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Abstract—We study the load balancing problem in a support (packets per unit time per unit length, “density of
dense multihop network, where a typical path consists progress”). Generally, this maximal sustainable directed
of large number of hops, ie., the spatial scales of apacket flow depends on the particular MAC protocol
typical distance between source and destination, and mea”defining the scheduling rules and possible coordination
distance between the neighbouring nodes are strongly hoyveen the nodes. Determining the value of this max-
sepatated. In this limit, we present a general framework . . . . .
for analysing the traffic load resulting from a given set |mum is not a topic of th_'s paper but is ass“m?d to be
of paths and traffic demands. We formulate the load 9iv€n (known characterstic constant of the medium). By
balancing problem as a minmax problem and give two @ Simple time sharing mechanism this maximal value
lower bounds for the achievable minimal maximum traffic can be shared between flows propagating in different
load. The framework is illustrated by an example of directions. As a result, the scalar or total flux (to be
uniformly distributed traffic demands in a unit disk with  defined in Section I) of packets is bounded by the given

we are able to decrease the maximum traffic load by factor the paths in such a way that the maximum flux in

of 33 — 40% depending on the assumptions. The obtained
traffic load level comes quite near the tightest lower bound.

Index Terms— multihop network, load balancing

minimised.

Under the assumption of a dense multihop network
the shortest paths (SP) are approximately straight line
segments [PP03]. Straight paths yield an optimal solution
in terms of mean delay when the traffic demands are
low and there are no queueing delays. However, they

In a dense wireless multihop network a typical patlypically concentrate significantly more traffic in the
consists of several hops and intermediate nodes alongeater of network than elsewhere, and as the traffic load
path act as relays. In this paper we focus on studying tinereases the packets going through the center of the
traffic load in such a network. By traffic load we meametwork start to experience queueing delays and even-
roughly speaking, the rate at which packets are transntitally the system becomes unstable when the maximal
ted in the proximity of a given node, and the objectiveustainable scalar flux is exceeded. Hence, the use of
of load balancing is to find such paths that minimise thghortest paths limits the capacity of the multihop network
maximum traffic load in the network. In particular, waunnecessarily and our task is to minimise the maximum
assume a strong separation in spatial scales betweengheket flux in the network by a proper choice of paths
macroscopic level, corresponding to a distance betweamthe macroscopic scale.
the source and destination nodes, and the microscopi©ur main contribution is the formulation of the traffic
level, corresponding to a typical distance between thgad and the corresponding load balancing problem in a
neighbouring nodes. This assumption justifies modellimgnse multihop network. For the load balancing problem
the routes on the macroscopic scale as smooth geometrecprovide two lower bounds. Further, we show how the
curves as if the underlying network fabric formed acalar flux can be calculated for a given set of curvilinear
homogeneous, continuous medium. paths. Even though the results are valid only in the limit

The microscopic scale corresponds to a single nodka dense network (i.e., a large nhumber of nodes and a
and its immediate neighbours. At this scale the abosmall transmission range), they give insight and can serve
assumptions imply that only the direction in which as useful approximations for more realistic scenarios.
particular packet is traversing is significant. In particular, The rest of the paper is organised as follows. In
considering one direction at a time there exists a certédection Il we present the necessary mathematical frame-
maximum flow of packets a given MAC protocol camwork. In Section Il two lower bounds for the achievable
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traffic load level are presented. In Section IV the genernatesent paper allow us to compute the resulting scalar
expressions for the traffic load with curvilinear pathpacket flux (i.e., traffic load).

are derived. In Section V we demonstrate the load

balancing in unit disk with three different path sets [I. PRELIMINARIES

yielding a better performance than the shortest paths inp this section we introduce the necessary notation
terms of maximum traffic load. Section VI contains ougng definitions for analysing the transport of the packets

conclusions. and the resulting traffic load in the network. Let
denote the region where the network is located. The
A. Related Work packet generation rate corresponding to traffic demands

] _ is defined as follows.
In [PP0O3] Pham et al., and later in [GK04] Ganjali

et al., have studied the load balancing using multipaghefinition 1 (traffic demands) The rate of flow of
routes instead of shortest paths. The analysis is dqfckets from a differential area elemeit aboutr; to

assuming a disk area and a high node density so thadifferential area elementA aboutr; is \(ry,ry)-dA?
the shortest paths correspond to straight line segmentgaffic matrix”).

