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Abstract

This document is the collection of mathematical expressions and formulas related to the time
domain maximum likelihood estimation (MLE) of the parameters of fractional Brownian traffic
(fBt). No detailed descriptions and explanations for the formulas or proofs for theorems are
given, only brief notes and the structure of the document link them together. This compact
structure is believed to serve the purpose of this paper, namely, to give a useful handbook of
formulas when one is working on this topic thoroughly.

For a more detailed presentation of the main ideas and results of this work the reader is
referred to [20]. An extensive list of references is provided to give an overview of the related
literature.



Tiivistelma

Tama raportti sisaltda kokoelman matemaattisia kaavoja, joita tarvitaan sovellettaessa suu-
rimman uskottavuuden menetelmid (maximum likelihood estimation, MLE) fraktionaaliseen
Brownin liikkeeseen (fractional Brownian traffic, fBt) perustuvan liikennemallin parametrien
estimointiin. Kaavoja ei tassa raportissa johdeta tai perustella yksityiskohtaisesti, eika teo-
reemoille anneta todistuksia; ainoastaan lyhyet selitykset ja dokumentin rakenne sitovat ne
toisiinsa. Tallaisen tiiviin esitystavan uskomme parhaiten palvelevan raportin tarkoitusta
toimia hyodyllisena kéasikirjana niille, jotka tyoskentelevat taman aiheen parissa.

Yksityiskohtaisempi kuvaus taman tyon taustalla olevista paaideoista ja saavutetuista tu-
loksista 16ytyy viitteestd [20]. Raporttiin liittyy myds laajahko luettelo aiheeseen liittyvastéa
muusta kirjallisuudesta.
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1 Definitions, properties and characterization

1.1 Fractional Brownian motion

A normalized fractional Brownian motion with Hurst-parameter H € [0.5,1), denoted by Z(t),
(t € IR), is characterized by the following properties [16]:

1. Z(t) has stationary increments;

2. Z(0) =0, and E[Z(t)] = 0 for all ¢,
3. Var[Z(t)] = E[Z(t)?] = |t]*" for all ¢
4. Z(t) has continuous paths;
3

. Z(t) is a Gaussian process, i.e., all its finite-dimensional marginal distributions are Gaus-
sian.

In the special case H = 0.5, Z(t) is the standard Brownian motion.
Z(t) is a self-similar process whose scaling behaviour is defined by the Hurst-parameter H
as follows
Z(at) ~ oM Z(t). (1)
One can deduce .
Cov [Z(h), Z(t2)] = 5 {11 + 537 — |tz = "'} (2)

Furthermore, in the case H > 0.5 the strongly correlated stationary sequence Z(n+ 1) — Z(n),
the increment process of Z(t), (often called fractional Gaussian noise) is ergodic [16].

1.2 Fractional Brownian traffic

Fractional Brownian motion is a popular model for long-range dependent traffic. I. Norros [16]
has suggested the following model

X(t) =mt +aZ(t). (3)

where X (¢) represents the amount of traffic arrived in (0,¢). The model has three parameters,
m, a and H with the following interpretations and intervals for allowed values: m > 0 is the
mean input rate, a > 0 is a variance parameter, and H € [0.5,1) is the self-similarity parameter

of Z(t).
The process X (¢) has the following properties:
EX(®)] = mt; (4)
Var [X(t)] = at*"; (5)
a
Cov [X(h), X(12)] = J{A" + 6" — |t — 0"} (6)

It follows from Eq.(3) and the above properties of Z(t) that (X (¢4 1) — X (¢)), the number
of arrivals in the unit interval [t,¢ + 1), has the following mean and variance:

E[X(t+1) — X(t)] = m, (7)
Var[X(t+1) — X(1)] = a. (8)

Thus, the scale factor a gives the variance of arrivals over one unit of the chosen time-scale.
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2 Exact Gaussian Maximum Likelihood Estimation

We use the notation of Beran [2]. Assume the traffic has been observed at n time instances
forming the vector t = (¢,...,t,)" And let X = (X (¢1),...,X(#,))" be the vector of observed
traffic values at these instances. Since X (t) is Gaussian, the joint distribution function of X is
equal to

h(x) = (2m) % |, |7 e 2l T 0o, (9)

where x = (z1,...,2,)" € IR", m = mt, and |, | is the determinant of the covariance matrix
= [oov [x(). X)), | (10)
2.1 MLE (ml|a, H)
The log-likelihood function is given by
n 1 1 ¢ 1
logh(X;m):—510g2ﬂ—§log|, |—§(X—mt) , (X —mt). (11)

