDWLRQ RI D .
GLPHQVLRQDO LQGHSHQGHQW 3RLVVRQ W\SH GLVWULEXWLRQ WR WKH VWDWH VSDFH 6� 7KHQ� E\ GHnQLQJ
DQRWKHU VWDWH VSDFH a6 VXFK WKDW a6 u 6 DQG D UDQGRP YHFWRU a; � a6 ZLWK WKH VDPH SURGXFW
IRUP GLVWULEXWLRQ� 3> a;  a[@ z

4.

N � |
[N
N  [N�� ZH FDQ H[SUHVV WKH EORFNLQJ SUREDELOLW\ DV

%N  (
K
� a;�%N M

a; � 6
L
 
(>� a;�%N @

(>� a;�6@
� ���

� 7KH WUDGLWLRQDO 0RQWH &DUOR PHWKRG

/HW XV FRQVLGHU D JHQHUDO SUREOHP RI HVWLPDWLQJ WKH H[SHFWDWLRQ

+  ( >K�;�@

RI VRPH IXQFWLRQ K�c� RI D YHFWRU UDQGRP YDULDEOH ; � 6 ZLWK VRPH VWDWH VSDFH 6 DQG KDYLQJ
D GLVWULEXWLRQ 3 � 7KH WUDGLWLRQDO 0RQWH &DUOR PHWKRG FRQVLVWV RI GUDZLQJ 1 LQGHSHQGHQW
VDPSOHV ;Q� Q  �� � � � � 1 � IURP WKH GLVWULEXWLRQ 3 \LHOGLQJ DQ XQELDVHG HVWLPDWH
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7KH EORFNLQJ SUREDELOLWLHV LQ WKH PXOWLVHUYLFH ORVV V\VWHP� JLYHQ E\ ���� DUH RI WKH DERYH
IRUP� DQG ZH KDYH WKH IROORZLQJ HVWLPDWRU
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7R JHQHUDWH LQGHSHQGHQW LGHQWLFDOO\ GLVWULEXWHG VDPSOHV a;Q � a6� LW LV GHVLUDEOH WKDW WKH
FRPSRQHQWV RI a;Q EH LQGHSHQGHQW WR PDNH WKH JHQHUDWLRQ RI WKH VDPSOHV HDV\� 7KHQ D
VXLWDEOH FKRLFH IRU a6 LV WKH &DUWHVLDQ SURGXFW VSDFH OLPLWHG E\ WKH PD[LPXP QXPEHU RI
DOORZHG FODVV�N FDOOV 1N

PD[
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:H FDOO WKLV VDPSOLQJ GLVWULEXWLRQ DV WKH LQGHSHQGHQW WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ�
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� ,PSRUWDQFH VDPSOLQJ IRU PXOWLVHUYLFH ORVV V\VWHPV

7KH 0RQWH &DUOR HVWLPDWH ��� IRU WKH H[SHFWDWLRQ (>K�;�@ LV QRW YHU\ HpFLHQW LQ FDVHV ZKHUH
WKH PDLQ FRQWULEXWLRQ WR WKLV H[SHFWDWLRQ FRPHV IURP YDOXHV RI ; ZKLFK DUH UDUH XQGHU WKH
GLVWULEXWLRQ 3 � S�;�  3>;  [@ GHnQHG LQ WKH VWDWH VSDFH 6� ,Q VXFK FDVHV WKH YDULDQFH
FDQ EH UHGXFHG E\ PDNLQJ WKH VDPSOLQJ IURP DQRWKHU GLVWULEXWLRQ� VR FDOOHG LPSRUWDQFH
VDPSOLQJ GLVWULEXWLRQ� 3 e � Se�[�  3>;e  [@ ! � IRU ;e � 6� :LWK UHVSHFW WR WKLV
GLVWULEXWLRQ WKH H[SHFWDWLRQ EHFRPHV

+  ( >K�;�@  (Se >K�;
e�Z�;e�@ �

ZKHUH Z�;e�  S�;e� Se�;e� LV WKH OLNHOLKRRG UDWLR� 7KLV OHDGV WR WKH 0RQWH &DUOR HVWL�
PDWRU
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$ ZHOO NQRZQ UHVXOW LV WKDW WKH RSWLPDO FKRLFH IRU WKH ,6 GLVWULEXWLRQ LQ WKLV FDVH ZRXOG
EH Se�[�  S�[�K�[� + IRU [ � 6� L�H� LW KDV WKH SURSHUW\ WKDW LW PDNHV HDFK VDPSOH
Z�;e

Q�K�;
e
Q� D FRQVWDQW DQG KHQFH WKH YDULDQFH RI WKH HVWLPDWRU ]HUR� VHH H�J� >�@� 7KLV

VDPSOLQJ GLVWULEXWLRQ LV� KRZHYHU� LPSUDFWLFDO� VLQFH LW UHTXLUHV H[SOLFLW LQIRUPDWLRQ DERXW
WKH HVWLPDWHG TXDQWLW\ LWVHOI�

)RU FDOFXODWLQJ WKH EORFNLQJ SUREDELOLWLHV� ZH FDQ XVH WKH IRUP ��� ZKHUH a; LV GHnQHG LQ a6�
:H FDQ QRZ DSSO\ WKH LPSRUWDQFH VDPSOLQJ ERWK IRU WKH QXPHUDWRU DQG GHQRPLQDWRU E\
GHnQLQJ D QHZ GLVWULEXWLRQ aSe�[� LQ WKH VSDFH a6� 7KLV UHVXOWV LQ
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DQG WKH FRUUHVSRQGLQJ HVWLPDWRU
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+RZHYHU� WKH EORFNLQJ SUREDELOLW\ LV D UDWLR RI WZR LQGHSHQGHQW H[SHFWDWLRQV DQG WKXV WKH\
FDQ EH FDQ EH HVWLPDWHG VHSDUDWHO\ LQ ���� %\ REVHUYLQJ WKDW DV ZH DUH LQWHUHVWHG LQ
HVWLPDWLQJ SRWHQWLDOO\ YHU\ VPDOO EORFNLQJ SUREDELOLWLHV� WKH GHQRPLQDWRU� L�H� WKH SUREDELOLW\
RI KLWWLQJ WKH DOORZHG VWDWH VSDFH 6� GRHV QRW LQYROYH UDUH HYHQW HVWLPDWLRQ XQGHU WKH RULJLQDO
GLVWULEXWLRQ aS�c�� +HQFH WR HVWLPDWH (>� a;�6 @ ZH GR QRW QHHG WR DSSO\ LPSRUWDQFH VDPSOLQJ�
,Q IDFW� XQGHU WKH RULJLQDO GLVWULEXWLRQ aS�c�� ZKHQ WKH QHWZRUN LV YHU\ OLJKWO\ ORDGHG DV LV
WKH FDVH ZKHQ WKH EORFNLQJ SUREDELOLWLHV DUH YHU\ VPDOO� WKH H[SHFWDWLRQ (>� a;�6@  3>
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6@ { �� +RZHYHU� IRU WKH QXPHUDWRU� ZH FDQ DSSO\ LPSRUWDQFH VDPSOLQJ DQG WKXV ZH DUH
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WU\LQJ WR nQG DQ HpFLHQW LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ IRU HVWLPDWLQJ WKH QXPHUDWRU LQ
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ZKHUH WKH VDPSOHV a;e
Q �

a6 KDYH GLVWULEXWLRQ aSe�a[��

:KDW LV D ?JRRG� ,6 GLVWULEXWLRQ LQ WKLV FDVH " :KHQ XVLQJ WKH GLVWULEXWLRQ aSe�c� WKH RQO\
SDUDPHWHUV WR EH GHnQHG DUH WKH ORDG SDUDPHWHUV LQ WKH WZLVWHG GLVWULEXWLRQ� :KHQ D VLQJOH
OLQN LV WKH ERWWOHQHFN IRU HDFK WUDpF FODVV� WKHQ WKH LGHD ZRXOG EH EDVLFDOO\ WR FKRRVH WKH
SDUDPHWHUV VXFK WKDW WKH SUREDELOLW\ PDVV RI WKH VDPSOLQJ GLVWULEXWLRQ LV VKLIWHG WR WKH
PRVW OLNHO\ EORFNLQJ VWDWH� DV VXJJHVWHG H�J� LQ >�@� :H FRQVLGHU KHUH D PRUH UHDOLVWLF VHWWLQJ�
ZKHUH IRU HDFK WUDpF FODVV WKH SUREDELOLW\ RI EORFNLQJ LV QRW GRPLQDWHG E\ D VLQJOH OLQN LQ WKH
QHWZRUN EXW LW FDQ EH URXJKO\ HTXDO RQ PDQ\ RI WKH OLQNV WKH WUDpF FODVV XVHV LQ WKH QHWZRUN�
7KH GHVFULEHG VLWXDWLRQ ZRXOG LQ UHDOLW\ FRUUHVSRQG WR D ZHOO HQJLQHHUHG V\VWHP� ZKHUH HDFK
OLQN LQ WKH QHWZRUN ZRXOG EH URXJKO\ HTXDOO\ ORDGHG� 7KLV VLWXDWLRQ LV GHDOW ZLWK LQ >�@ RQO\
IRU WKH FDVH ZKHQ WKHUH H[LVWV VHYHUDO PD[LPL]HUV IRU WKH RSWLPL]DWLRQ SUREOHP ����� ZKLFK
JLYH WKH VDPH PD[LPXP YDOXH IRU WKH REMHFWLYH IXQFWLRQ� 7KLV FDQ KDSSHQ ZKHQ IRU H[DPSOH
WKH QHWZRUN KDV VRPH V\PPHWULF VWUXFWXUH� 7KLV LV KDQGOHG E\ DSSUR[LPDWLQJ WKH EORFNLQJ
SUREDELOLWLHV WR EH LQGHSHQGHQW RQ HDFK OLQN DQG WKHQ XVLQJ WZLVWHG GLVWULEXWLRQV WR HVWLPDWH
WKH EORFNLQJ SUREDELOLW\ RQ HDFK OLQN VHSDUDWHO\� 7KHQ� E\ WKH DVVXPHG LQGHSHQGHQFH� WKH
WRWDO EORFNLQJ SUREDELOLW\ LV WKH VXP RI LQGLYLGXDO OLQN EORFNLQJ SUREDELOLWLHV� +RZHYHU� WKLV
LV RQO\ DQ DSSUR[LPDWLRQ� ZKLFK LV VRPHZKDW LQ FRQWUDGLFWLRQ ZLWK ZKDW ZH ZDQW LQ WKH
nUVW SODFH ZKHQ GRLQJ VLPXODWLRQV� :KDW ZH DFWXDOO\ ZDQW LV DQ DFFXUDWH HVWLPDWH IRU WKH
UHDO EORFNLQJ SUREDELOLW\ %N DQG QRW DQ HVWLPDWH IRU DQ DSSUR[LPDWLRQ RI %N�

��� 0RWLYDWLRQDO $UJXPHQWV

/HW XV FRQVLGHU D JHQHUDO SUREOHP RI HVWLPDWLQJ WKH SUREDELOLW\ RI HYHQW %

n  3 >; � %@  ( >�;�%@ �

ZKHUH ; � 6 KDV VRPH GLVWULEXWLRQ S�[� DQG % t 6� 1RZ ZH ZLVK WR JHW LQVLJKW LQWR KRZ
WKH ,6 GLVWULEXWLRQ VKRXOG EH FKRVHQ� %\ GHQRWLQJ ZLWK Se�[� WKH ,6 GLVWULEXWLRQ� ZH FDQ
H[SUHVV WKH H[SHFWDWLRQ DV

n  (Se >Z�;�@ � ���

ZKHUH
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Se�;�
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$OVR� OHW ne  (Se >�;�%@ EH WKH SUREDELOLW\ RI HYHQW % ZLWK UHVSHFW WR WKH GLVWULEXWLRQ S
e�[��

%\ FRQGLWLRQLQJ RQ WKH YDOXH RI WKH UDQGRP YDULDEOH ,  �;�% ZH FDQ H[SUHVV ��� DV
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7KXV ZH KDYH (Se >Z�;�M,  �@  n ne� 7KH YDULDQFH RI Z�;� LV WKHQ
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ZKHUH }e�  9Se >Z�;�M,  �@ LV WKH YDULDQFH RI Z�;� LQ % XQGHU S
e�[�� )URP WKLV IRUPX�

ODWLRQ ZH DUH DEOH WR JHW LQVLJKW LQWR WKH HmHFW RI WKH ,6 GLVWULEXWLRQ�

:KHQ QR WZLVWLQJ LV XVHG DQG Se�[�  S�[� WKHQ DOVR ne  n DQG }e�  �� ,Q WKLV FDVH

9S >Z�;�@  n��b n� { n�

%\ LQFUHDVLQJ WKH SUREDELOLW\ ne RI % XQGHU Se�[�� WKH nUVW DQG PRVW LPSRUWDQW WHUP LQ
��� FDQ EH UHGXFHG� ,GHDOO\� LI RQH FDQ PDNH ne  �� WKH nUVW DQG VHFRQG WHUP FRPSOHWHO\
FDQFHO� ,I WKH SUREDELOLW\ RI % FDQ EH LQFUHDVHG XQLIRUPO\� L�H� ZLWK Z�[� FRQVWDQW LQ %� WKHQ
}e�  � DQG WKH HVWLPDWRU ZRXOG KDYH D ]HUR YDULDQFH�

,Q SUDFWLFH RQH LV OLPLWHG WR D IDPLO\ RI WZLVWHG GLVWULEXWLRQV� DQG RQH KDV WR FRPSURPLVH
EHWZHHQ WKH WZR IDFWRUV� ,W LV LPSRUWDQW WR LQFUHDVH WKH SUREDELOLW\ RI % EXW DW WKH VDPH
WLPH LW LV LPSRUWDQW WR NHHS Z�[� DV FRQVWDQW DV SRVVLEOH LQ % LQ RUGHU WR PLQLPL]H }e��

��� 'HULYDWLRQ RI WKH ,6 GLVWULEXWLRQ

7KH EDVLF LGHD LV WR VHDUFK DOO GRPLQDWLQJ SRLQWV �PRVW SUREDEOH EORFNLQJ VWDWHV� RQ DOO
WKH OLQNV RI WKH QHWZRUN� ZKLFK JLYHV XV DQ LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ IRU HmHFWLYHO\
VDPSOLQJ WKH EORFNLQJ VWDWHV RQ HDFK OLQN M� 7KLV LV LOOXVWUDWHG LQ )LJ� �� ZKLFK VKRZV DQ
H[DPSOH ZLWK WZR WUDpF FODVVHV� 1RZ ZH FDQ FKRRVH RQH RI WKHVH SRLQWV DQG WZLVW WKH RULJLQDO
GLVWULEXWLRQ VXFK WKDW WKH PDLQ PDVV RI WKH GLVWULEXWLRQ LV FHQWHUHG DURXQG WKDW SRLQW� ,Q
WKLV ZD\ ZH FDQ PD[LPL]H ne� +RZHYHU� LI ZH XVH RQO\ RQH SRLQW WKHQ WKH GLVWULEXWLRQ RI
Z�[� LQ % ZLOO EH XQHYHQ JLYLQJ ULVH WR D ODUJH }e�� 7KHUHIRUH� LW LV PRUH DGYDQWDJHRXV
WR XVH D FRPSRVLWH GLVWULEXWLRQ ZKLFK LV D ZHLJKWHG FRPELQDWLRQ RI WKH LQGLYLGXDO WZLVWHG
GLVWULEXWLRQV VXFK WKDW Z�[� ZLOO EH PRUH XQLIRUP LQ WKH ZKROH %�

7KLV DSSURDFK LV VXSSRUWHG E\ WKH UHVXOWV RI >�@� ZKLFK VKRZ WKDW VR FDOOHG DV\PSWRWLFDOO\
RSWLPDO WZLVWLQJ GLVWULEXWLRQ IRU % LQGHHG LV RI WKLV FRPSRVLWH IRUP� $ IDLOXUH WR LQFOXGH
DOO WKH GRPLQDWLQJ SRLQWV PHDQV WKDW WKH VDPSOLQJ GLVWULEXWLRQ FDQ EH DV\PSWRWLFDOO\ YHU\
LQHpFLHQW� 7KH DV\PSWRWLF WKHRU\� KRZHYHU� OHDYHV WKH ZHLJKWV LQ WKH FRPSRVLWH GLVWULEXWLRQ
RSHQ� :H ZLOO n[ WKHP E\ WKH KHXULVWLFV RI PD[LPDO XQLIRUPLW\ RI Z�[� LQ %�

7KH PRVW SUREDEOH EORFNLQJ VWDWHV DUH IRXQG DV D UHVXOW RI D VLPSOH PD[LPL]DWLRQ SUREOHP
RI D 3RLVVRQ�W\SH GLVWULEXWLRQ RQ D JLYHQ OLQHDU FRQVWUDLQW� 7R VHDUFK WKH GRPLQDWLQJ SRLQW
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)LJXUH �� 0RVW SUREDEOH EORFNLQJ VWDWHV LQ D WZR WUDpF H[DPSOH ZLWK WZR OLQN FRQVWUDLQWV�

RQ HDFK OLQN ZH QHHG WR VROYH WKH IROORZLQJ RSWLPL]DWLRQ SUREOHP IRU DOO M  �� � � � � - �
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VXEMHFW WR [ c EM  &M�

7KLV SUREOHP KDV EHHQ FRQVLGHUHG HOVHZKHUH LQ WKH OLWHUDWXUH �H�J� >�@ DQG >�@� DQG XVXDOO\
LW KDV EHHQ VROYHG E\ XVLQJ nUVW WKH 6WLUOLQJ
V DSSUR[LPDWLRQ IRU WKH IDFWRULDO WHUP DQG
WKHQ VROYLQJ WKH FRQVWUDLQHG RSWLPL]DWLRQ SUREOHP E\ VWDQGDUG WHFKQLTXHV� +RZHYHU� WKH
RSWLPDO VROXWLRQ FDQ EH IRXQG HDVLO\ HYHQ ZLWKRXW XVLQJ WKH 6WLUOLQJ
V DSSUR[LPDWLRQ� 7KH
H[SUHVVLRQ FDQ WKHQ EH VROYHG HmHFWLYHO\ E\ XVLQJ VWDQGDUG QXPHULFDO WHFKQLTXHV� )RU WKLV�
FRQVLGHU WKH IROORZLQJ HTXLYDOHQW RSWLPL]DWLRQ SUREOHP �WKH WHUP � a* LV MXVW D FRQVWDQW DQG
KDV EHHQ RPLWWHG�

PD[
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ORJ I�[N� |N�

VXEMHFW WR [ c EM  &M�

����

,QWURGXFLQJ WKH /DJUDQJH PXOWLSOLHU t IRU WKH OLQHDU FRQVWUDLQW� ZH DUH OHDG WR WKH XQFRQ�
VWUDLQHG PD[LPL]DWLRQ RI WKH IROORZLQJ REMHFWLYH IXQFWLRQ
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>ORJ I�[N� |N�b t[NEM�N@b t&M� ����

/HW XV GHQRWH E\

K�[N� |N�  
#

#[N
ORJ I�[N� |N��

0D[LPL]DWLRQ RI ���� ZLWK UHVSHFW WR WKH [N� OHDGV WR WKH VROXWLRQ

[N  Kb��tEM�N� |N�� N  �� � � � �.� ����
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ZKHUH Kb��c� |� GHQRWHV WKH LQYHUVH IXQFWLRQ RI K�c� |�� ,W LV HDV\ WR FKHFN WKDW K�c� c� LV D
PRQRWRQRXVO\ GHFUHDVLQJ IXQFWLRQ RI [N DQG KHQFH WKH LQYHUVH IXQFWLRQ LV DOVR ZHOO GHnQHG�
7KH /DJUDQJH PXOWLSOLHU t LV GHWHUPLQHG VLPSO\ E\ UHTXLULQJ WKDW WKH VROXWLRQ PXVW VDWLVI\
WKH FRQVWUDLQW RI ����� L�H�

.;
N �

EM�NK
b��tEM�N� |N�  &M� ����

+HQFH� WKH VROXWLRQ WR ���� LV REWDLQHG E\ nUVW VROYLQJ ���� DQG WKHQ HYDOXDWLQJ ���� IRU
N  �� � � � � .� /HW XV QRZ GHQRWH E\ [eM WKH VROXWLRQ IRU OLQN M� 7KLV VROXWLRQ UHSUHVHQWV WKH
?PRVW OLNHO\� EORFNLQJ VWDWH RQ WKH OLQN M�

$W WKLV SRLQW ZH UHVWULFW RXUVHOYHV WR RQO\ FRQVLGHU ,6 GLVWULEXWLRQV EHORQJLQJ LQ WKH IDPLO\
RI H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQV� ,Q FDVH RI WKH 3RLVVRQ GLVWULEXWLRQV WKHVH DUH DOVR
3RLVVRQ GLVWULEXWLRQV EXW ZLWK GLmHUHQW ORDG SDUDPHWHUV o� LQVWHDG RI |� 1RZ WKH PDLQ PDVV
RI WKH VDPSOLQJ GLVWULEXWLRQ FDQ EH PRYHG WR WKH SRLQW [eM E\ VHOHFWLQJ oM  [eM � 7KHQ� OHW
XV GHQRWH E\ aSeM�a[� D WUXQFDWHG 3RLVVRQ GHQVLW\ RI WKH IRUP ���� ZKHUH WKH ORDG SDUDPHWHU
RI HDFK FODVV oM�N  [eM�N� 7R EH SUHFLVH� HDFK GLVWULEXWLRQ aS

e
M�a[� LV JLYHQ E\

aSeM�a[�  
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ZKHUH a*e
M LV WKH QRUPDOL]DWLRQ FRQVWDQW

a*e
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I�a[N� oM�N��

7KHVH GLVWULEXWLRQV ZLOO HmHFWLYHO\ PRYH WKH SUREDELOLW\ PDVV RI WKH VDPSOLQJ GLVWULEXWLRQ
FORVH WR WKH FDSDFLW\ FRQVWUDLQW RI OLQN M JLYLQJ DQ HpFLHQW VDPSOLQJ GLVWULEXWLRQ IRU WKH
EORFNLQJ VWDWHV UHVXOWLQJ IURP OLQN M� ,Q IDFW� LI WKHVH SDUDPHWHUV ZHUH XVHG LQ VDPSOLQJ
IURP LQGHSHQGHQW LQnQLWH GLPHQVLRQDO 3RLVVRQ GLVWULEXWLRQV� WKH WZLVWLQJ ZRXOG FRUUHVSRQG
WR PRYLQJ WKH PHDQ RI WKH GLVWULEXWLRQ WR WKH PRVW SUREDEOH EORFNLQJ VWDWH� 7KLV LV DJDLQ
LOOXVWUDWHG LQ )LJ� �� ZKLFK VKRZV WKH VDPSOLQJ GLVWULEXWLRQV RI D WZR WUDpF FODVV H[DPSOH
ZLWK WZR OLQN FRQVWUDLQWV�

+RZHYHU� D WUDpF FODVV XVHV RQO\ D VXEVHW RI DOO WKH OLQNV LQ WKH QHWZRUN� 7KXV� ZKHQ
HVWLPDWLQJ WKH EORFNLQJ SUREDELOLW\ RI WUDpF FODVV N� ZH RQO\ QHHG WR VDPSOH RQ WKRVH OLQNV�
ZKLFK WKH WUDpF FODVV N DFWXDOO\ XVHV DQG WKH FRPSOHWH VDPSOLQJ GLVWULEXWLRQ IRU WUDpF FODVV
N LV WKHQ D ZHLJKWHG FRPELQDWLRQ RI WKRVH GLVWULEXWLRQV� )RU WKLV OHW XV GHQRWH E\ 5N WKH
VHW RI OLQNV WKH WUDpF FODVV N XVHV� )RUPDOO\ ZH KDYH WKDW

