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Abstract

We study the connectivity properties of an ad hoc network consisting of a given number of nodes each
moving according to the Random Waypoint mobility model. Connectivity properties of networks with uniformly
distributed nodes are well known, but the movement in the RWP model results in a spatial node distribution which
is not uniform. Approximations are provided for the probability that the network is connected, as well as for the
mean durations of the connectivity periods. The accuracy of the approximations is compared against extensive
numerical simulations. Especially, for the probability of connectivity, based on new results on the exact node
location distribution, an approximation is given that is remarkably accurate. Furthermore, it is shown by numerical
examples that in sparse network the mobility has a positive effect on connectivity, whereas in dense network the
situation becomes the opposite. For the mean length of the connectivity periods an approximation is derived that
gives accurate results in the important region where the probability of connectivity rises rapidly.
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I. INTRODUCTION

An intrinsic property of wireless ad hoc networks is that data transmission between two nodes occur:
over a multihop path. The functionality of the network critically depends on the connectivity properties
of the network. These typically depend on the transmission range of the nodes, the number of nodes ar
the distribution of the nodes, e.g., resulting from the assumed mobility model. A common assumption
for the distribution is the uniform distribution. Introducing mobility may result in a distribution that is
far from uniform. Hence, understanding the impact of mobility on connectivity is essential. In this paper,
we study both the probability that the network is connected and also the lengths of the connectivity
(and disconnectivity) periods under the assumption of nodes moving according to the so called Randor
Waypoint (RWP) mobility model.

The RWP model is one of the most popular mobility models used in performance studies of ad hoc
networks. Recently, several papers have appeared analyzing various properties of RWP [1], [2], [3], [4]
[5]. From our point of view, one important result concerns the stationary distribution of the location of
a node moving according to RWP. Approximate results for various shapes (circle, rectangle) of the RWF
movement area have been obtained in [1], [3]. However, as part of our earlier work, in [4] we have
derived an exact expression for the node location distribution which applies in any convex movement are
(a common assumption in RWP models). The exact result has an especially appealing form in the case
a circular movement area. Additional related results on the mean arrival rate of nodes into a given subse
of the RWP movement area have been given in [5].

Also connectivity in wireless multihop networks has been studied intensively. The most popular network
model — and the one used in this study — defining when two nodes are directly connected has been ti
Boolean one, in which two nodes are connected if they are both within each others’ transmission range:
When this is augmented with the common assumption that all nodes have an equal transmission rang
the connectivity problem reduces to determining the distribution of the threshold range for connectivity:
for a given set of nodes, this is equal to the greatest edge length in the minimum spanning tree of th:
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nodes [6]. It has been shown in [7] that for uniformly distributed nodes in the unit square, as the numbel
of nodes tends to infinity, the threshold range for connectivity has asymptotically the same, previously
known, distribution as the threshold range for minimum degree 1, i.e., the greatest edge length in th
nearest-neighbor graph. The result has been generalizeddanectivity in [8]. Furthermore, the identity
in the caseé: = 1 has been shown to hold for normally distributed points in [9]. Recently, the asymptotic
distributions of the threshold range férconnectivity whenk > 1, for uniformly distributed points in
circular and square-shaped domains have been derived in [10]. The distribution of the threshold range fc
k-connectivity is not known when the number of nodes is finite. The results above motivate predicting
k-connectivity of finite networks by minimum degrée as has been done, e.g., in [11]; this is also the
basis of our approach.