The MLE of m is obtained by maximizing log h(X;m) with respect to m. Or, equivalently, by
minimizing the function
L(X;m) = (X —mt)", 7" (X —mt). (12)

This minimization problem can be reformulated in terms of the first partial derivatives. The
MLE m is the solution of

0

L'(X;m) = —L(X;n 13
(Xiti) = o-L(X;) (13)
= —2mt', Tt—2t", X =0
and we get
R R tt, —IX
m:m(H)—tt,ilt. (14)
2.2 MLE (4| m, H)
, =, (a) is a simple linear function of a:
, =, (@) =a, g (15)
where
, = E[22] = [Cov [Z(t), Z(tj)]]ij:1 (16)
The log-likelihood function is given by
n 1 n 1 t -1
logh(X;a) = —510g27r b loga” |, u| — 2—(X -—m)’, ;7 (X —m). (17)
a

The MLE of a is obtained by minimizing the a-dependent part of the log-likelihood function
multiplied by —2, and that is

L(X;a) :nloga—i-é(X—m)t, 7 (X —m). (18)
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The MLE a is the solution of

L'(X;a) = aaL(X; a) (19)
n 1 _
= 5—§(X m)', ;' (X —m) =0
and from this we get
S 1 _
i = a(m, H) =~ (X —m)', (X - m) (20)

2.3 MLE (ih,a| H)

If we don’t know the mean input rate m in advance, in Eq.(20) m should be replaced by mt.
Using Eq.(14) and Eq.(20) we get

1
a(H) = —(X—mt)", 5 (X —mt) (21)
— l(Xta ;11 X)(tta ;11 t) — (tta ;11 X)2
n tt, Zt '

2.4 MLE (1, a, H)

Finally, we are left with the maximization of the log-likelihood function

n 1 R 1 . _ N
log h(X; H) = 10827 — 5 log [a(H) , )] = gz (X = m(H))', 7 (X () (22)
or equivalently, with the minimization of
. 1 . _ .
MXH)ZI%MW%HHgﬁﬂX—mWﬁ%HWX—MHM (23)
1 (X g X)), 5 t) — (', 5 X)°
= loga"(H
Oga‘( )|’H|+d(H) tt,;{lt
(X', 7 X)(t, 7' t) — (', 7 X)?

—nlogn +log|, g| +n — min,

= nlo
& tt, 5t

i.e., essentially we have to minimize

(Xt ’ I}l X)(tt ’ I}l t) _ (tt ’ I}l X)2

= (24)
th, it

E(XQ H) = |7 H|1/n

The first term is a decreasing function of H, and the second term is an increasing function of
H. The minimum is obtained for some value H which is the MLE estimate; the corresponding

A~ A~

MLE estimates for m and a are /i = m(H) and a = a(H).
Alternatively, H can be calculated as the solution of
t , ;Il X)2 B

/ 0 0 _ t
L(X,H):a—H(log|,H|)+na—Hlog [(Xt,HIX)—(tt —T¢ =0. (25)
s H
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Using the notations u = (t', ;' t)X and v = (t', ;' X)t, after some calculations we have

, ) (w+v)t (7, ') (+v)
L(X,H)—a—H(10g|, H|)+n (u—i—v)t,f}l(u—v) = 0. (26)
If we use the relationships
0 1 _ (9 -1
89A = —A (89A>A , (27)
0 B ., 0

valid for any matrix A depending on a parameter 6 [8] we have (with , ; = 5%, )

v+w' (7, ) (v

L'(X,H)=Tr(, 7',
( ) ) r(’H’H)+n (V—l—u)t,;(v—u)

~ 0. (29)

Note, that solving Eq.(29) we do not need to calculate the determinant of , .

2.5 Some remarks on the estimates

~

Let us first consider the estimate Eq.(14) for the mean m = m(H). Since the expectation of X
is mt we have

t', /E[X
Emﬂz—LiTLi:m, (30)
th, 7t
where , 7! “ 7 (H), i.e. the estimate is unbiased (irrespective of whether our estimate for H

is correct or not).

The variance of m can also be calculated. For the time being we assume that H is known
exactly, H = H. (It will be interesting and important to consider also the case where H itself
is a random variable!) We have

Var[] = E[(m - E[m])’] (31)
tt, ;' Z\°
E[(thit)]

E [(tt i Z) (2 t)}
(', 4't)2

I
S

R R A AR
(t', 7' t)?

tt, it
(t', 4 t)?

I
S

a
th, 't
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where we have made use of the definition E[ZZ'] = , . The variance of our estimator is
smaller than the estimator based on the total sample mean, by the factor in the denominator.