5N  IM � �� � � � � - M EM�N ! �J�

$OVR� OHW -N GHQRWH WKH QXPEHU RI OLQNV LQ WKH VHW 5N� 7KHQ WKH VDPSOLQJ GLVWULEXWLRQ IRU
WUDpF FODVV N LV H[SUHVVHG DV
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;
M�5N

3M aS
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)LJXUH �� 7KH WZLVWHG GLVWULEXWLRQV LQ D WZR WUDpF H[DPSOH ZLWK WZR OLQN FRQVWUDLQWV�

ZKHUH 3M LV WKH SUREDELOLW\ RI XVLQJ WKH GLVWULEXWLRQ aS
e
M�c� IRU JHQHUDWLQJ WKH VDPSOH� :KDW

UHPDLQV LV WR nQG D PHWKRG WR REWDLQ WKHVH ZHLJKWV� $JDLQ� WKH XVHG KHXULVWLFV LV EDVHG RQ
DWWHPSWLQJ WR NHHS WKH OLNHOLKRRG UDWLR DV FRQVWDQW DV SRVVLEOH LQ %N� :LWK -N SDUDPHWHUV
3L DYDLODEOH� ZH FDQQRW PDNH Z�[� FRQVWDQW LQ WKH ZKROH %

N� ,QVWHDG� ZH FKRRVH WR UHTXLUH
Z�[� WR EH FRQVWDQW� s� DW WKH GRPLQDWLQJ SRLQWV [eM � 7KLV UHTXLUHPHQW OHDGV WR D VHW RI
OLQHDU HTXDWLRQV ;
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3L aS
e
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ZKHUH WKH FRQVWDQW s LV FKRVHQ VXFK WKDW
3

L 3L  ��

� 1XPHULFDO H[DPSOHV

+HUH ZH LOOXVWUDWH WKH HpFLHQF\ RI XVLQJ WKH SUHVHQWHG FRPSRVLWH GLVWULEXWLRQV IRU HYDOXDWLQJ
EORFNLQJ SUREDELOLWLHV LQ D PXOWLVHUYLFH ORVV V\VWHP E\ FRQVLGHULQJ WKH QXPHULFDO H[DPSOH
IURP >�@� ZKHUH +HHJDDUG XVHV DQ DGDSWLYH LPSRUWDQFH VDPSOLQJ VFKHPH LQ D 0DUNRY FKDLQ
VLPXODWLRQ VHWWLQJ� 7KH H[DPSOH FRUUHVSRQGV WR D QHWZRUN ZKHUH XVXDOO\ WKH EORFNLQJ SURE�
DELOLW\ RI D FODVV LV QRW GRPLQDWHG E\ D VLQJOH OLQN FRQVWUDLQW� 7KH QHWZRUN KDV �� OLQNV DQG
�� WUDpF FODVVHV� +RZHYHU� WKH OLQN VL]HV DUH VPDOO HQRXJK WR SHUPLW WKH FDOFXODWLRQ RI WKH
H[DFW VROXWLRQ� :H VHOHFWHG DV H[DPSOHV WKUHH WUDpF FODVVHV ��� � DQG �� WR LOOXVWUDWH WKH
GLmHUHQFHV LQ DFFXUDF\ ZKHQ XVLQJ MXVW RQH WZLVWHG GLVWULEXWLRQ DQG WKH FRPSRVLWH GLVWUL�
EXWLRQ� 8VLQJ MXVW D VLQJOH WZLVWHG GLVWULEXWLRQ IRU VDPSOLQJ FRUUHVSRQGV WR WKH VLPXODWLRQ
PHWKRG JLYHQ LQ >�@� ,Q WKLV FDVH WKH ORDG SDUDPHWHUV DUH FKRVHQ WR EH WKH FRPSRQHQWV RI
[eM JLYLQJ WKH RYHUDOO ODUJHVW YDOXH IRU ���� RYHU M � 5N� $OVR� WKH PHWKRG RI 5RVV >�� FKDS�
�@ FRUUHVSRQGV WR WKH XVH RI D VLQJOH WZLVWHG GLVWULEXWLRQ� +RZHYHU� WKH PHWKRG VXmHUV IURP
EHLQJ WRR FRQVHUYDWLYH DQG H�J� LQ WKH H[DPSOHV KHUH WKH PHWKRG LV QRW DEOH WR SURGXFH
DQ\ HVWLPDWH HYHQ DIWHU � ��� ��� VDPSOHV� 7R FRPSDUH WKH UHVXOWV ZH FRPSXWH WKH UHODWLYH
GLmHUHQFH RI WKH HVWLPDWH� JLYHQ E\ � A%Nb%N� %N� DQG LWV HVWLPDWHG ��� FRQnGHQFH LQWHUYDO�
)RU HDFK H[DPSOH ZH JLYH WKH UHVXOWV ZKHQ XVLQJ 1  �� ��� RU 1  ��� ��� VDPSOHV LQ