In this paper we present approximations for the probability that a given ad hoc network witdes
is k-connected. The nodes are assumed to move according to RWP, which concentrates more probabili
mass in the center of the area than to areas near the borders. In the RWP model, nodes move independel
and the number of neighbors a given node has is binomially distributed with a certain paranmidtese
are needed in our approximation for the probability that all nodes have atHeasighbors, which is
used to approximate the probability bfconnectivity. In our first approximation, using our earlier exact
results on the distribution of the node location, the parametan be computed exactly. Additionally, two
other numerically simpler approximation schemes are given, which are based on making some addition:
poissonian assumptions. Our approach is similar to the one in [11], with the distinction that in [11]
the binomial distribution characterizing the number of neighbors a given node has is approximated by :
Poisson distribution with appropriately computed mean. Also, we have an exact result for the node locatiol
distribution, whereas in [11] an approximation has been used (although a rather accurate one). The quali
of the approximations for 1-, 2- and 3-connectivity are evaluated by means of numerical simulations in &
unit disk, while the approach itself is not limited to any special geometry. The results show that especially
our first approximation gives remarkably accurate results. We also provide an approximation to estimat
the mean time that a network with nodes is 1-connected (or disconnected). The approximation utilizes
results on the arrival rate of the RWP process in a given subset of the movement area. These combined wi
our approximation for the probability of 1-connectivity yield an approximation for the mean connectivity
periods. The approximation is validated by means of numerical simulations, and the results show that th
approximation gives reasonably accurate estimates in the most important region where the probability ¢
connectivity rises rapidly.

The paper is organized as follows. Section 2 provides the necessary theoretical background. Ot
approximations are derived in Section 3. Numerical results are in Section 4, and Section 5 contain
the conclusions

[I. PRELIMINARIES
A. Connectivity

First some terminology and elementary definitions are introduced. We limit ourselves to undirected
graphsG = (V, E), whereV is a set of vertices (or nodes) airdis a set of edges (or links). Nodes
andv; are said to be neighbors if there is an edggv;) in £. A path inG is a sequence of vertices
v1, Ve, . . ., U, SUCh that an edge exists ifor each(v;, v;41), i =1,...,n—1. Agraphg = (V, E) is said
to be (l-)connected if for eaclis, d)-pair a path exists from to d. Also, a graphG = (V| E) is said to
be k-connected if for eaclis, d)-pair at leastt node disjoint paths exist. In other words, (1-)connectivity
tells us whether we can send data to each possible destination. In casmwfiectivity, each destination
can be reached even if aty— 1 nodes fail.

In (ad hoc) networks two nodes are neighbors, i.e., have an edge between them in the connectivity gray
g, iff they both can hear each other’s transmissions. In a general case some links may be unidirectiona
i.e., node A can hear node B transmissions but not vice versa. For simplicity, in this work it is assumed
that all links are bidirectional. In particular, we assume that two nodes can hear each other if the distanc
between them is less thah



B. Random Waypoint Model

In the RWP model, nodes move in a convex subset denotedl.bin particular, each node moves
independently of the others directly towards the next waypoint at a certain velacfdnce the node
reaches the waypoint, the next waypoint is drawn randomly from the uniform distributiotdo&milarly,
the velocity for the next leg is drawn independently from the velocity distribution. Furthermore, it is
possible to introduce “thinking times” upon reaching the waypoints.

In the following we state the necessary results from [4] and [5] for our purposed. dehote the
mean length of a leg and the area of the domainl. Also, leta; = a;(r, ¢) denote the distance from
point r € A to the border of4 in direction ¢ and similarly, letas denote the distance to the border in
the opposite direction, i.eay(r, ¢) = a;(r,$ + m). Definé h(r,$) = 5 - ajaz(ay + az). The stationary
distribution of an RWP node is given by (see [4])

1 [ h(r)

F0) =g [ hire) do = 5 ()
where normalization constat = /A2, Consequently, by normalization we get= - Xz fA ) dA. The
mean arrival rate into a subsél; C A is given by [5]

A(A;) :/ A(r, 0(dr)) dr, 2
OA;

wheref(dr) is the direction of the tangent at point and

! /Wsin¢~h(r,9+¢)d¢.