Next consider the estimator Eq.(21) for a, @ = a(H). Again, for the time being we assume
that H is known exactly and calculate the expectation of a,

B[, & X))

nBla] = E[X', 4 X] - 1t (32)
Y H
SOPE[XX(, St
= E[(mt+a2)', 3 (mt +vaz)| - Gowt) tt[ 1t] G t)
'y H
. — ( 0 t)t(Var [XXt] +E [X] E [Xt])( —1 t)
B mQ(tt’Hlt)+aE[Zt’H1Z]_ — th, 5t s 1
P - t', 5'(ay u + mPtth), 7't
e m2(tt,H1t)+aE|:Zt,H1Z:|— Y H ,tt _lt s I
s H
= (n—1)a,
where we have used E [Zt, ;11 Z} = E[N'N] = n since Z ~ , ;I/zN where N is & vector

of independent standard Gaussian variables. Thus the variance estimator has the “normal”
(n — 1)/n bias. The “naive” estimator [18] had a much larger bias because the correlations
between the samples had not been “decorrelated”.

The next step is the calculation of the variance of a:

Varla] = E[a’] - Ea)” (33)
- B[] - (n—1)* ,

a.
n2

To calculate E [a?] first we rewrite Eq.(21) as follows:

~ . t —1 t -1 t —1 2
a = m[(X,HX)(t,Ht)—(t,HX)} (34)

_ a t -1 t -1 t 12

= ml(zayz)(tayvt)—(t,gz)l

A(Z)
and now we have )

Bla?l = — 2 Elaz)?]. 35
] = e Bl =

To calculate the expectation E[A(Z)?] we use the following equation:

E[A(z)?] = E{A (%):stz] (36)




2 EXACT GAUSSIAN MAXIMUM LIKELIHOOD ESTIMATION 10

(3 ]

M(s) = E %] = e Tus, (37)

with

To proceed further, it is useful to derive the following expressions (with Vi = 9/9s and using
VM(s) = (s*, y)M(s)):

(£, 7' VOM(s) = (t', 4, ms)M(s) (38)
= (t's)M(s);

(t', ' V2 M(s) = [(t's)*+ (£, 5't)] M(s); (39)

(V; ’ I}l Vs)M(S) = (V; ’ I}l s H S)M(S) (40)
= (Vis)M(s)

Next, we derive

A(VM(s) = [(V5, 4 Va)(t', 5't) — (6", &' Vo)?| M(s) (41)
= {(t", 7 t) n+ (s, ms)| = [(t')* + (&, 5 0)]} M(s)

= {(t", Zt) [(n— 1)+ (s, ms)| — (t's)?} M(s),

and now we are ready to calculate

AV’ M(s) = (n=1)(t", 5 t)A(Vs)M(s) (42)

+ AV [(6, 2 t)(s', ms) — (t5)%] M(s)

~ v
e

Ts(s)

According to Eq.(36) we need to get T7(0) and 75(0), As for the first term we have

Ty(0) = (n = 1*(t", 4 t)" (43)
However, for T5(0) we have
Ty(s) = A(Vs)l(tt, g t)(s', ms) — (¢ S)QlM(S) (44)
73(s)

= (VL 7 V(' 7 6) = (', 7' Vs)?] Ta(s)M(s).
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To solve Eq.(44) it is useful to calculate the following terms:

11

(6, & VOTs(s)M(s) = (t'8)Ta(s)M(s) + [2(t", 7' t)(t's 7'y ms) = 2(6", 5 6)(t"s)] M(s)

~

v

~~

0

= [ s)(t", 7 t)(s", ms) — (°8)°] M(s);

~ v
e

Tu(s)

(", i V)" Ts(s)M(s) = (', 5" Vs)Tu(s)M(s)

(45)

(46)

= (t'8)Tu(s)M(s) +3(t", 5" t) [(6", 7' )(s", ms) — (6'5)%] M(s);

(Vs, @ Vo)Ta(s)M(s) = Ti(s)(Vis)M(s) +2(t", ' t)(Ves)M(s) — 2(t", ' Vi)(t's)M (s)

= Ty(s) [n+ (s", ms)| M(s) +2(t", 7' t) [n+ (s', ws)| M(s) (47)

— 2[(t", 4 t) + (£75)%] M(s).

Note, that in Eq.(47) we used the results from Eq.(40). Since all terms in Eq.(46) are zero

when s = 0, from Eq.(44) using Eq.(47) and the fact that 73(0) = 0 we get
T5(0) = 2(n — 1)(t', 5" t)2
Substituting this result and Eq.(43) into Eq.(36) using Eq.(42) we have
E[A(Z)] = T1(0) + T2(0) = (n* — 1)(t", 7' t)*,

and from Eq.(35) we get

= a .