In multipath situation the straight line segments are
replaced by rectangular areas where the width of tRemark 2 The total packet generation rate is given by
rectangle is related to the number of multiple paths
between a given pair of nodes. In particular, multiple A= /d2r1/d2r2 Ar1,T2).
paths are fixed on both sides of the shortest path. A A

In [DBTO5] Dousse et al. study the impact of interfereach generated packet is transferred along a certain
ence on the connectivity of large ad hoc networks. Theyyltihop path. More formally,
assume an infinite area and the behaviour of each node to
be independent of the other nodes, which, together willefinition 3 Set of paths denoted Iy defines for all
interference assumptions, define the stochastic propertiesrce destination pair¢r;,r2) a unique pathp € P.
for the existance of links. With these assumptions tiurthermore, lets(p, r1,r2) denote the distance from
authors study the existance of a gigantic componetd,r, along the pathp.
which is related to the network connectivity.

In [SMSO05] Sirkeci-Mergen et al. study a dense wirdRemark 4 The m_ean_path length, i.e., the mean distance
less network with cooperative relaying, where severd|Packet travels, is given by
nodes _transmlt the same packe.t S|mu!taneously in ord_er 7— 1 /d2r1 /d2r2 A(r1,r2) - s(p,r1,12)
to achieve a better signal-to-noise ratio. In the analysis AA ’
an infinitely long strip is studied and the authors are
able to identify a so-called critical decoding tresholexample 5 For the shortest paths we have
for the decoder above which the message is practically 1 ) )
transmitted to any distance (along the strip). The analysis fs» = 1 /d r /d ry A(r1,T2) - [|r2 — 11 ]]-
assumes a dense network similarly as in this paper. A A

In a dense network with shortest path routing the probably the most important quantity for our purposes
transmission of each packet corresponds to a line sggthe packet arrival rate into the proximity of a given
ment in the area of the network. A line segment prgrode. This is described by notion of scalar flux, which in
cess with uniformly distributed end points is similar turn is defined in terms of angular flux. These are similar
the so-called random waypoint (RWP) mobility modeb corresponding concepts of particle fluxes in physics,
commonly used in studies of wireless ad hoc networksg., in neutron transport theory [BG70]. In our case, the
[IM96], [BWO2], [BRS03], [NCO4]. In the RWP modelpacket fluxes depend on the traffic demands,,r;)

the nodes move along straight line segments from 0gAd the chosen pat!, and are defined as follows:
waypoint to the next and the waypoints are assumed

to be uniformly distributed in some convex domairDefinition 6 Angular flux of packets at point in di-
The similarity between the RWP process and the packettion 0, denoted by®(r,0) = ®(P,r,6), is equal
transfers with the shortest path routes is striking and we the rate at which packets flow in the angle interval
can utilise the readily available results from [HLV05] in0, 6 + df) across a small line segment of the length
this case. For curvilinear paths the situation, howeveerpendicular to directio at pointr divided bydzx - df

is more complicated and the new results derived in tlive the limit dz — 0 and df — 0.
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Fig. 1. Angular flux from directiord multiplied by Az gives a Fig. 2. Notation for node pdf (2) of the RWP model.
specific packet arrival rate to a box with side length.

With v = 1 we have®(r) = n(r) and the flux with

Definition 7 Scalar flux of packets at pointis uniform traffic demands and shortest paths is given by,

21

O(r) =P(P,r) = /@(P,r, 0) db. (r) = A
0 242

2

/dtg alag(al + CLQ).

0

Remark 8 Scalar flux of packets is equal to the rate at

which packets enter a disk with diametérat pointr  with this notation we can finally give a formal defi-
divided byd in the limit whend — 0. nition for the optimisation problem.