MO = B g

C. Random Waypoint in Unit Disk
For unit disk the pdf of node location, denoted pir), is given by

f(r)= 2(15T /\/ —r2cos ¢ do, 3)

whereC' = 1287/45 ~ 8.936 [4]. Let A\(r,d) denote the mean arrival rate into a disk with a radius! of
locatedr units from the origin. From Eq. (2) we obtain

45 ™ s
A(T d) M]T—]M/ dOé d(l—l'2>/0' d¢ sin Qb\/l — I’Q COS2(¢+OC—6>, (4)
wherez? = r? 4+ 2rdcos a + d?, 3 = arctan(r + d cos a, d sin ), and
0, whenr +d < 1,
Qg = § arccos 17;2“;0127 whenr —d <1<r+d,
T otherwise

For a special case= 0 we haver = d, oy = 0 anda = ( yielding

Ry o N TRy —
/\(d) = 64E—[1/’U]/ SlIl(b' 1 — d? cos (bd(b (5)

0

"Note thath(r, ¢) is symmetric with respect t@, i.e. h(r, ¢) = h(r, ¢ + ).
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Fig. 1. lllustration of the notation.

[1l. ANALYTICAL APPROXIMATIONS FORCONNECTIVITY
A. Approximations for Probability of Connectivity

We studyk-connectivity and focus on the case where the movement of the nodes is restricted to a uni
disk. In particular, we are interested in finding the probability that a network avitbbdes isk-connected
at an arbitrary point of time and denote this 6Y ;(d), whered is the transmission range. Due to the
assumed circular shape gf, the distribution of the node location depends only on the distanedr|
from the center, as given by Eq. (3). The coverage area of each node is also assumed to be circular wi
a radius ofd and is denoted by,(r), see Figure 1. Note that in principle, the domain of movement can
be any convex region, and our general result (1) on the figdf holds. The approximations presented
below depend on the shape of the domain throgigh and thus hold for any convex region.

Approximation 1: We first derive the probability that an arbitrary node has at léaseighbors and
denote this probability byy, »(d). Consider an arbitrarily chosen node and condition on its location,
denoted byr. Let p(r, d) denote the probability that a given node is withig(r) (see Figure 1), where
we emphasize that this probability depends only on the distareer| from the center. We can express
p(r,d) as

p(r.d) = / o fa

wherex denotes the vector for the location of a point insigr).

With a probability of1 — p(r, d) the arbitrary node is outsidB,(r). Since all nodes are independent,
the number of other nodes within domaif)(r) obeys a binomial distributiony, ; ~ Bin(n — 1, p(r, d)),
and hence the probability that a given node is connected to atAeastles equals

k—1
n—1 . .
1— . d)-(1-— d))"t
Z( 1) bt (1 i)
On the other hand, with the RWP model in the unit disk the probability density that a node is at a distance
r from the center equal3rrf(r). Thus, we can conclude that, .(d), the probability that an arbitrary
node has at leagt neighbors, is given by

k—1

Quett)=2x [ e (1= (1)t 4=ty ) ar ©

1=0
which is an exact result. As in [11], we approximate&onnectivity by
Chri(d) = P{n node network isc-connected ~ (Q,,x(d))" . (7)

Note that forn = 2 andk = 1 one should use the exact resGif;(d) = Q2.1(d) given by Eg. (6) instead
of the approximation.



The formal motivation of this approximation is as follows. As remarked in [7], for uniformly distributed
random points, the asymptotics of the greatest edge length in the nearest neighbor graph are as if
nearest-neighbor distances were independent, and the longest edge is likely to be the same for the near
neighbor graph and the minimum spanning tree. Because this holds for normally distributed points [9],
the same can be expected to hold for more general spatial distributions. Here, we make the addition:
assumption that this generalizesiteonnectivity and theé:-nearest neighbor graph.

Note that@, (d) can, as a function ofl, be interpreted as the cumulative distribution function of a
single k-nearest-neighbor distance. Her(€g, »(d))" is the cumulative distribution of the maximum of
such i.i.d.k-nearest-neighbor distances, and by the above, this is approximated to be the distribution fo
the greateskt-nearest-neighbor distance. The final approximation then sets this distribution equal to that
of the threshold range fdk-connectivity.

