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Sample space, sample points, events

« Sample space Q is the set of all possible sample points w [ Q

« Events A,B,C,... Q are measurable subsets of the sample space Q
* Let ¥ denote the set of all events, which constitutes a 0-algebra

Sure event: The sample space Q [ F
Impossible event: The empty set J [

Union “A or B”™: AOB={wlQ|wdAorwdB} OF
Intersection “A and B AnB={wOQ|wOAandwIB} OF
Complement “not A™: AC={wUQ|wlOA} OF

Events A and B are disjointif An B=[1

A set of events { By, B,, ...} is a partition of event A if
- () BpnB=0Uforalli#]
e (i), B=A




Probability

Probability of event A is denoted by P(A), P(A) O [0,1]

— Probability measure P is thus
a real-valued set function defined on the set ¥ of events, P: ¥ - [0,1]

Properties:
- (i) 0sPA <1
- (i) P@)=0
— (i) P(Q)=1
- (iv) P(AS=1-P(A)
_ (V) P(ATB)=P(A)+P(B) - P(An B) o
_ (i) AnB=0= P(ADB)=P(A)+P(B)
— (vii) {B} is a partition of A= P(A) = 2, P(B))
— (vii) ADB= P(A) <P(B)

A




Conditional probability

Assume that P(B) >0

Definition: The conditional probability of event A
given that event B occurred is defined as

P(A|B) = PEDA(E)B)

It follows that

P(An B)=P(B)P(A|B)=P(A)P(B|A)




Theorem of total probability

Let { B;} be a partition of the sample space Q
It follows that { A n B;} is a partition of event A. Thus (by slide 5)

(vii
P(A) = >,;P(An B)

Assume further that P(B;) > O for all i. Then (by slide 6)
P(A) =2, P(B))P(A|B;)

This is the theorem of total probability




Statistical independence of events

Definition: Events A and B are independent if

P(An B) =P(A)P(B)

It follows that

— P(AnB) _ P(A)P(B) _
P(Al B) o P(B) o P(B) — P(A)

Correspondingly:

_ P(AnB) _ P(A)P(B) _
P(BlA)_ P(A) o P(A) _P(B)




Random variables

Definition: Real-valued random variable X is a real-valued and
measurable function defined on the sample space Q, X: Q - []

— Each sample point w [1 Q is associated with a real number X(w)
Measurability means that all sets of type

(X<} ={alQ| X(w)<x} UQ
belong to the set ¥ of events, i.e.,

{(X<xtOF

The probability of such an event is denoted by P{ X < X}

Notation: Capital Letters (such as X) refer to random variables, while
small letters (such as X) refer to their values




Indicators of events

Let A [l ¥ be an arbitrary event

Definition: The indicator of event A is a random variable defined by

|14 «UA
1a@) = { 0, wlA
Clearly:
P{1a =1 = P(A)

P{1, =0} = P(A®) =1- P(A)




Cumulative distribution function

Definition: The cumulative distribution function (CDF) of a random
variable X is a function Fy: [ — [0,1] defined as follows:

Fy (X) = P{ X < x}

Cdf determines the distribution of the random variable, i.e.,
— the probabilities P{X 1 B}, where B  and {X 1B} O F

Properties:

() Fyisnon-decreasing |
(i) Fyis continuous from the right Fy(X) /

(i) Fy(-)=0 v,

(iv) Fy(w)=1 ) 1 X




Statistical independence of random variables

Definition: Random variables X and Y are independent if
for all Xxand y

P{X<XY<Syl =P{X<xP{Y <y}

Definition: Random variables X4,..., X,, are totally independent if
for all i and X;

Definition: Random variables X4,..., X, are 11D if they are totally
independent and identically distributed
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Discrete random variables

Definition: Set A U O is called discrete if it is
— finite, A={Xq,..., X}, or
— countably infinite, A = {X;, X,,...}
Definition: Random variable X is discrete if
there is a discrete set Sy [1 [ such that