The proof follows trivially from the definitions. Also, in o ) ]
Definition 11 (load balancing problem) Find the set

analogy with particle flux in physics the following holds: o v '
of paths, Py, minimising the maximum scalar flux,

Remark 9 For scalar flux®(r), packet density(r) and

} : Popt = arg min max ®(P,r).
constant (local) velocity(r) it holds that opt & ax & (P, 1)

®(r) = n(r) - v(r). (1) Remark 12 (optimal maximum traffic load) With the
Proof: Packet arrival rate from a direction interva/02d balanced paths the maximum load is
(0,0 + df) across a line segment perpendiculadtat r Dopt = max P (Popt, T) = H%n max O(P,r).

with length Az is equal to®(r,0) - Ax - df (cf., Fig. 1

and Def. 6). Each packet spends tiche /v(r) inside the  In the above defintion, Def. 11, one needs the scalar

box, and, according to Little’s result, the mean numbdux ®(P,r). We will show in Section IV how this can be

of packets in the box arriving from directiqd, 0 +df) calculated for a given set of pat# Finding the optimal

is ®(r,0) - Az?/v(r) - df contributing an amount of paths is a difficult problem of calculus of variation. In

®(r,0)/v(r) - df to the packet density. Integrating ovethis paper, we do not search for a general solution but

0 givesn(r) = ®(r)/v(r). m rather study three heuristically chosen families of paths
and compare their performance with that of the shortest

Example 10 With uniform traffic demands and shortespaths and with the bounds introduced in the next section.
path routing the resulting system is closely related to the

random waypoint model (RWP). In the basic RWP model [1l. L OWER BOUNDS FOR PACKET FLUX

a ngde moves from one waypoint to .another alqng theOur next goal is to derive two lower bounds for
st_ralght I|ne_ segment and the waypom_ts are unncormlé’chievable load balancing, i.e., for a given traffic pattern
distributed in some convex domain with arela The

. LT A(r1,r2) we want to find bounds for the minimum of
stationary node distribution is given by [HLVOS] the maximal traffic load that can be obtained by a proper
2

1 choice of paths. Let us start by an illustrative example.
Jrwp(r) = = /d9 araz(a1 +az),  (2)
0

where ¢ is the mean leg lengthy, = as(r,0) is the
distance to the boundary in the directighand a; in

Example 13 Consider am x w rectangle where packets
are generated at rateA at the bottom of the area
(uniformly) as illustrated in Fig. 3. All packets travel

) L . L directly up to the top of the area, i.e., we have shortest
the opp:_osne tdlr_ectlon ﬁzezlz'g' dzr){ W'thtg 1 :[[hf:. leg paths with mean path length éf= h. The arrival rate
generation rate is equal o/, and nence the stationary . packets across any horizontal line segment of length
node_ pdf of the RWP mOd?' IS 'def‘“ca' to the paCk?tis equal toA - t/w. Hence, the flux at any point is
densityn(r) with an appropriate scaling, constant,® = A/w = Al/A, and we have a perfect

n(r) =€ - frwp(r) - A. load balancing (cf. Def. 11).
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Fig. 3. Packets moving uniformly from the bottom to top of the
area yield a uniform scalar flux gb = A/w = A - £/A.

Note that the quantityA - 7 - At corresponds to the Fig. 4. Derivation of expression for the scalar flux.
cumulative distance the packets arriving during a time

interval of At have to travel on average in order to reach

their respective destinations. Consequently, the previdﬁ/s2’g_t]37r/2l)( crossds from inside tlo OlIJtS'O_Ie' Tge rate
example suggests the following proposition. at which packets move acrogs is clearly given by

w/2
Proposition 14 (distance bound) Ar)ds = /Cosa(@(r77+a)+¢(rﬁ+a+w)) dov ds.
A- l —/2
max ®(P,r) > _€ (3) /
r As0 <cosa<1for —m/2 <a<m/2 we get
Proof: Without loss of generality we can set= 1 /2

whence®(r) = n(r). Let A be the area of4 andn

the mean density of packets, = N/A, where N is Alds) < / ®(r,y+a) + &(r,y + o+ m) dods

the mean number of packets in the system. Witk 1, —-/2
Little’s result impliesN = A - ¢. Hence =®(r) ds < max d(x) ds.
P S
max ®(r) > 7 = N _ A- f. Integrating over the curvé€ completes the proof. =
r A A
[ | IV. PACKET FLUX WITH CURVILINEAR PATHS