Approximation 2: A more simple approximation can be developed by also making an approximation
in computing the probability that a certain number of nodes exist within the coverage area of a given node
at locationr. More specifically, we make a local Poisson assumption and assume that the nodes withir
the coverage ared,(r) result from a homogeneous Poisson point process with inteAsityf(r), i.e.,
the number of nodes withi®,(r) obeys a Poisson distribution with mean equalttimes the area of
By(r). Thus, within a small disk around pointthe approximation is accurate.

Similarly as in the case of Approximation 1, we condition on the location of a single node, and thus
haven — 1 other nodes left. Hence, we have a superposition ef1 identical Poisson point processes
yielding a total intensity ofin — 1) - f(r) per unit area. Consequently, the number of nodes occurring
within the coverage are&;(r) obeys a Poisson distribution with parameter

a(r) = (n—)md* - f(r), (8)

and the probability that the number of nodes witli#p(r) is less thank is given bnyz_Ol “(z.’;)i -emaln),
Thus, in a unit disk our approximate probability, . (d) for the probability that a given node has at least
k neighbors equals

k—1 (

an(d) =1- 27r/0 r f(r) Z ¢

1=0

7;) e dr. 9)

o!

In the above, it is assumed that the coverage area is a full circle even on the border of the RWP domair
The limiting effect of the border can be taken into account by introducing a funetiend) which gives
the area of the intersection of the unit disk and a disk with radia$ a distance of from the origin,
A(r,d) = ||B1(0) N By(r)||. With this notation the slightly more accurate approximate d@r) can be
expressed as

a(r) = (n—1)- A(r,d) - f(r). (10)
Finally, we use the same approximation for the probability:-@onnectivity as in Eq. (7), i.eG,x(d) =

B. Length of Connectivity Periods

Another related and important performance measure is the mean time the network remains connecte
To this end, we derive analytical approximations for the mean length of the time periods the network is
1-connected. Let the random varialile denote the length of the time period the network is connected.
Similarly, let random variabld; denote the length of the time period the network remains unconnected.
With this we have an elementary relation,

Cpi(d) =P de network is 1- thd= ———. 11
1(d) {n node network is 1-connect$ LT, (11)
Hence, as we are interested’ip, knowledge ofC,, ;(d) and T, is sufficient also.




If dis small the network is disconnected with a high probability and the network consists of isolated
nodes or groups of connected nodes. Asncreases beyond a critical value that dependsnothe
probability of connectivity starts increasing quickly. In practise, this is perhaps the most interesting region,
and whenn is large, typically only one (or few) nodes are separated from the rest of the network at the
instant of time when the network becomes unconnected. Thus, we suggest estifatingonsidering
the mean interarrival time of a node into a diBk(r) having a radius of/ and center units away from
the center of the unit disk. Recall that(r, d) denotes the arrival rate of a single node into a ditkr)
when the node moves according to RWP model in unit disk. Using either Eq. (4) or Eg. (5), as the cast
may be, one can compute a numerical valueXof, d).

Let Ty) denote the mean disconnectivity time on condition that a single node gets isolated at, point
which we can estimate by

1~ 1 = (n— 1)1. Nr.d)
Next we approximatd; by Ty) with somer,
Ty~ T (12)
or in general case by the integral
Ty~ /Ty) - g(r)dr, (13)

whereg(r) corresponds to the probability that the isolated node is located at the distandeoai the
origin. Note that in both Eq. (12) and Eq. (13) we have made on assumption that disconnectivity is due
to one isolated node. In Eq. (12) we are parameterizing the approximation with respect to the distance
from the center, and in the numerical experiments weruse) andr = 1, which imply that we assume
that the most likely way a network becomes disconnected is that a single node gets isolated either at tf
center(r = 0) or on the borderr = 1). In (13) we assume some distribution for the location of the
isolated node, and in the numerical experiments we use the uniform distribytigns= 1/7.