] 712;12

E [eﬁ -

Finally, from Eq.(33) we get the variance of the estimate a as

2(n—1) ,

5 a .

Var [a] =

n
If we use the bias-corrected estimator (n/(n — 1))a, the variance is

2a?

n—1

~

a

Var

n —

3 Linear sampling

Let X = (X (t1), X(t2), ..., X(#,))" be the vector of observed traffic values at instances

(48)

(52)

(53)
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3.1 The increment process

Define the increment process Y = (Y1,Ys,...,Y},) as

Vi = X(t:) — X(ti1)

- x()-x()

_ %Jr\/a[z(%)—Z(i;lﬂ, i=1,2,...,n

The process Y is a strongly correlated stationary sequence with

By = &,
n
Var[Y] = an™?¥,
1
Cov[Y;,Y;] = §an_2H(|i—j+1|2H+|i—j—1|2H—2|7j—j|2H), i,

Define the aggregated process Y as
m n
vyW= Y v, i=12..., H .
j=(i=Dp+1 H
The expectation and variance of the aggregated process is given by
E[yW] = uE[Y],
Var [Y(“)] = u*"VarlY],

Cov [V, V"] = pCov[V;,Yj], i,j=1,2...,n.

J >

3.2 The increments of the increment process
Define the process B = (By, By, ..., B, 1) as
B = Yi,—Y
= X(tiv1) —2X(t) + X (1)
- o[z(57) 22 (3) <2 (50)]
n n n

The process B is stationary and has the following properties

E[B] = 0,
Var[B] = an ¥ (4 — 22H) ,
1
Cov [B;, B;] = 5mf?H( —i—j =2 i —j— 1P —6]i —

+ oAl 1P =i+ 2P,

12

(54)
(55)

(56)

(57)
(58)
=1,2,...,n(59)

(60)

(64)

(65)

i
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The variance of B can be estimated by

1 n—1

n—1i=

The expectation E [S%] can be calculated as

E[S3] = —— > B[B] = Var[B].

3.3 Sample variance

with

c(n,i) =2n Cov | Z

Using the fact

n
1=

o (). 20] -cnls (1) 20])

n
= a7y (iQH —|n—d*" — (i - 1)*" + |n—i+1|2H) —-n
i=1

c(n,i) = 2n§3<Cov

1 =1

— plo2H (2n2H) —n=n,
we get
E[s2)] = Var[y]- %

= a (n’ZH — n’Z) .

13

(66)

(67)

(68)

(69)

(70)

(71)
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Similarly, for the aggregated process Y we have (assuming n/p is integer)

- 5 - tEr)
- 5[ (45 o] "
and
E [5’(2#)} = Var [Y(“)} —a (%)2 (75)
= ()7 -]

3.4 Variance based estimation of parameters H and a

Assume that the mean rate is estimated by 7 = X (1). From Eq.(73) with g = n/2* the sums
of squares [18]

12 i i—1\ m]’
are calculated. Then the parameters H and a can be consistently estimated by, e.g.,
- 1 25% |
and R
. . (2k)2Hk
3.5 Exact MLE
h(y) = (2m) 3 || 2 e s mETOmm), (79)
where y = (y1,¥2,---,%,)" € R™, m = (m/n)1, and |X| is the determinant of the covariance
matrix
3 = [Cov [¥, V] ]i,]:l,a,...,n' (80)
3.5.1 MLE(m/|a, H)
. . 'Y 'Y
Elm] = m, (82)
. a
Var[m]| = 1571 n’ (83)
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3.5.2 MLE(rh, a|H)

Su = [Cov[Z(t:) = Z(tir), Z(t) = Z(tj-1)] |

1 (1'% 1Y)’
o(H)= - |[Y'S 'Y - —— 7
a(H) n( H 1t39-11

—1
Ela] = n a,

n

n o 2a>
Var[n_la]  on-—1

3.5.3 MLE(sn,a, H)

We have to minimize

L(Y;H) = |Zy|"/" (Yt Y -

Y =3(a) = aZy.

i,j=1,2,..,n

)

(1'21Y)’
's-11 )

The minimum is obtained for some value H which is the MLE estimate.

4 Descaled process

Z(t) has the self-similar property Z(at) ~ o™ Z(t). Now consider the ‘descaled’ process

which has the scaling property

Y(t) L1 Z(t)

Further let us take a new time variable u = —logt and denote

Now we have

Y(u) LY (e™) =Y(t).