In this section, unless stated otherwise, we assume
Remark 15 For P, consisting of straight line segments)niform traffic demands and a single patfr,r;)
between the source dgstin_ation pairs, we obtain thgwveen source and destination locatians and r,.
lowest possible value faf = £s,. Consequently, Moreover, we assume the pathsArsatisfy the so-called
A7 path continuity constraint:
Ap

Popt = A (4) -
Definition 17 (path continuity)
Alternatively, we can only consider traffic flows crossing
an arbitrary boundary (cf., cut bound in wired networks). If ¥ € P(r1,12), thenp(ry, r2) = p(r1, r) + p(r, r2).

N _ The above definition lets us characterise the paths
Proposition 16 (cut bound) For any curve C which according to the direction at some poiatin particular,
separates the domainl into two disjoint domains4; the routing decision made in each point depends only

and A, it holds that on the destination of the packet, not the source. Let
1 ) ) p(x,0) denote a path going through poixtand having
Qopt = 7 /d ry /d ra (A(ri,r2) + A(rz,r1)), a directiond at that point. The points along the curve
Ay A (assumed to be smooth) are denoted by
where L is the length of the curvé. p(x,0,s), wheres € [—aq,a2], anday,as > 0,

Proof: Consider first a short line segmehtatr at so thatp(x,6,0) = x. Thus, a; and ay denote the
some point along the curvé. Let v denote a direction distance to the boundary along the path in opposite
perpendicular to the curve at such that the packetsdirections. Note that this means that we limit ourselves
arriving from the anglegy — n/2,v 4+ m/2) crossds to paths that start and end at the boundary of the domain
from outside to inside, and packets arriving fram+ (no closed paths within the domain allowed).



Definition 18 (path divergence)Llet h(x,0,s) denote Hence, the angular flux at in directioné is given by
(X 9) m / h(X/, 9/, 8—8/) dS dS/.
do—0 do ’

the rate with respect to the anglé at which paths 0
diverge at the distance of, 1 / h(x,6,s")
_ A2 | h
h(x.6.5) — fim [POSOF@0:5) ~px0.5)] .
The proposition follows upon substitiot — —s’. &
p(x,0,s) ‘

% Remark 20 (angular flux with non-uniform A(ry,r2))
Proposition 19 (angular flux with curvilinear paths) It is straightforward to generalis€5) to the case of

For a uniform traffic demands)(ry,r2) = A/A?, the non-uniform traffic demands(ry, rs). In this case, the

angular flux at pointx in direction @ is given by angular flux at pointx in direction @ is given by
A 7 h(x,6,—s") T’ I, / / 7 h(x,6,—s")
(Xa) AQ/m/h(X,9,8+S)deS @(X’H):/m
0 0 0
5) az

Proof: Without loss of generality we may assume /)‘(X/’p(xl’al’5+5/)) (X0, s+5") ds ds'.
A = 1. Our aim is to determine the angular flux in 0
directiond denoted by?(x, 6). To this end assume that a

xample 21 For the shortest paths we have
particular source is located in a differential area element

about pointx’ (see Fig. 4 left) h(x,6,s) =||s|],
x' =p(x,0,s), s’ <0, and consequently, for uniform traffic demands, the an-
for which it clearly holds that gular flux is given by
x',0',s —s) =p(x,0,s). A 7
P ) =Pl ) d(x,0) = - //(s +s')dsds'
Let df denote a differential angle at poirtso that the A 0 4

differential source area about is given by (see Fig. 4
left) A
A = h(x,0,5")-df - ds'. T A2

Similarly, letdd’ denote a small angle at poirt, which
yields a destination area of

A
2
/az/ + ays’ ds' = 2A2a1a2(a1 + as),
0
in accordance with [HLVO05] as presented in Ex. 10.

a2

V. EXAMPLE: UNIT DISK WITH UNIFORM DEMANDS

Ag= [ h(x',0',s —5') ds db’
d / (.6, s = &) ds dF, In this section we will demonstrate how the proposed
0 . framework can be applied. To this end, we consider a
as illustrated in Fig. 4 (right). The height of the targegpemm case of a unit disk with uniform load,
line segment” perpendicular to the path at painis
hy = h(x',0',—5") - df'.