Finally, combining the above with Eq. (7) gives us an estimate for the mean connectivity figriod

_ Cn,l(d> T ~ p
1—Coi(d)™ " 1-p

V2

Tc n : Td; (14)

wherep denotes the probability that a node has at least one neighber@,, ,(d) and T, is given by
either Eq. (12) or Eg. (13).

IV. NUMERICAL EXAMPLES
A. Validation of the Probability of Connectivity

First we compare the accuracy of the approximations for 1-connectivity as a function of the radius of
the coverage ared for different values of the number of nodes From this point on, we refer as Al
to Approximation 1 as defined in Section 3.1. Approximation 2 (in Section 3.1) actually contains two
approximations and they are referred to as A2a and A2b, where A2a refers to the approximation witf
a(r) given by Eg. (8), i.e., the domaiB,(r) is a full circle even at the border, and A2b refers to the
approximation witha(r) given by Eq. (10), i.e., the border effect is taken into account. The results are
shown in Figure 2, where the dashed lines correspond to simulated results and solid lines represent tl
analytical approximations (which approximation is in question is indicated in the figures). As can be seer
Al is remarkably accurate asincreases. Also, both A2a and A2b are able to predict well the initial rise in
the value ofC,, ;(d), but they do not rise as steeply as they should asreases. Somewhat surprisingly,
the more detailed approximation A2b which includes the proper handling of the border effect, is even
less accurate than the simpler A2a.
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Fig. 2. Validation of 1-connectivity for = 20,100, 500 nodes (from left to right) as a function @f dashed lines depict simulations and
solid lines analytical results.
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Fig. 3. Validation of k-connectivity forn = 20, 100, 500 nodes (from left to right) as a function @f dashed lines depict simulations and
solid lines analytical results.

Then we validate our results for 2- and 3-connectivity. The results are shown in Figure 3, where in eact
figure we show simultaneously the results for 1-, 2- and 3-connectivity as a functidrfoofdifferent
values ofn. The results only compare the accuracy of Al (solid lines) to simulated results (dashed lines)
as the accuracy of A2a and A2b is similar to that already shown before. Again, it can be seen that Al
very closely approximates the simulated values:ascreases. Also, the higher the valuefothe better
the fit.

B. Comparison with Uniform Node Distribution

Next we compare the impact on 1-connectivity of a uniform node location distribution vs. the RWP
node location distribution. The analytical results for the RWP case correspond to approximation Al, anc
the results for the uniform case are obtained from Al by ugifig = 1 /7 and thusp(r,d) = A(r,d)/~.

The results are shown in Figure 4, where the figure on the left contains results obtained by using ou
analytical approximations, and the figure on the right contains the corresponding simulated results. Eac
figure depicts’,, 1 (d) as a function ofl for n = 20, 100, 500. Solid lines correspond to connectivity under
RWP node distribution and dashed lines to connectivity under uniform node distribution. It can be seer
that the mobility induced by the RWP model can either improve or degrade the connectivity probability
depending on the number of nodes. In particular, for small humber of nodes, connectivity properties
gain from mobility. However, as the number of nodes is increased, the situation becomes the opposite
i.e., the required transmission ranges higher for nodes moving according to RWP than for uniformly
distributed nodes (see results for= 500). This phenomenon occurring in the simulations (right figure)

is also captured by our analytical approximations (left figure), although numerical accuracy is not perfec
for small number of nodes.

