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$XWKRU� (HYD 1\EHUJ

'HSDUWPHQW� 'HSDUWPHQW RI (QJLQHHULQJ 3K\VLFV DQG 0DWKHPDWLFV

0DMRU VXEMHFW� 6\VWHPV DQG 2SHUDWLRQV 5HVHDUFK

0LQRU VXEMHFW� 7HOHFRPPXQLFDWLRQV 7HFKQRORJ\

7LWOH� &DOFXODWLRQ RI %ORFNLQJ 3UREDELOLWLHV

DQG 'LPHQVLRQLQJ RI 0XOWLFDVW 1HWZRUNV

7LWOH LQ )LQQLVK � -DNHOXOLLNHQQHYHUNNRMHQ HVWRQ ODVNHQWD MD PLWRLWXV

&KDLU� 6��� 7HOHFRPPXQLFDWLRQV 7HFKQRORJ\

6XSHUYLVRU� 3URIHVVRU -RUPD 9LUWDPR

,QVWUXFWRU� 3URIHVVRU -RUPD 9LUWDPR

7KLV WKHVLV LV D VWXG\ RQ PDWKHPDWLFDO PRGHOV IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV DQG

GLPHQVLRQLQJ RI PXOWLFDVW QHWZRUNV� 0XOWLFDVWLQJ LV D EDQGZLGWK VDYLQJ WUDQVPLVVLRQ

WHFKQLTXH GHVLJQHG IRU JURXS DSSOLFDWLRQV VXFK DV YLGHR FRQIHUHQFLQJ� 7KH WUDQVPLVVLRQ

UHDFKHV PDQ\ GLmHUHQW HQG�XVHUV ZLWKRXW D VHSDUDWH FRQQHFWLRQ UHTXLUHG IRU HDFK XVHU�

'XH WR WKLV FKDUDFWHULVWLF� FRQYHQWLRQDO EORFNLQJ SUREDELOLW\ DQDO\VLV RI ORVV QHWZRUNV KDV

WR EH PRGLnHG� 7KH VWXG\ GHULYHV D QHZ DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV

LQ G\QDPLF PXOWLFDVW QHWZRUNV� 7KH H[DFW DOJRULWKP LV EDVHG RQ WKH ZHOO�NQRZQ

DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO DFFHVV QHWZRUNV� 7KH

DOJRULWKP LV PRGLnHG E\ LQWURGXFLQJ D QHZ FRQYROXWLRQ PHWKRG� WKH 25�FRQYROXWLRQ�

7KH DOJRULWKP LV DSSOLHG WR DQ H[LVWLQJ LQnQLWH XVHU SRSXODWLRQ PXOWLFDVW PRGHO� IRU

ZKLFK XQWLO QRZ RQO\ D VLQJOH OLQN VROXWLRQ KDV EHHQ JLYHQ� 7KH VWXG\ GHULYHV D QHZ

nQLWH XVHU SRSXODWLRQ PRGHO� ZKLFK LV LQ DFFRUGDQFH ZLWK WKH LQnQLWH XVHU SRSXODWLRQ

PRGHO� DQG DSSOLHV WKH DOJRULWKP WR WKLV QHZ QHWZRUN PRGHO� 7KH DOJRULWKP LV IXUWKHU

H[WHQGHG E\ WDNLQJ LQWR DFFRXQW WKH HmHFW RI QRQ�PXOWLFDVW WUDpF� EDFNJURXQG WUDpF� LQ

WKH QHWZRUN�

7KH GLPHQVLRQLQJ RI WKH QHWZRUN LV VWXGLHG XVLQJ WKH nQLWH SRSXODWLRQ PRGHO� $Q

RSWLPXP FDSDFLW\ DOORFDWLRQ LV IRXQG IRU DQ H[DPSOH QHWZRUN XVLQJ 0RH
V SULQFLSOH�

'XH WR WKH FRPSOH[LW\ RI WKH H[DFW DOJRULWKP� WKH XVH RI DQ DSSUR[LPDWH PHWKRG� WKH

5HGXFHG /RDG $SSUR[LPDWLRQ �5/$�� LV VWXGLHG�

7KH ZRUN DVVXPHV WKDW WKH UHDGHU KDV D EDVLF XQGHUVWDQGLQJ RI 3UREDELOLW\ WKHRU\ DQG

6WRFKDVWLF SURFHVVHV� 7KH WKHRU\ EHKLQG 6WRFKDVWLF SURFHVVHV DQG QHWZRUN SURWRFROV DUH

KRZHYHU EULHo\ LQWURGXFHG�

1XPEHU RI 3DJHV� ��

.H\ZRUGV� 0XOWLFDVW� QHWZRUN� EORFNLQJ SUREDELOLW\� GLPHQVLRQLQJ�

0RH
V SULQFLSOH� 5/$� 3RLVVRQ SURFHVV� PXOWLQRPLDO GLVWULEXWLRQ

'HSDUWPHQW nOOV

$SSURYHG� /LEUDU\�
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7HNLM�D� (HYD 1\EHUJ