Y(u—loga) =Y (e ") = V(ae ") = Y (at)

Y(at) ~ (at) HZ(at) =t 2 Z(t) = Y (t).

~Y(t) =Y (u).

Thus the process Y (u) is stationary and has the following properties:

ElY (u)]

Var [Y (u)]

Cov [Y(u1), Y (u2)]

0;

1;

2
g9(7),

where 7 = uy — uq,

leH(uzful) {1 _|_ 672H(U.27u1) _ (1 _ e*(’dz*ul)

O<U1<U2.

)

)

15
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4.1 Descaled fractional Brownian traffic

If we ‘descale’ the process X (t) we get

W) Lt 7X(t) =mt" 7 +aY (1), (97)
and using u = — logt we finally have
W(u) £ W(e ™) =me D"+ /aY (u). (98)

Thus the process W (u) has the following properties:

E[W(uw)] = mel (99)
Var [W(u)] = a; (100)
Cov [W(ul), W(UQ)] _ geH(mfm) {1 + 672H(u27u1) _ (1 _ 6(U2u1))2H} ) (101)

4.2 Geometrical sampling

Let X = (X (t1), X(t2), ..., X(#,))" be the vector of observed traffic values at instances
t=a"", i=1,2...,n 0<ac<]l. (102)

The auto-covariance matrix , of the descaled samples W = (W (uy), W (us), . .., W (u,))* with
u; = —logt; = (1 — i) log o can be written as

, =E[WW'| =a E[YY']. (103)

Note, that our geometrical grid is now equally spaced with regards to u. Thus, if we use the
notation Y; = Y'(u;) the process Y = (Y1,Y3,...,Y},) is a stationary process in discrete time
with zero mean and unit variance and its auto-correlation function p(k) can be defined as

p(i—j)=Cov|Y;,Y;], i,7=12,... (104)

and thus

vij=ap(i—j), i,j=12,...n. (105)
From Eq.(94) and Eq.(102) we get

p(l . ]) _ %G—Hz’—jloga {1 + 62H|i—j|10ga _ (1 _ ei—jloga)2H} (106)
L iy 2H|i—j| i~ 2
= ta {Ha — (1— o) }

With the notations g(z) = (1+22 — (1 —)?")/2 and 3 = o~ the matrix , has the following
structure:
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1 Bg(a) Bg(a®) -+ B lglan )
By() 1 Bg(a)
e s O (107)
By(a)
Pl o g(a®) fe(a) 1

4.3 Descaled MLE

When doing the maximum likelihood estimation of the model parameters m, a and H, the
calculation of the inverse and determinant of the covariance matrix , can be problematic. To
ease the calculations, one can utilize the stationarity and short range dependent properties of
the descaled process. Using the ‘descaling matrix’ D = diag(t; 7, ..., t-") we can proceed as

, = E[Ww| (108)
= E[(DX)(DX)']

= DE[XX'|D

- D, D.

From this one can easily deduce that , ~' = D, ~'D.

4.3.1 MLE("h|a, H)
The MLE m is the solution of

_t'D, 'DX

) = D Dt (109)

4.3.2 MLE(mla, H)

Similarly, the same result holds when estimating a as in Eq.(21) with , ;' = D, ;'D, namely,

1 ~
a(H) = 5(X —mt)' D, 5D (X — mt) (110)
1 (X'D, #DX)(t'D, 7'Dt) — (t' D, z'D X)?
on t'D, ;'Dt '

4.3.3 MLE(h,a, H)
Finally, we have to minimize

X'D, 7 DX)(t'D, 5 Dt) - (t'D, ' DX)’

Z 111
t'D, ; Dt (1)

L H) = |, gn



5 ROBUSTNESS 18

The determinant |, z| can be also calculated as

bul = D', gD (112)

= (Hﬁ) , # D7}
i=1

= (Ht?H>|;H|
i—1

— ( a2H(i—1)> |,~H|
=1

— OéHn(nfl)|,~H|

The minimum of Bq.(111) is obtained for some value H which is the MLE estimate; the corre-

~ ~

sponding MLE estimates for m and a are i = m(H) and a = a(H).