P{XOSx} =1
It follows that
— P{X=x} 20 forallx S,
— P{X=x} =0 forallx S,
The set Sy is called the value space

13




Point probabilities

Let X be a discrete random variable
The distribution of X is determined by the point probabilities p;,

B = P{X :Xi}, X DSX

Definition: The probability mass function (PMF) of Xis a function
py: U — [0,1] defined as follows:

Px (X):=P{X =X} ={
CDF is in this case a step function:

Fx (X)=PA{X<x= 2 p

11X <X

P, X=X LSk
O, X[ SX

14




Basic probability theory

Example

> | | | |

[
v [ I I I
Xy Xp XXy Xy Xo XgX4

\ 4

probability mass function (PMF) cumulative distribution function (CDF)

Sx = 1Xqs Xo1 X3, X4}
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Expectation

« Definition: The expectation (mean value) of a discrete random
variable X is defined by

E[X]:= Y P{X =x}[x
xSy

— Note 1: The expectation exists only if 2 [X| P{X =x} <o

— Note 2: However, if 2, X P{X =X} =0, then we may denote E[X] = o

— Note 3: Expectation of an indicator: E[1,] = P{1, =1} = P(A)
 Properties:

— (i) cUO = E[cX =cHX]

- (i) E[X+Y]=E[X] +E[Y]

— (i) X'and Y independent = E[XY] = E[X]E[Y]




Variance

Definition: The variance of X is defined by
D?[X]:=Var X]:=E[(X - E[X])?]
Useful formula:
D?[X] = E[X?] - E[X]?

Properties:
- () cO0O0 = DFcX =c’DX]
— (i) DYX+Y]=D4X]+DIY]+2CoVv[X,Y] (see nextslide)
— (i) Xand Yindependent = D?[X +Y] = DX] + DAY]
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Covariance

Definition: The covariance between X and Y is defined by
CoV[ X, Y] := E[(X — E[X])(Y - E[Y])]
Useful formula:
Cov[X,Y] = E[ XY] - E[ X]E[Y]

Properties:

— (i) Cov[X,X] =Var[X]

— (ii) Cov[X)Y] = CoV[Y,X]

— (i) Cov[X+Y,Z] = Cov[X,Z] + CoV[Y,Z]

— (iv) Xand Y independent = Cov[X,Y] =0

18




Other distribution related parameters

e Definition: The standard deviation of X is defined by

D[X]:=+/D?[X]

« Definition: The coefficient of variation of X is defined by

D[ X]

C[X] = E[X]

o Definition: The kth moment, k=1,2,...,of X is defined as

E[XX] =3, P{X =3 XX

19




Average of lID random variables

Let Xq,..., X, be independent and identically distributed (/D)
with mean M and variance 02
Denote the average (sample mean) as follows:

Then

20




Law of large numbers (LLN)

Let Xq,..., X, be independent and identically distributed (/D)
with mean M and variance 02

Weak law of large numbers: for all € >0

P{| Xn=-l>& - 0
Strong law of large numbers: with probability 1
It follows that for large values of n

X = U

21
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Conditional expectation

Definition: Let X and Y be discrete random variables. The conditional
expectation of X (conditioned on Y) is a random variable defined by
the following function (taking values in S)):

E[X|Y=y]= Y P{X=x|Y=y}[x
XDSX

E[X |Y]:= f(Y), wheref (y):= E[X |Y = y]

Properties:
- (i) El9(Y) X[Y] = g(Y) E[X]Y]
- (i) E[X+Y[4=E[X|Z +E[Y|Z
— (i) X and Y independent = E[X|Y] = E[X]

— (iv) E[E[X]Y]] =E[X] (conditioning rule)
23




Conditional variance

Definition: Let X and Y be discrete random variables. The conditional
variance of X (conditioned on Y) is a function defined on the value
space Sy of Y by

D[ X |Y]:= E[(X —E[X |[Y])?|Y]
Useful formula;