2VDVWR� 7HNQLOOLVHQ I\VLLNDQ MD PDWHPDWLLNDQ RVDVWR

3�D�DDLQH� 6\VWHHPL� MD RSHUDDWLRWXWNLPXV

6LYXDLQH� 7HOHWHNQLLNND

7\�RQ 1LPL� -DNHOXOLLNHQQHYHUNNRMHQ HVWRQ ODVNHQWD MD PLWRLWXV

7LWOH LQ (QJOLVK� &DOFXODWLRQ RI %ORFNLQJ 3UREDELOLWLHV

DQG 'LPHQVLRQLQJ RI 0XOWLFDVW 1HWZRUNV

3URIHVVXXUL� 6��� 7HOHWHNQLLNND

7\�RQ YDOYRMD� 3URIHVVRUL -RUPD 9LUWDPR

7\�RQ RKMDDMD� 3URIHVVRUL -RUPD 9LUWDPR

7\�RVV�D WXWNLWDDQ HVWRWRGHQQ�DN�RLV\\NVLHQ ODVNHPLVHHQ MD MDNHOXOLLNHQQHYHUNNRMHQ PL�

WRLWWDPLVHHQ WDUNRLWHWWXMD PDWHPDDWWLVLD PDOOHMD� -DNHOXOLLNHQQHYHUNRLVVD O�DKHW\V

VDDYXWWDD U\KP�DQ ORSSXN�D\WW�DML�D NDSDVLWHHWWLD V�D�DVW�DHQ� NRVND O�DKHW\V HL YDDGL

RPDD NDLVWDD MRNDLVHOOH N�D\WW�DM�DOOH� YDDQ NDLVWD MDHWDDQ \KWHLVLOO�D UHLWHLOO�D� 3HULQ�

WHLVHW HVWRWRGHQQ�DN�RLV\\GHQ ODVNHQWDPDOOLW HLY�DW S�DGH MDNHOXOLLNHQWHHOOH VHOODLVHQDDQ�

7\�RVV�D MRKGHWDDQ XXVL DOJRULWPL HVWRWRGHQQ�DN�RLV\\NVLHQ ODVNHPLVHNVL G\QDDPLVLVVD

MDNHOXOLLNHQQHYHUNRLVVD� $OJRULWPL SHUXVWXX WXQQHWWXXQ KLHUDUNLVHQ WLODDMDYHUNRQ HVWRQ�

ODVNHQWDPDOOLLQ� 7�DW�D DOJRULWPLD PXRNDWDDQ W\�RVV�D NRUYDDPDOOD SHULQWHLQHQ NRQYROXXWLR

XXGHOOD 25�NRQYROXXWLROOD� $OJRULWPLD VRYHOOHWDDQ MR DLNDLVHPPLQ HVLWHWW\\Q �D�DUHWW�RP�DQ

SRSXODDWLRQ MDNHOXOLLNHQQHPDOOLLQ� MRND RQ WRLVWDLVHNVL UDWNDLVWX YDLQ \KGHQ OLQNLQ

WDSDXNVHOOH� 7\�RVV�D MRKGHWDDQ XXVL �D�DUHOOLVHQ SRSXODDWLRQ MDNHOXOLLNHQQHPDOOL� MRKRQ

P\�RV VRYHOOHWDDQ DOJRULWPLD� 0DOOLD \OHLVWHW�D�DQ HGHOOHHQ RWWDPDOOD KXRPLRRQ YHUNRVVD

NXONHYDQ PXXQ OLLNHQWHHQ� QV� WDXVWDOLLNHQWHHQ� YDLNXWXV HVWRWRGHQQ�DN�RLV\\WHHQ�

9HUNRQ PLWRLWXVWD WXWNLWDDQ �D�DUHOOLVHOO�D SRSXODDWLRPDOOLOOD� (VLPHUNNLYHUNROOH ODVNHWDDQ

RSWLPDDOLQHQ NDSDVLWHHWWLDOORNDDWLR N�D\WW�DHQ 0RHQ NULWHHUL�D�

7DUNDQ DOJRULWPLQ ODVNHQQDOOLVHVWD YDLNHXGHVWD MRKWXHQ W\�RVV�D WXWNLWDDQ Y�DKHQQHW\Q