Hence, the contribution to the angular flux from the
differential source area is

A={reR?: |r| <1}, and, \(r;,rs) = A/7%

We study the performance of three simple families of
paths outer and inner radial ring paths and circular paths.
The performance of these path sets is compared with

dd = % that of the shortest paths, and with the appropriate lower
) ’ . e ) bounds for the minimal maximum traffic load.
CAZ dp (h(X’ﬁ’, —s')- d‘9') . Example 22 (unit disk with shortest paths) For

; transport according to the straight line segments we
(h(X,9,8') ~do - dS') -/h(X',H',S —s')ds df"  can rely on the results for the RWP model (see Ex. 10
and [HVO05]). At distancel, the scalar flux is given by

. 1 h(X,Q,SI) 7 ! ol / / 21—d2 -A r
_p.m-/h(x,ﬁ,s—s)dsdb‘- q)sp(d):%/ 1—d?cos? ¢ do
0
0



In particular, the maximum flux is obtained at the centeff. Radial Ring Paths

2 Let us next consider three actual path sets as illustrated
Py (0) = P

A~ 0.6366 - A. (6) in Fig. 5. The shortest paths (SP) are equivalent to RWP
model as has been already mentioned. The two radial

Example 23 (distance bound for unit disk) The dis- path sets are similar in that each path consists of two

tance bound gives us a relationship between the Osb@ctions. One section is a radial path towards (or away

tainable maximum load and the mean path length. WitiP™) the origin, and the other section is an angular path
shortest paths we havé, = 128/457 which upon along a ring with a given radius. The difference between
substitution in(4) yields P the two sets is in the order of components, “Rout” uses

the outer angular rings and “Rin” the inner ones, as
A-128 the names suggest. Note that locally, at any point, the

Popt > 4512 ~0.2882 - A. packets are transmitted only ihpossible directions (2
radial and 2 angular), which may simplify the possible

Example 24 (upper bound for mean path length) implementation of the time division multiplexing.

The known traffic load when shortest paths are usedWhen studying the arrival rate into a small area at the
can be combined with the distance bound. According #stance ol from the origin one needs to consider both

(6) radial and angular ring movement. The radial component
9N A.9 of the flux is the same for both path sets, i.e.,
Py = — = —~.
°P s A d— d3
®,.(d) = A (@)
On the other hand, according @) we have ™
AT 7 1) Outer radial ring paths:Let us next consider outer
max ®(P,r) > 7 = Dy - 5 radial ring paths. We want to determine the flux along

the ring at the distance @f To this end, consider a small

Hence, if with the given pathB the mean path length i€ segment froni—d, 0) to (—d—A, 0) as “target area”

7 > 2, then the resulting maximum traffic load is greate?®S illustrated in Fig. 6. Packets originating from a small
than the one obtained with the shortest paths. “source” area at the distance dfin direction ¢ travel

through the target line segment if their destination is in

“destination” area. The size of the source area is
Example 25 (cut bound) Let the separating curvé be

a concentric circle with radiusl, 0 < d < 1. For the d-A-do,
packet rate across the boundary it holds that
while the possible destination area is
Md) > 2d%(1 —d*) - A,

0 - rd? B d_2 0
which corresponds to radial flux (per unit length) 2m 2
9 9 3 Combining these with (7) yields the angular flux at the
q)(d):L(l—d)'A:d—d A< By distance ofd,

" 2md T - P

s i AN [
As thls_ is a lower pound for the scalar _qux we want to By(d) = ~— /—QA do — d3 . A.
maximise it. The tightest lower bound is obtained with Am 2
d=1/V3, 0

0 Hence, the total flux at the distance @ffor outer path
Dopt > ——— - A~ 0.1225 - A. set is given by
Pt = RIVERE S
(r—1)d® +d

Hence, in this case, if comparing to the shortest paths, Prout(d) = ®,(d) + Pg(d) = A

the cut bound gives a lower bound which says that no

more than80% improvement in the maximum load isThe maximum flux is obtained at point= 1,
possible, while according to the distance bound at most

a 55% improvement is possible. PRrout (1) = A.