D[ X] = E[D?[X | Y]] + D[E[X | Y]]

24
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Probability generating function (z-transform)

Definition: Let X be a discrete random variable taking values in
S¢=10,1,2,...}. The probability generating function (PGF) of Xis
defined by

(0,0) .
Gy (2) =E[z"]= Y P{X =i}Z, |z[1
1=0
PGF is also known as the z-transform of X
PGF determines the distribution unambiguously:

k
S?Gx 0) =K P{X =k}
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Factorial moments

PGF generates the factorial moments of X :
Gy (1) =1
4Gy @) =E[X]

9 Gx © = E[X(X -1

27




Sum of independent random variables

Let X and Y be independent random variables taking values in
{0,1,2,...}. The PGF of the sum X + Y'is given by

Gy +v(2) = E[2* "] =E[2" |E[2"] = Gx (2)Gy (2)

Let X4,..., X, be 1ID random variables taking values in {0,1,2,...}. The
PGF of the sum Y =X, + ... + X, is given by

Gy (2) = E[2"]
— :ZX1+...+Xn]
= E[2"1]...E[2""] =Gy (2)"
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Random sum of independent random variables

Let X, X,,... be 1ID random variables taking values in {0,1,2,...}. In
addition, let N be another independent random variable taking values in
{0,1,2,...}. The PGF of the random sum Y = X; + ... + X\ is given by

Gy (2) = E[z'] = E[E[2" N]]
_ EjE[zX1+'“+XN INT]
= E[E[21]...E[2"N]]
= E[Gx (2] =G (Gx (2))
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Method of collective marks

« Probabilistic interpretation of the z-transform Gy(2) = E[ZX]:

Think of X as representing the size of some (random) set.

Mark each of the elements in the set independently with probability 1 — z
and leave it unmarked with probability z

Then Gy(2) is the probability that there is no mark in the whole set.
— X1

Gx (2) =E[z"] =
= E[P{Setof sizeX hasnomark} | X]
= E:E[]{Setof sizeX hasnomark | X]]

— E:]{Setof sizeX hasnomark}]
= P{Setof sizeX hasnomark

30
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Bernoulli distribution

X UBernoull(p), pU (01

— describes a simple random experiment (called Bernoulli trial) with two
possible outcomes: success (1) and failure (0); cf. coin tossing

— success with probability p (and failure with probability 1 — p)
Value space: Sy ={0,1}
Point probabilities:

P{X=0}=1-p, P{X=1}=p

Mean value: E[X] =(1-p)0+pd=p

Second moment; E[X2] =(1- p)[O2 + pEIl2 =p
Variance: D2[X] = E[X2] - E[X]2 =p- p2 =p(1-p)
PGF: E[Zf]=1-p + pz
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Binomial distribution

X UBin(n, p), ni{12,...}, pU (01

— number of successes in a finite sequence of 11D Bernoulli trials;
X=X, + ... + X, with X; OBernoulli(p)

— N = total number of experiments n :
— P = probability of success in any single experiment (i ): L
0 il(n—i)!
Value space: S, ={0,1,....n
lue space: Sy = { } nl=nin—1)--- 201
Point probabilities:

P(x =i} =(")p' @- p)™
Mean value: E[X] = E[X{] +... + E[X ] =np
Variance: D[X] = D2[X1] +...+ D2[Xn] =np(l-p)

PGF: E[ZY] = E[ZY] O... [E[Z%] = (1 - p + pz)"
33



Sum property

Let X =X; + ... + X, where X UBin(n;,p) and are independent. Then
X OBin(Z; . p)
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Geometric distribution

X UGeon(p), pO(01)

— number of successes until the first failure in a sequence of 11D Bernoulli
trials

— P = probability of success in any single experiment
Value space: S, ={0,1,...}
Point probabilities:

P{X =i} = p' @- p)
Mean value: E[X] = 2; ip'(L-p)=p/(1-p)
Second moment: E[X?] =Y. i%p!(1 - p) = 2(p/(1 - p))? + p/(1 - p)
Variance: D[X] = E[X?] — E[X]? = p/(1 - p)?
PGF: E[Z] =% (02'(1-p) = (1 - p)/(1 - p2)
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Memoryless property

» Geometric distribution has so called memoryless property:
foralli,) [J{0,1,...} so

P{(X=21+]| X2} =P{X =]}

— Note: P{X=i} =p'




Minimum of geometric random variables

Let X, Geomp,) and X, JGeomf,) be independent. Then
XM= min{ X4, X5} OGeon(p;p>)

and

37




Poisson distribution

X OPoissorga), a>0

— limit of binomial distributionas N — coand p —» Oin such away thatnp - a
Value space: S, =1{0,1,...}
Point probabilities:

P{X =i} =2 ¢

Mean value: E[X] = a

Second moment: E[X(X -1)]=a?= E[X] =a+a
Variance: D[X] = E[X?4] - E[X]? = a

PGF: E[Z] =3 (a9'e¥i! = 32 = ga172)
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Properties

(1) Sum: Let X; JPoissong,) and X, LJPoissong,) be independent.
Then

X1+ X5 UPoissolfay + ay)

(i) Random sample: Let X [JPoissond) denote the number of
elements in a set, and Y denote the size of a random sample of this set
(each element taken independently with probability p). Then

Y [IPoissoi1ipa)

(i) Random sorting: Let Xand Y be as in (ii),and Z=X-Y. Then
Y and Z are independent (given that X is unknown) and

Z [1Poissor(1- p)a)

39
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Continuous random variables

Definition:; Random variable X is continuous if
there is an integrable function fy: [J — L, such that for all X [ L]

Fx () =P{X<x} = [fx(y)dy

— 00

— The function fy is called the probability density function (PDF)

— The set S, where fy >0, is called the value space
Properties:

— (1) P{X=x} =0 forallx [

— (i) P{a<X<b} =P{as X<b} =] Pf(x)dx

— (i) P{XOA} =], f (%) dx

— (iv) P{XO 0O} =)= f,(X) dx:fsx f (X) dx=1 “




Basic probability theory

Example

[ () [ Fx(®

\ 4

»
| I | v |

X1 X X3 X1 X X3

probability density function (PDF)  cumulative distribution function (CDF)

Sk = [Xq, X3]
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Expectation and other distribution related parameters

« Definition: The expectation (mean value) of X is defined by
(00]
E[X]:= [x fy(x)dx
—00

— Note 1: The expectation exists only if J_oo°° f (X)X| dx < o0
— Note 2: If f_oo°° f (X)X = o0, then we may denote E[X] = o
— The expectation has the same properties as in the discrete case

* The other distribution parameters (variance, covariance,...) are defined
just as in the discrete case

— These parameters have the same properties as in the discrete case

43
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Laplace transform

« Definition: Let X be a continuous random variable taking values in
S =(0, »). The Laplace transform (LT) of Xis defined by

(00}
Ly (5):= E[e"5"] = [e *fx (x)dx, $20
0
LT determines the distribution unambiguously

45




Basic probability theory

Moments

e LT generates the moments of X

46



Sum of independent random variables

« Let Xand Y be independent positive random variables. The LT of the
sum X + Yis given by

Ly +v (5) = E[e73 )] = E[e 5% |E[e7°"] = Ly (5)Ly ()

« LetXy,..., X, be IID positive random variables. The LT of the sum
Y =X, +... +X,is given by

Ly (s) = E[e">"]
— E[e_S(X1+. . .+Xn)]

= E[e %1]...E[e %] = Ly ()"

a7




Random sum of independent random variables

Let X4, X,,... be IID positive random variables. In addition, let N be
another independent random variable taking values in {0,1,2,...}. The

LT of the random sum Y =

Xq + ... + Xy is given by

Ly (s) = E[e™"] = E[E[e"SY | N]]

= E
= E
= E

:E[e—S(Xl‘l‘...‘l'XN) | N]]

E[e 3., E[e S NT]

Ly (9N ]=Gp(Lx (9))

48




Method of collective marks

« Probabilistic interpretation of the Laplace transform Ly(s) = E[e™SN:

Think of X as representing the length of an interval.