��



WKH VLPXODWLRQ�

FODVV %N 1 6LQJOH WZLVW &RPSRVLWH GLVWULEXWLRQ
� ����� c ��b� �� ��� b�����h ����� b�����h �����
� ����� c ��b� ��� ��� b�����h ����� b�����h �����
� ����� c ��b� �� ��� b�����h ����� b�����h �����
� ����� c ��b� ��� ��� b�����h ����� �����h �����
� ����� c ��b� �� ��� b�����h ����� b�����h �����
� ����� c ��b� ��� ��� �����h ����� b�����h �����

7DEOH �� 7KH UHODWLYH GLmHUHQFH IRU WKH HVWLPDWHV DQG WKH HVWLPDWHG ��� FRQnGHQFH LQWHUYDOV�

)URP WKH UHVXOWV ZH FDQ FOHDUO\ VHH WKH EHWWHU DFFXUDF\ RI XVLQJ WKH FRPSRVLWH GLVWULEXWLRQ�
VHH HVSHFLDOO\ WKH UHVXOWV RI WUDpF FODVV �� +RZHYHU� IRU WUDpF FODVV � LW FRXOG EH VHHQ IURP
WKH UHVXOWV RI WKH OLNHOLKRRG PD[LPL]DWLRQ SUREOHP WKDW WKHUH LV EDVLFDOO\ RQO\ D VLQJOH OLQN
ZKHUH WKH PDLQ FRQWULEXWLRQ WR WKH EORFNLQJ SUREDELOLW\ FRPHV� 7KHQ� DV WKH UHVXOWV LQ WKH
WDEOH VKRZ� LW LV VXpFLHQW WR XVH RQO\ D VLQJOH WZLVWHG GLVWULEXWLRQ�

)RU WKH FDVHV FRYHUHG KHUH +HHJDDUG REWDLQHG UHVXOWV ZLWK D UHODWLYH DFFXUDF\ RI DSSUR[L�
PDWHO\ ���b ���� EXW WKH HVWLPDWHG FRQnGHQFH LQWHUYDOV ZHUH ZLGH HQRXJK WR LQFOXGH DOVR
WKH FRUUHFW YDOXHV� +RZHYHU� WR REWDLQ WKH UHVXOWV WKH VLPXODWLRQ UHTXLUHG �� UHSOLFDV RI ���
��� VR FDOOHG UHJHQHUDWLYH F\FOHV �SDWKV VWDUWLQJ IURP DQ HPSW\ V\VWHP DQG HQGLQJ WKHUH��

7KH UHVXOWV DOVR UHYHDO DQRWKHU LQWHUHVWLQJ SKHQRPHQRQ ZKLFK DSSHDUV ZKHQ XVLQJ ,6� WKH
YDULDQFHV DUH KHDYLO\ XQGHU HVWLPDWHG� :KHQ XVLQJ ,6 DQG D YHU\ KHDYLO\ WZLVWHG GLVWULEX�
WLRQ� LW DSSHDUV WKDW WKH YDOXH RI WKH HVWLPDWHG YDULDQFH LV XVXDOO\ TXLWH IDU IURP WKH FRUUHFW
YDOXH DQG KHQFH WKH HVWLPDWHG FRQnGHQFH LQWHUYDOV FDQ EH YHU\ IDU IURP WKH WUXWK� 7KH
HVWLPDWHG UHVXOWV DSSHDU WR EH YHU\ DFFXUDWH MXGJLQJ E\ WKH HVWLPDWHG YDULDQFH� EXW� DV FDQ
EH VHHQ� WKH NQRZQ FRUUHFW YDOXH GRHV QRW HYHQ OLH ZLWKLQ WKH FRQnGHQFH LQWHUYDOV� 7KLV LV
DJDLQ D PDQLIHVWDWLRQ RI WKH REVHUYDWLRQ PDGH HDUOLHU WKDW LQ D ?JRRG� ,6 GLVWULEXWLRQ DOVR
WKH YDULDQFH RI WKH OLNHOLKRRG UDWLR LQ WKH ?LQWHUHVWLQJ VHW� VKRXOG EH PLQLPL]HG� :KHQ XVLQJ
MXVW D VLQJOH WZLVWHG GLVWULEXWLRQ WKH SUREOHP LV WKDW WKH OLNHOLKRRG UDWLR FDQ KDYH D KXJH
YDOXH LQ VRPH SRLQWV LQ WKH VWDWH VSDFH� EXW XQGHU WKH WZLVWHG GLVWULEXWLRQ WKHVH SRLQWV KDYH
D YHU\ VPDOO SUREDELOLW\� 7KHQ GXULQJ WKH VLPXODWLRQ ZH FDQ QHYHU REVHUYH WKHVH VLJQLnFDQW
SRLQWV HYHQ WKRXJK WKH\ ZRXOG JLYH D KXJH FRQWULEXWLRQ� DQG KHQFH DOVR WKH HVWLPDWHV DUH
QRW DFFXUDWH� 7KH FRPSRVLWH PHWKRG LV QRW WRWDOO\ LPPXQH WR WKLV HLWKHU� VLQFH E\ FRPSDU�
LQJ WKH UHGXFWLRQ LQ WKH YDULDQFH RI WKH HVWLPDWRU ZKHQ LQFUHDVLQJ WKH QXPEHU RI VDPSOHV
IURP �� ��� WR ��� ���� WKH YDULDQFH LV QRW UHGXFHG FRUUHVSRQGLQJO\ E\ WKH IDFWRU ��� ,Q
IDFW� IURP WKH UHVXOWV RI WUDpF FODVV �� ZH FDQ VHH WKDW DOWKRXJK WKH UHODWLYH DFFXUDF\ JRW
EHWWHU ZKHQ LQFUHDVLQJ WKH QXPEHU RI WKH VDPSOHV WKH HVWLPDWHG YDULDQFH DFWXDOO\ EHFDPH
ZRUVH�

��



� &RQFOXVLRQV

,Q WKLV SDSHU ZH FRQVLGHUHG WKH HpFLHQW VLPXODWLRQ RI YHU\ VPDOO EORFNLQJ SUREDELOLWLHV LQ D
PXOWLVHUYLFH ORVV V\VWHP ZKHQ XVLQJ WKH WUDGLWLRQDO 0RQWH &DUOR PHWKRG IRU WKH VLPXODWLRQ�
3UHYLRXV UHVHDUFK RQ HpFLHQW ,6 GLVWULEXWLRQV IRU VLPXODWLQJ ORVV V\VWHPV KDV FRQVLGHUHG
WKH XVH RI RQO\ RQH H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQ� :H GHULYHG DQ ,6 GLVWULEXWLRQ IRU
HVWLPDWLQJ WKH EORFNLQJ SUREDELOLWLHV� ZKLFK KDV WKH IRUP RI D FRPSRVLWH GLVWULEXWLRQ� 7KH
GLVWULEXWLRQ LV D ZHLJKWHG FRPELQDWLRQ RI VHYHUDO H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQV� HDFK RI
ZKLFK FRUUHVSRQGV WR D GLVWULEXWLRQ IRU HmHFWLYHO\ VDPSOLQJ WKH EORFNLQJ VWDWHV RQ D VLQJOH
OLQN� ,Q >�@ WKH FRPSRVLWH IRUP KDV� LQ IDFW� EHHQ VKRZQ WR EH DV\PSWRWLFDOO\ RSWLPDO LQ
WKH FDVH RI H�J� WKH ORVV V\VWHP� +RZHYHU� WKH DV\PSWRWLF WKHRU\ OHDYHV RSHQ WKH FKRLFH RI
WKH ZHLJKWV� )RU WKLV� ZH KDYH DOVR SUHVHQWHG KHXULVWLFV� ZKLFK WU\ WR PLQLPL]H WKH YDULDQFH
RI WKH VDPSOHV ZLWKLQ WKH VHW RI WKH EORFNLQJ VWDWHV� 7KLV LV GRQH E\ FKRRVLQJ WKH ZHLJKWV
VXFK WKDW WKH OLNHOLKRRG UDWLR LQ WKH PRVW SUREDEOH EORFNLQJ VWDWHV LV D FRQVWDQW� 7KH
QXPHULFDO UHVXOWV FRQnUP WKH DFFXUDF\ RI WKLV PHWKRG� ZKHQ FRPSDUHG ZLWK MXVW XVLQJ D
VLQJOH H[SRQHQWLDOO\ WZLVWHG GLVWULEXWLRQ�

5HIHUHQFHV

>�@ 3� (� +HHJDDUG� ?(pFLHQW 6LPXODWLRQ RI 1HWZRUN 3HUIRUPDQFH E\ ,PSRUWDQFH 6DP�
SOLQJ�� 7HOHWUDpF &RQWULEXWLRQV IRU WKH ,QIRUPDWLRQ $JH� 3URFHHGLQJV RI ,7&���� YRO�
�D� (OVHYLHU� 1HWKHUODQGV� ����� SS� ���^����

>�@ 3� +HLGHOEHUJHU� ?)DVW 6LPXODWLRQ RI 5DUH (YHQWV LQ 4XHXLQJ DQG 5HOLDELOLW\ 0RGHOV��
$&0 7UDQVDFWLRQV RQ 0RGHOLQJ DQG &RPSXWHU 6LPXODWLRQ� YRO� �� QR� �� ����� SS�
��^���

>�@ )� 3� .HOO\� ?%ORFNLQJ 3UREDELOLWLHV LQ /DUJH &LUFXLW 6ZLWFKHG 1HWZRUNV�� $GYDQFHV LQ
$SSOLHG 3UREDELOLW\� YRO� ��� ����� SS� ���^����

>�@ 0� 0DQGMHV� ?)DVW VLPXODWLRQ RI EORFNLQJ SUREDELOLWLHV LQ ORVV QHWZRUNV�� (XURSHDQ
-RXUQDO RI 2SHUDWLRQV 5HVHDUFK� 9RO� ���� ����� SS� ��������
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