NXRUPDQ DSSURNVLPDDWLRPHQHWHOP�DQ N�D\WW�R�D MDNHOXOLLNHQQHYHUNRLVVD�

7\�RQ \PP�DUW�DPLQHQ YDDWLL WRGHQQ�DN�RLV\\VODVNXQ MD VWRNDVWLVWHQ SURVHVVLHQ DONHLGHQ

WXQWHPLVWD� 7\�RVV�D WRVLQ HVLWHW�D�DQ O\K\HVWL VWRNDVWLVWHQ SURVHVVLHQ MD YHUNNRSURWRNROOLHQ

SHUXVWHLWD�

6LYXP�D�DU�D� ��

$YDLQVDQDW� -DNHOXOLLNHQQH� PXOWLFDVW� HVWRWRGHQQ�DN�RLV\\V� PLWRLWXV�

0RHQ SHULDDWH� Y�DKHQQHW\Q NXRUPDQ DSSURNVLPDDWLR �5/$��

3RLVVRQ�SURVHVVL� PXOWLQRPLMDNDXPD

7�D\WHW�D�DQ RVDVWROOD
+\Y�DNV\WW\� .LUMDVWR�



3UHIDFH

7KH 0DVWHU
V WKHVLV ZDV FDUULHG RXW DW WKH /DERUDWRU\ RI 7HOHFRPPXQLFDWLRQV

7HFKQRORJ\ DW +HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\� 7KH ZRUN ZDV SDUW RI WKH

&267 ��� SURMHFW IXQGHG E\ 1RNLD 1HWZRUNV� 6RQHUD� DQG 7HNHV�

3URIHVVRU -RUPD 9LUWDPR� ZKR DFWHG QRW RQO\ DV P\ VXSHUYLVRU� EXW DV P\

LQVWUXFWRU DV ZHOO� , WKDQN IRU WDNLQJ WKH WLPH WR HQJDJH KLPVHOI ZLWK P\

SURMHFW� 'XULQJ WKH ODVW PRQWKV RI P\ WKHVLV� , DOVR KDG WKH SOHDVXUH RI ZRUNLQJ

ZLWK 3K�'� 6DPXOL $DOWR� , WKDQN KLP IRU KHOSLQJ PH WUDQVODWH P\ WKRXJKWV

LQWR PDWKHPDWLFV�

7KH SHUVRQQHO DW WKH ODERUDWRU\ , WKDQN IRU WKH KLODULRXV FRmHH EUHDNV WKDW

VSLFHG P\ GD\V� $W WKH ODVW VWDJHV RI P\ WKHVLV� ZRUNLQJ ODWH EHFDPH D KDELW�

QRW OHDVW GXH WR WKH nYH R
FORFN WHD JDQJ� $UMD DQG .LUVL�

7KH SHUVRQV WKDW KDYH DOZD\V EHHQ SDUW RI P\ OLIH� P\ SDUHQWV DQG VLVWHUV� ,

KXJ ZDUP�KHDUWHGO\� 2OOL , KXJ IRU KLV ORYH� KXPRU� DQG LURQLQJ�

+HOVLQNL� 2FWREHU ��� ����

(HYD 1\EHUJ

LY



&RQWHQWV

$EVWUDFW LL

7LLYLVWHOP�D LLL

3UHIDFH LY

$EEUHYLDWLRQV L[

� ,QWURGXFWLRQ �

� 0XOWLFDVW 7UDpF DQG 1HWZRUNV �

��� ,QWURGXFWLRQ WR 1HWZRUNV � � � � � � � � � � � � � � � � � � � � � � �

����� 1HWZRUN 7RSRORJLHV � � � � � � � � � � � � � � � � � � � � � �

����� /$1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� ,QWHUFRQQHFWLRQ 8VLQJ 6ZLWFKHV� %ULGJHV�

5RXWHUV� DQG *DWHZD\V � � � � � � � � � � � � � � � � � � � � � � � �

����� 6ZLWFKLQJ 7HFKQRORJLHV � � � � � � � � � � � � � � � � � � � �

��� ,3 DQG ,3�0XOWLFDVW � � � � � � � � � � � � � � � � � � � � � � � � �

����� ,3 $GGUHVV � � � � � � � � � � � � � � � � � � � � � � � � � �

����� 7&3 DQG 8'3 � � � � � � � � � � � � � � � � � � � � � � � ��

����� ,3�0XOWLFDVW *URXS � � � � � � � � � � � � � � � � � � � � � ��

��� 0%RQH DQG 7UDQVPLVVLRQ RI D 0XOWLFDVW 'DWDJUDP � � � � � � � ��

����� '9053 � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7UDQVPLVVLRQ � � � � � � � � � � � � � � � � � � � � � � � � ��

��� $70 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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��� ,3 RYHU $70 � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 0DUNRY 3URFHVVHV ��

��� %LUWK�'HDWK�3URFHVVHV � � � � � � � � � � � � � � � � � � � � � � � ��

����� .HQGDOO
V 1RWDWLRQ � � � � � � � � � � � � � � � � � � � � � ��

����� 8QUHVWULFWHG 6\VWHPV � � � � � � � � � � � � � � � � � � � � ��

����� 7UXQFDWHG 6\VWHPV � � � � � � � � � � � � � � � � � � � � � ��

��� 0XOWLGLPHQVLRQDO %LUWK�'HDWK�3URFHVVHV � � � � � � � � � � � � � ��

� /RVV 1HWZRUNV ��

��� %ORFNLQJ LQ D 3XUH /RVV 6\VWHP � � � � � � � � � � � � � � � � � � ��

��� %ORFNLQJ 3UREDELOLW\ LQ D /LQN � � � � � � � � � � � � � � � � � � � ��

����� 3RLVVRQ $UULYDOV � � � � � � � � � � � � � � � � � � � � � � � ��

��� $JJUHJDWH 6WDWHV 8VLQJ /LQN 2FFXSDQF\ � � � � � � � � � � � � � ��

��� %ORFNLQJ 3UREDELOLW\ LQ D 1HWZRUN � � � � � � � � � � � � � � � � � ��

��� $FFHVV 1HWZRUN DV DQ ([DPSOH � � � � � � � � � � � � � � � � � � ��

��� 7KH 5HGXFHG /RDG $SSUR[LPDWLRQ �5/$� � � � � � � � � � � � � ��

����� 6LQJOHVHUYLFH 1HWZRUN � � � � � � � � � � � � � � � � � � � � ��

����� 0XOWLVHUYLFH 1HWZRUN � � � � � � � � � � � � � � � � � � � � ��

� 0XOWLFDVW 7UDpF 0RGHOV ��

��� 5HODWHG :RUN RQ 0XOWLFDVW 5RXWLQJ�

$GPLVVLRQ &RQWURO� DQG %ORFNLQJ

3UREDELOLW\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� /D\HUHG 9LGHR 7UDQVPLVVLRQ 0RGHO IRU D

0XOWLFDVW 1HWZRUN � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7KH 5/$ $OJRULWKP 8VHG E\

&KDQ DQG *HUDQLRWLV � � � � � � � � � � � � � � � � � � � � ��

��� $ 0XOWLFDVW 7UDpF 0RGHO IRU D 6LQJOH /LQN � � � � � � � � � � � � ��

����� 7KH 5/$ $OJRULWKP 8VHG E\ .DUYR HW DO� � � � � � � � � ��

� $ 1HZ 0XOWLFDVW 1HWZRUN 0RGHO ��

YL
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��� 1RWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 1HWZRUN ZLWK ,QnQLWH /LQN &DSDFLWLHV � � � � � � � � � � � � � � � ��

��� 25�&RQYROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %ORFNLQJ 3UREDELOLWLHV LQ D 1HWZRUN ZLWK )LQLWH /LQN &DSDFLWLHV ��

��� 7KH $OJRULWKP � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7KH $SSURSULDWHQHVV RI 8VLQJ 5/$ LQ