5 Robustness

5.1 Additive Gaussian white noise model
X*(t) = mt + VaZ(t) + N(t), (113)

where N(t) is a zero mean Gaussian white noise with variance 0%, i.e.,

EIN®)] = 0; (114)
Var[N(t)] = ox; (115)
COV[N(tl),N(tQ)] = 0, tl%tz. (]_]_6)

Let X* = (X*(¢1),...,X*(ts))" be the observed noisy traffic values at n instances forming the
vector t = (t1,...,%,)". Since X (¢) and N(t) are independent Gaussian processes (which means
that their convolutions are also Gaussian), the joint distribution of X* can be written as

h(x) = (2m) 75|, *|"2e 2 e hix _pt) x € R, (117)
with
, F =, +oxL, (118)

where I is the identity matrix.
Note, that this noise model is rather unrealistic at low time scales, and the MLE estimate
of H is strongly biased.
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5.2 Additive Gaussian noise
X*(t) =mt + VaZ(t) + onB(t),

19

(119)

where B(t) is the normalized Brownian motion with zero mean and unit variance. Since X (¢)
and N(t) are independent Gaussian processes the joint distribution of X* can be written as

h(x) = (2m) 73], *[2e 20 (x —mt), x € RY,

with
. 2
sy =0y g1+ 0Ny 0.5,

where
y 0.5 — [min(ti?tj)]i,jzl n"

.....

6 Numerical approximations

...to calculate |, | and , 1.

6.1 Linear approximation of g(z)

We use the approximation
1
gla) = S0 +22 = (1= 2Py ~ s,

6.1.1 Approximations for p(k) and f(\)
The autocorrelation function of Y can be approximated as
T _
p(k) = §a H k| {1 + o2k (1- a|k\)2H}
1—H)|k|

%OZ(

With the notation v = o'~ we get

L S klika
FNH) = o > e

T k=—00

1 [ 0 NS K
= —|1+) (fye“\) + 3 (76‘“) ]

2r | o k=1

1T et e
= — |1 - -

2 | +1—fye”‘+1—*ye*”‘

1 [ 2 A — 242
N v cos v

2r | 1—2ycos A+ 1?2

1 1—+2

21 — 2ycos A+ 2

(120)

(121)

(122)

(123)

(124)

(125)
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|

6.1.2 Approximations for , ~! and |, |

Using the approximation Eq.(123), from Eq.(107) , can be approximated as , ~ aR, where
R is a Toeplitz-type matrix of the form (with v = ol )

1 0% 72 . ,.Ynfl
v o1y
v
,.Yn—l o 72 y 1
The inverse of R can be easily calculated as [19]
1
— —1 0 0
v
1 y4+- -1
1 1
Ri=4+—| 0 -1 vy+=- " 0 [, (127)
- _ v
5
7 -1
0 0 -1 -
~
and the determinant of R is given by [19]
= 1 2\n—1
RI=(-1)""]| & " | =0=-9)"" (128)
i1 7 Y
6.1.3 Approximate MLE
The approximate MLE m is the solution of
ttDR'DX
n(H —_. 12
mH) * DR DY (129)
Using the fact that t* DR™!Dt =1 and t* DR'D = (1,0,...,0), we get
m(H) = X (130)
Similarly,
1
i(H) = = (X'DR'DX - X}). (131)
n

Finally, we have to minimize

n—1

L(X; H) = log (" (1 — a®?")) +log (X'DR™'D X — X7}). (132)
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Note, that the term X' DR™'D X can be calculated as
X'DR 'DX = (DX)'R }(DX) (133)

N X2+ (,0x,) n=
=2y 1(@ Xi) (681 Xis) + - +;

1
i—1 1T 2
Y X2 4 @ 20X

= 2 — X, X,
i=1 72 —1 A1t

T+9% /o2
1—~2 (ti XZ)
2 nol (] 4 A2)o—2H(-1)
w5 A7)

X2
1—n2 i=2 1 -2

)

6.2 Parameter fitting—Approximation for I'?

, 7+ ~ C so that

él 62 63 s ép,1 Cp 0 s 0
Co Cy Co cer Cp—2 Cp1 Cp
Cs Co C1 ot Cp3 Cp—a Cp_1 e 0
Cp
C = Cp-1 Cp—2 Cp—3 ‘- C1 Co C3 Cp-1 . (134)
Cp Cp—1 Cp—2 - Co C1 Cy
0 Cp Cp—1 - Cs3 Co C1 . Cs
Ca
0 0 Cp ép—l é3 62 él
With
D= ()] (135)
t1ij=1,..2p—1
and from C, g ~ E we get
(CpyevyC2,C1,Co . Cp) 5y = €p, (136)
and from this we have
_ -1 S
G = pprictyy 1=12,...,p. (137)

6.3 Approximations from Whittle’s approximate MLE

Suppose that X is the covariance matrix of a stationary Gaussian process. Let its spectral
density f(A) be characterized by an unknown finite dimensional parameter vector

0° = (02, H°,0%,...,05,). (138)

Thus, we assume that the spectral density comes from a parametric family of densities f(\) =
f(A;0), where 8 € RY.