™



1 /
0.8
sp Rout
0.6
desfinatioﬁ 0.4 §P—+ROUt/—‘ —?—<__: -—=-
0.2 ARI/n \\

Fig. 5. Left figure illustrates the three path sets considered: straight line segments (SP), radial paths with outer (Rout) and inner (R
angular ring transitions. In right figure the resulting flux is plotted for for the three path sets (SP, Rout and Rin) and for a randomise
combination of SP and Rout (dashed curve) as a function of distarficen the center.

source
target d

d 0 Fig. 8. Circular paths illustrated for different destination (or source)

points.

destinations

B. Circular paths

As the last path set we consider curvilinear paths,
referred to as circular paths, which consist of such
Fig. 6. Derivation of the angular ring flux at the distanceddior ~ Sections of circumference of circles that cross the unit
outer radial ring paths. disk at the opposite points as illustrated in Fig. 7. Some

example paths are illustrated in Fig. 8 for different
destination (or source) locations. From the figure it can

2) Inner radial ring paths:For inner paths the possi-pe seen that these paths smoothly move some portion of
ble destination area of packets is the traffic away from the center of the area.

1— a2 The angular flux can be calculated using Proposition
5 -0, 19, and the scalar flux is obtained by integration (cd.
Definition 7). The resulting scalar flux is depicted in
Fig. 7 (right). It can be seen that the traffic load is
AN 11— 2 fairly well distributed in the area. The maximum flux
/ 0-dA do is obtained at the center of the disk, where the flux is
0 0.4244. In fact, it is possible to determine the packet flux
at the center analytically. For this we have

o2d—d3) - A |
:%/Hdez(d—d:s)ﬂ. 4
0

D(0)= oA (~04204-0)

Consequently, combining the above with (7) gives  which is exactly2/3 of the flux with the shortest paths
3 consisting of straight line segments (cf. Ex. 22).
Prin(d) = (1 +1/m)(d —d°) - A.

The maximum is obtained at poirt= 1/+/3, C. Randomised path selection approach

Prin(1/V3) ~ 0.507 - A. One option to achieve a lower maximum load is to
allow the use of several paths for each pair of nodes
Hence, the outer version leads to a higher maximugsimilarly as in [PP03], [GKO04]). In particular, let us
load than the shortest paths while the inner version yielodax our assumptions a bit and assume a finite humber
a slightly better solution. The resulting packet fluxes agd path set{P; }, wherei = 1, ..., n. Upon transmission
illustrated in Fig. 5 (right) as a function of the distancef a packet the source node chooses a path from path set
d from the center. 1 with probability ofi, i =1,...,n.



Fig. 7. Circular paths are paths formed by the circumferences of circles which cross the unit disk at the opposite points. The figure
right illustrates the resulting flux as a function of distance from the center.

Proposition 26 (packet flux with randomised paths) in the network is minimised. While the general solution
A randomised path selection from path sef®;}, of this difficult problem remains for future work, our

i = 1,...,n, upon transmission with probabilities;, main contribution in this paper consists of giving bounds
i=1,...,n yields a total scalar flux of for the packet flux and giving a general expression for
determining the packet flux at a given point when a given
o(r) = Zpi - 2(Pi,x). set of curvilinear paths is used. The results are illustrated
7

by numerical examples with three different sets of paths
Example 27 Consider uniform traffic demands in unitin unit disk. Future work includes investigating how
disk and two path sets, 1) shortest paths, and 2) tke find nearly optimal load balancing in a distributed
outer radial paths. Weightg; = 0.6 and p, = 0.4 give fashion.
a packet flux of
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