Let this interval be subject to an independent Poisson marking process with
intensity S.

Then Ly(s) is the probability that there is no mark in the whole interval.
Lx (s) = E[e™5"] =

= E[P{Interval[0, X] hasnomark} | X]

= E:E[]{ Interval[0, X ] hasnomark | X]]

=E ]{ Interval[0, X ] hasnomark} ]
= P{Interval[0, X] hasnomark

49




Catastrophe process

« Another probabilistic interpretation of the Laplace transform Ly():

Measuring from time O, let X represent the time of an event.

Independent of that, a catastrophe happens at time C, where Cis
exponentially distributed with intensity S.

Then Ly(s) is the probability that the event occurs before catastrophe.

Lx () = E[e %] =
= E[P{C > X}| X]
=E[E[kcsxy | X]]
= Ellic>xy]
= P{C > X}

50
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From geometric to exponential distribution

Assume that X, IGeom( — A/n) for some A > 0. Now
— A\ NX —AX
P{Xn>nX}—(1_ﬁ) — e
Thus, the asymptotic CDF of the rescaled random variable X /nis

F(x) =1-e &
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Exponential distribution

X CLEXxp(A), A>0

— continuous counterpart of the geometric distribution (“failure” prob. = Adt)
— P{X0O(tt+h] | X>t} =Ah+o(h), where o(h)/h - Oash - 0
 Value space: Sy = (0,)
« PDF and CDF:

fy ()= x>0

Fy (X)=P{X <X} =1-& &




Moments and the Laplace transform

X UEXp(A), A>0

Mean value: E[X] =™ Ax e™ dx = 1/A
Second moment: E[X?] = ]® Ax? eM dx = 2/\2
Variance: D[X] = E[X?] — E[X]2 = 1/\?
Standard deviation: D[X] = VD[X] = L/A

Coefficient of variation: C[X] = D[X]/E[X] =1
Laplace transform: E[eS%] =[,* A eA+S)X gy = M/(A+9)
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Memoryless property and the residual lifetime

Exponential distribution has so called memoryless property:
for all X,y O (0,0)

P{X>x+y|X>x =P{X >y}

— Note: P{X>x} = e
In fact, only the exponential distribution has this property (among the
continuous distributions)

Consider a random interval whose length X LJEXp(A). Assume that we
know that the interval is longer than X. Due to the memoryless property,
the residual lifetime is also exponentially distributed with mean 1/A:

MRL(x):= E[X = x| X >x] = 3

Thus, the mean residual lifetime function MRL(X) is constant
55




Hazard rate

Consider a random interval whose length X JEXp(A). Assume that we
know that the interval is longer than X. What is the probability that it will
end in an infinitesimal interval of length h after time X?

P{X<x+h|X>x}=P{X<h =1-¢ 4"
=1- (- Ah+1(An)* -..) = Ah+o(h)

Thus, in the limit (h - 0), the ending probability per time unit (hazard
rate) is constant:

h(x):=limp o P{X < x+h|X >} =
Again, only the exponential distribution has this property
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Minimum of exponential random variables

Let Xy,..., X, be independent random variables with X; JEXp(\;).
Then

XM= min{Xq,..., X} OEXp(A +...+ A,),since
PEX™N >34 = P{Xy > ... P{X, >} = e AF-n)X

minq _ 1 mn_ v 1— A
E[X™] = M+ A’ P{X = Xi} = /11+..I.+/1n

57




Maximum of exponential random variables

Let X4,..., X, be IID random variables with Xi JEXp(A). Then

XM= max{X,..., X}

P{XM <3 = P{X; < xb...P{X, <X = (@1—e )"