C. Mean Length of Connectivity Periods

In Figure 5 the estimated mean length of the connectivity periods are depicted as a function of
and compared against simulations, when the speed is constaat], and the number of nodes =
20,100, 500. Simulation results are indicated with black dashed lines and triangle markers. Blue lines



Fig. 4. Comparisons foC,,1(d) with RWP node distribution (solid lines) and uniform node distribution (dashed lines) using our
approximations (left) and simulations (right).
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Fig. 5. Mean connectivity period length fer = 20, 100, 500 nodes (from left to right). Dashed curves corresponds to simulated results
and solid curves to estimates.

with square markers correspond to our approximation where we have assumed an uniform location fa
isolated node. Green lines with star markers correspond to our approximatior’ﬂymhﬂo), i.e., that

a node becomes most likely disconnected in the center. Red lines with diamond markers correspond 1
our approximation withlj; ~ T}”, i.e., that a node becomes most likely disconnected on the border. The
results show that in the interesting region, where connectivity probability rises steeply,]@smgigo)

andT, ~ Tél) gives estimates of the lower and upper bounds for the mean connectivity durations. Finally,
the approximation with uniform assumption for the isolated node gives a rather accurate approximatior
of the mean connectivity periods fer = 100 and n = 500, where forn = 100 the results practically
coincide. Figure 6 shows the same in a logarithmic scale, where dashed lines correspond to simulatior
and the solid lines represent our approximations in the same order as earlier.

D. Velocity Distributions

Next we will study how the velocity distribution affects the mean length of the connectivity period.
Note that as the quantity(r, d) is inversely proportional to quantiti[1/v|, our approximation Eq. (14)
is directly proportional to quantitye[1/v]. In Fig. 7 the simulation results with three different velocity
distributions are illustrated for = 20, 100, 500 nodes, i)v = 1 (i.e., constant), iiy ~ U(0.1, 1.9) (i.e.,

100 5
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0.1 = ~1s 0.05 _

0.14 0.16 0.18 0.2 0.22 0.24

Fig. 6. Mean connectivity period length for = 20, 100, 500 (from left to right) in logarithmic scale. Dashed lines correspond to
simulations and solid lines to estimates.
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Fig. 7. Mean connectivity period length far= 20, 100, 500 nodes (from left to right) with different velocity distributions.

v = 1), and iii) v ~ U(0.356,2.156) (i.e., E[1/v] ~ 1). Red lines with diamond markers correspond to

i), green lines with star markers correspond to ii), and blue lines with square markers correspond to iii)
It can be seen that with = 20, 100, 500 nodes i) and iii) are almost identical, while case ii) generally
leads to longer connectivity durations. Also note that the relative difference in the results for the case ii)
and cases i,iii) is close tB[1/v] ~ 1.64, as predicted by our approximation approach.

V. CONCLUSIONS

In this paper, we have studied the connectivity properties of ad hoc networks where the nodes ar
moving independently according to the RWP mobility model. Analytical approximations have been given
for estimating the probability that a network consistingraiiodes isk-connected. The approximations are
based on estimating the probability that the network has minimum deégrékis requires knowledge of
the probability that a given node haseighbors. The most straightforward approximation for this follows
from making additional assumptions that the number of neighboring nodes obeys a Poisson distributiol
with an intensity depending on the location. However, by using our recent results on the exact node
location distribution, we are able to compute the probability of havimgeighbors exactly, which yields
a very accurate approximation for the probabilityke€onnectivity.

The mean lengths of the 1-connectivity periods have been also studied. The approximations utilize ne\
results on the arrival rate of the RWP process in a given subset of the movement area. These combine
with our approximation for the probability of 1-connectivity yield a parameterized approximation for the
mean connectivity periods. The approximation essentially represents a conditioning on the location wher
a single node becomes isolated from the rest of the network. The numerical results show that in the
interesting region where connectivity probability rises steeply, assuming that the node gets isolated in th
center or the border gives estimates of the lower and upper bounds for the mean connectivity duration:
Finally, the approximation with uniform assumption for the isolated node seems to give a rather accurats
approximation of the mean connectivity periods. Furthermore, according to our approximation the mear
length of the connectivity period is directly proportional to quantity /v|, which matches well with the
numerical experiments.

As part of future work one can consider more accurate approximations to the mean connectivity lengths
Also, generalization of the approximations for the lengthg-@onnectivity periods can be studied.
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