6 NUMERICAL APPROXIMATIONS 22

Approximation of log |[X(6°)|: It was shown by Grenander and Szegé [10] that

lim ~ log|5(6 :—/ log f(); 8) dA (139)

n—oo n,

Therefore, we replace log |2(8)| by

log |S(8)| ~ % " log f(X; 0) dA. (140)

—T

Approximation of £7(0): The matrix ¥7'(0) can be replaced by a matrix whose elements
are easier to calculate. Define

S(0) =[s(7 —D]ji=1,..n (141)

to be the n x n-matrix with elements

_ U=DX 7\ 142
s =1) (27)2 / on ax (142)

The matrix S is asymptotically the inverse of X.

The process Y is a stationary Gaussian process with zero mean, unit variance and covariance
matrix , . The spectral density of the process can be written as

: &L 2H k| (k[\2H | ik
f()\,H) = %k:_oo§a {1+OZ — (].—Ot ) }6 (143)
_ 1 - 1 —HEk k\2H ik ik
= 2”[1+k§12a {1402 — (1 — o)} (e 4 o)

Q

! [1 LS o {14 a2 (1 - )2} Cos(k)\)]

o 1

with some M large enough. If we approximate the integrals in Eq.(140) and Eq.(142) with a
simple Riemann sum with

~1
Ajm = ., j:1,2,...,{—m2 J (144)

we get the following approximations:
logl, ul ~ o= [ log f(X)dA (145)
™ J—r

2] .
27T Ing( _+2 Z lng ]m)m

Q

I—I

= —logf LWX:IJlogf(%r])
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and

where

Q

s 1 = SH) = [5(5 = Dji=1,..n; (146)
1 L S
BT /_W e A (147)
1 L27r S 1 2m

1 L B o ik
2rmf(0)  mm ]2::1 f(%fll) m

6.4 Linear approximation with Whittle

log |, 1|

Q

23 " log (A (148)

-7
2

R
2 27r1—2fycos)\+7

1-— i Asin A
D lon log T + 2y S d\
2m 27(1 + ) 71 —2ycos A+ 2

Q

_ nlog—— 1 —7 nfy/ Asin A "~

2 r 1 —2vycos A+ ~?

If n is large enough, v ~ 1.

10g|9~H| ~

From Eq.(128) we get

fy Asin A

log(1 — ) — log(2 (1 / d 14

n[og( 7) ~log2m (1 +7)) r 1 —2vycos A+ ~? ] (149)
1 /m AsinA

log(1 — log(27 - 2 / _—
nlog( v) —log(2m - 2) + — 2_2COSAdA]
n [log(1 — ) — 1.145]
log |,~H| = log(1 —~*)" ! (150)

= (n=1)[log(l —7) +log(1 + 7)]
~ nllog(l =) +log?2]
~ nllog(l — )+ 0.693]

1 L
) = Gop /Wf N (151)
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1 /w2 1—27cos)\+726imd)\

(27)? g 1—72
1 2
R A
1—12
= Y
k=1
V-
0, k> 2
y+— 1 0 0
Y
1
-1 v+- -1
Y
1 1
S=——| 0 -1 y+- " 0 |, (152)
—— Y
7 -1
1
0 0 -1 y+-
Y

A Related math for inversion of band matrices

A.1 General case

ry| A |B
U] L (g
ol ¢ |p| = (153)
S| V |[(r
| A B
o= 1| & |18 (154)
Cgl) Cf) Cgp) 0o ... 0
c?) cgl) Cgpfl) Cgp)
0
C=| [ LD 61(91) e Cgbpzp+1 ) (155)
0 cgp) 61(92) cl(,Jrl
Cg—)l
0 0 Cgbp,) p+1 0222 1 Cgbl )
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0 0 0
1 0 0 0 0 - )
0 1 0 0 0
Ap-xmi-n =1 . . . | Pooxen=1{ 1 0 0
Lo .
0 0 1 0 0
0
0 0 1
(156)
A B| "
‘c b ‘: 1 . (157)
=1
n—p+1
C| = (-1)"eD s T . (158)
=1
A.2 p=2 case
Let
a1 bl 0 0
bl (05} bg .
C= 0 by, az - 0 (159)
oy
0 0 bn—l Qp
1 0 0 - o0 lo\"
@ b 0 - 0 |0 u (0 e 00
boay by . | up |l e
LT =l | . 0 0 (160)
0 by a3 0 0 ’ ’ )
. Unp lnl ln(nfl) 0
: T " T bn,I 0 S U1 e Un—1 Un,
0 -+ 0 b,y a, |1