E[X T =2+ iy et g PIXTE=X) =

|H
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Erlang distribution

X OErl(n, 1), u>0

— 1ID exponential phases in a series; X = X, + ... + X_ where X; JEXp(U)
— N = total number of phases
— M = intensity of any single phase

Value space: Sy = (0,)

PDF and CDF:

tx ()= U e, x>0

Fy (X):= P{X < X} =1- z(”")
1=0
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Moments and the Laplace transform

X UErl(n, ), >0

Mean value: E[X] = E[X4] + ... + E[X ] =n/u

Variance: D[X] = D2[X1] +...+ D2[Xn] = n/p?

Second moment: E[X?] = E[X] 2 + D X] = n(n +1)/p2
Standard deviation: D[X] = vD?[X] = (Vn)/u

Coefficient of variation: C[X] = D[X]/E[X] = 1/(vn) < 1

Laplace transform : E[eSX] = E[eSX] [0.. [E[eS%] = (W/(p+9))"
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Mean residual lifetime

« Consider a random interval whose length X L Erl(n,p).

Assume that we know that the interval is longer than X.
What is the mean residual lifetime?

MRL(X) =E[X — x| X > X]

*® n-1 i
JA-Fx(yDdy 3 (n-i)*)
1=0

— X

- 1=
1-Fx(x) A

n— i

e The mean residual lifetime function MRL(X) is in this case decreasing

(starting from n/Y and approching 1/u)
61




Hazard rate

« Consider a random interval whose length X L Erl(n,p).
Assume that we know that the interval is longer than X.
What is the probability that it will end in a short interval of length h after
time X?

P{X<Xx+h|X >x} =

e Thus, the hazard rate is

P{x<X<h} _ fx (x)h+o(h)
P[X>x} = 1-Fyx (X

. fy (X
h(x):=limp_ o P{X < x+h| X > :1_>é)(< ()X) =HGG
27

« The hazard rate function h(x) is in this case increasing (starting from O

and approching H)
62




Hyperexponential distribution

X OHyp(n, py, 4., PnsMn), 45> 0, g >0, 5 py

— parallel 1ID exponential phases; X =, X; + ... +1 X where
X OExp(;) and I; OBernoullifp) with 1, + ... +1,=1

— N = total number of phases

— W =intensity of phase I, p; = probability of phase |
Value space: Sy = (0,)
PDF and CDF:

fx () =2 pipe X%, x>0
Fx () =P{X<x =X p@a-e %)
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Moments and the Laplace transform

X UHyp(N, P1, f4,- -2 Pnobn)s 4 >0, pi >0, 2 p =1

Mean value: E[X] = E[l1,X{] + ... + E[l X ] =p,/W, + ... + p/H,

2nd moment: E[X?] = E[1,X,?] +... + E[I, X.?] = 2p,/,° + ... + 2p /1,2
Variance: D[ X] = E[X?4] - E[X]? = ...

Standard deviation: D[X] = vD?[X] = ...

Coefficient of variation: C[X] = D[X]/E[X] =... =21
Laplace transform : E[eX] = p,(L/(1+9) + ... + p (U /(1,+9))
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Mean residual lifetime

Consider a random interval whose length X LTHyp(n, py, Ky s -5 Pre K-

Assume that we know that the interval is longer than X.
The mean residual lifetime is now

[a-Fx(y)dy Sp 1eHx

MRL(x) =X =1=1
1-Fx (X) Zn: 0. HiX
I
=~

The mean residual lifetime function MRL(X) is in this case increasing
(starting from p,/U, + ... + p /W, and approching max 1/.)
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Hazard rate

Consider a random interval whose length X LTHyp(n, py, Ky s -5 Pre K-

Assume that we know that the interval is longer than X.
The hazard rate is now

o e HiX
h(x) = XX 5™
- 1-Fx(¥) 5" e HX
1=1

The hazard rate function h(X) is in this case decreasing (starting from
PM, + ... + P, and approching min; )
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Pareto distribution