-1
el 0 u L
(C) :(Svt). (161)
s can be calculated using the following recursive equations:

u = 1, (162)

Uz = —5—01,
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Ujp1 = —g(aiui +biuisy), i=2,3,...,n—1,
S = GpUp + by 1Up_1.
The determinant of C can be calculated as
n—1 n—1
IC|=(-1)"-s- H b; ~ H |b; - (163)
A.3 p=3case
1 0 0 0 - 0100\
0O 1 O 0 0 [0 0 uyp 0|0 0 0 0
a b ¢ 0 e 0 |0 0 Ugr U | O 0 0 0
by as by e : Do ugr uzz | I3 :
¢t by az by . 0 |00 - 0 0 0
0 Co b3 a4 - Crs 00 Unp1 Up2 lnl ln(an) 0 0
. St S12 | Vi V1(n-2) Vi(n-1) 0
: bp1 |1 0 So1 S22 | V21 U2(n—2) U2(n-1) U2n
0 0 Cpn—9 bn—l Ap, 0 1
(164)
Ui1 = U2 = 1 (165)
U2 Uz =0
1 .
ugj = —C—(G1U1j + brug;), j=1,2
1
1 .
Ugy = —C—(b1u1j + agug; + byus;), j=1,2
2
1 ) .
U(i+1); = _C—(Cz’f?)u(z?B)j + biou(i—2); + @i 1uG-1y; +biug), 1=4,5...,n—1, j=1,2
i1
515 —(bp—1Unj + Qp_1Um—1); + bp_2Um—2); + Cn—3U(n-3);), J=1,2
S25 = _(anunj + bn—lu(nfl)j + Cn—2u(n72)j)7 =12

|C| = C1Cg - - 'Cn,2|S|.

B Toeplitz type matrices

Consider the matrix , of the form (thus , is Toeplitz)

Yo Y1 Y2 ot el

S SRS (VIS
2 e O (T I &
gl

Tn=1 = Y2 N Yo

(166)

(167)
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B.1 Inversion

For any vector a € IR" let L(a) denote the n x n lower triangular Toeplitz matrix with first
column equal to a.

Lemma B.1 [8] Let r = (79,71, .-+, Va_1)" be the first column of , and s = (0,71,...,Vn_1)".

Then,
1

== (L(r)"L(r) — L(s)'L(s)) (168)
Lemma B.2 [8] Let u = (uy, ..., uy)" be the first column of , ~* and v = (0, uy, up_1, . . ., us)".
Then , ! has the representation
1
, 1= (L()'L(u) - L(v)'L(v)). (169)
Uy

The usefulness of Eq.(169) comes from the fact that , ! is completely determined by its
first column u. To get u we have to solve the following equation

, -u=(1,0,...,0)" (170)
Using the Levinson algorithm [21] we first solve
s W= (ay,0,...,0)" (171)

and from that we have u = w/a,. With w® = (wy,...,w;)! the vector w can be determined
iteratively as w = w(™® in O(n?) flops'. The algorithm is summarized below.

wll=w =1, a =7

forizl,---an_l
Bi = (Vigtr---+72) - w(®
Ki = _Bi/ai
witl)  — (wi, ..., w;,0)" + K; - (0,w;,...,wp)"

aip1 = o+ Kifj;

B.2 Determinant

Let , , denote the upper-left k£ x k block of the matrix , for Kk =1,...,n — 1, and 7, denote
the vector (y1,...,7)" Then [§]

¢
y k1 = [ To ] ; (172)
Ye sk

so that using the formula for the determinant of a block matrix ([19], p 289)

A B
C D

‘ —|A-BD 'C|- |D|, (173)

u could be computed only in O(nlog®n) flops [§].
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when |D| # 0, we have

s w1l =1 k10— Y5> 1 Ye)s

(], | can be obtained in O(n?) flops [8].)
The algorithm:

wl) =w, =1

a1 ="

fori=1,...,n—1

Bi = (Vit1, -+ 72) - w)
K; = —ﬂi/Oéi

u® =o' wl

v =(0,u,. .., up)’

,it = u (L)L) - L) L(v®))

ly iv1| =1y il(0 — )
wi

aip1 =+ Kb

71.

— n)
u =aq,

wi
= (0, up, ..., uz)"
1 = 47! (L(u)'L(u) — L(v)'L(v))

9
|a| :|9n|

D = (wy, ..., w, 0) 4+ K - (0,w;, ..., wy)t

28

(174)
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