X OParetgb, 8), b>0,6>1

— heavy tail distribution
— b= location parameter
— [ = shape parameter

Value space: Sy = (0,)
PDF and CDF:

fy (X) = ﬂﬂ(ﬁ)ﬂﬂ’ x>0

Fy (X):=P{X <X} :1—(ﬁ)ﬂ
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Moments and the Laplace transform

X OParetgb, 8), b>0,6>1

Mean value: E[X] = f0°° Bbx(1 + bx)P1dx= 1/(b(B - 1)) for>1
Variance: D[X] = ... for 3> 2
Standard deviation: D[X] = ... for 3 > 2
Coefficient of variation: C[X] = C[X] = D[X]/E[X] =...=21 for>2
Laplace transform : E[e5] = [, Bb eSX (1 + bx)-P-1 dx forp>1
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Mean residual lifetime

Consider a random interval whose length X [1Paretol, [3).
Assume that we know that the interval is longer than X.
The mean residual lifetime is now

[@-Fx (y) dy
o _ 1+bx
MR )= r 0 T b(B-1)

The mean residual lifetime function MRL(X) is in this case linearly
increasing (starting from 1/(b(3 — 1)) and approching )
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Hazard rate

Consider a random interval whose length X [1Paretol, 3).
Assume that we know that the interval is longer than X.
The hazard rate is now

h(X)Z: fX(X) — bﬂ
1-Fy (X) 1+Dbx

The hazard rate function n(X) is in this case decreasing (starting from
b3 and approching 0)
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Uniform distribution

X LU(a,b), a<b

— continuous counterpart of “casting a die”
Value space: Sy = (a,b)
PDF:

fx(x):ﬁ, x(a,b)
CDF:

Fy (X):=P{X <x :l’;—:a, x[(a,b)

Mean value: E[X] =] ,° x/(b - a) dx= (a + b)/2
Second moment: E[X?] =[P x?/(b — &) dx = (a® + ab+ b?)/3
Variance: D[ X] = E[X?4] - E[X]? = (b - @)%/12

QD
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Standard normal (Gaussian) distribution

X ON (02)

— limit of the “normalized” sum of IID r.v.s with mean O and variance 1
Value space: Sy = (—0,)
PDF:

52

1
fx () =p(x):=—1 e 2
CDF:

Fx (X):=P{X <x} =®(x):=["_#(y)dy

Mean value: E[X] =0
Variance: DX] =1
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Normal (Gaussian) distribution

X DN(,LI,UZ), put, o>0

— if(X—=p)/o ON(0,1)

« Value set: Sy = (—00,00)

PDF:

f (0 =F'(x) = 2p(2)

CDF:

Fx (0= POx <0 = P 1 <X A= o4

Mean value: E[X] = u + oE[(X - W)/o] = u

. Variance: DYX] = 62D (X — w)/o] = 02

74




Properties

« (i) Linear transformation: Let X ON(x,0) and o, O 0. Then
Y=aX+[ DN(a,u+,B,azc72)

« (II) Sum: Let X DN(,ul,Ulz) and X, DN(,UZ,UZZ) be independent.
Then

X1+ Xo ON(ty + tip,0f +07%)

« (iii) Sample mean: Let X; ON(,69),i=1,...n, be lID. Then

n
Xo= 13X, 0N 10?)
=1

75




Central limit theorem (CLT)

Let Xq,..., X, be [ID with mean [ and variance 02
(and the third moment exists)

Central limit theorem:
L o i.d.
m(xn -u) - NOJ

It follows that for large values of n

Va 2
Xn = N(,U’%U )
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Other random variables

e |n addition to discret

e and continuous random variables,

there are so called mixed random variables

— containing some d
« Example:

iscrete as well as continuous portions

— The customer waiting time W in an M/M/1 queue has an atom at zero
(P{W =0} =1 - p > 0) but otherwise the distribution is continuous

FwX)

1-p
0

A
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