0XOWLFDVW 1HWZRUNV � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� $ )LQLWH 8VHU 3RSXODWLRQ 0RGHO ��

��� 0XOWLQRPLDO 'LVWULEXWLRQ � � � � � � � � � � � � � � � � � � � � � � ��

��� 0RGHO IRU D 6LQJOH 8VHU � � � � � � � � � � � � � � � � � � � � � � � ��

��� $ 1HWZRUN ZLWK ,QnQLWH /LQN &DSDFLWLHV � � � � � � � � � � � � � ��

����� 7KH /LQN 2FFXSDQF\ 'LVWULEXWLRQ IRU 9DU\LQJ

3RSXODWLRQ 6L]H � � � � � � � � � � � � � � � � � � � � � � � ��

��� (QG�WR�(QG &KDQQHO %ORFNLQJ 3UREDELOLW\ � � � � � � � � � � � � ��

� 'LPHQVLRQLQJ D 0XOWLFDVW 1HWZRUN :LWK D )LQLWH 8VHU 3RSX�

ODWLRQ ��

��� %ORFNLQJ 3UREDELOLWLHV IRU D 6LQJOH /LQN +DYLQJ )LQLWH &DSDFLW\ ��

����� $Q $SSUR[LPDWLRQ IRU WKH %ORFNLQJ 3UREDELOLW\ LQ D 6LQ�

JOH /LQN � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7LPH %ORFNLQJ 3UREDELOLW\ LQ D 6LQJOH /LQN � � � � � � � � ��

��� 'LPHQVLRQLQJ WKH QHWZRUN XVLQJ

0RH
V SULQFLSOH� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� (QG�WR�HQG %ORFNLQJ 3UREDELOLWLHV LQ D 1HWZRUN

ZLWK %DFNJURXQG 7UDpF ��

��� 7KH 5HnQHG $OJRULWKP � � � � � � � � � � � � � � � � � � � � � � � ��

��� 1XPHULFDO 5HVXOWV IRU (QG�WR�(QG

&DOO %ORFNLQJ 3UREDELOLWLHV IRU DQ

,QnQLWH 8VHU 3RSXODWLRQ � � � � � � � � � � � � � � � � � � � � � � ��

YLL
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��� 1XPHULFDO 5HVXOWV IRU (QG�WR�(QG

&KDQQHO %ORFNLQJ 3UREDELOLWLHV IRU D

)LQLWH 8VHU 3RSXODWLRQ � � � � � � � � � � � � � � � � � � � � � � � ��

�� &RQFOXVLRQV ��

%LEOLRJUDSK\ ��

YLLL



$EEUHYLDWLRQV

$70 $V\QFKURQRXV 7UDQVIHU 0RGH

'9053 'LVWDQFH 9HFWRU 0XOWLFDVW 5RXWLQJ 3URWRFRO

)'', )LEHU 'LVWULEXWHG 'DWD ,QWHUIDFH

,(7) ,QWHUQHW (QJLQHHULQJ 7DVN )RUFH

,*03 ,QWHUQHW *URXS 0DQDJHPHQW 3URWRFRO

,+/ ,QWHUQHW +HDGHU /HQJWK

,3 ,QWHUQHW 3URWRFRO

/$1 /RFDO $UHD 1HWZRUN

0%RQH �,QWHUQHW� 0XOWLFDVW %DFNERQH

0263) 0XOWLFDVW 2SHQ 6KRUWHVW 3DWK )LUVW

3,0 3URWRFRO ,QGHSHQGHQW 0XOWLFDVW

4R6 4XDOLW\ RI 6HUYLFH

5/$ 5HGXFHG /RDG $SSUR[LPDWLRQ

7&3 7UDQVPLVVLRQ &RQWURO 3URWRFRO

77/ 7LPH WR OLYH

8%5 8QVSHFLnHG %LW 5DWH

8'3 8VHU 'DWDJUDP 3URWRFRO

81, 8VHU 1HWZRUN ,QWHUIDFH

9& 9LUWXDO &LUFXLW

9&, 9LUWXDO &LUFXLW ,GHQWLnHU

93, 9LUWXDO 3DWK ,GHQWLnHU

L[



&KDSWHU �

,QWURGXFWLRQ

7KH SXUSRVH RI WKLV WKHVLV LV WR H[DPLQH EORFNLQJ SUREDELOLWLHV DQG WKH GLPHQ�

VLRQLQJ RI PXOWLFDVW QHWZRUNV� $ PXOWLFDVW WUDQVPLVVLRQ RULJLQDWHV DW D VRXUFH

DQG� RSSRVHG WR D XQLFDVW WUDQVPLVVLRQ� LV UHSOLFDWHG DW YDULRXV QHWZRUN QRGHV

WR IRUP D WUHH�DQG�EUDQFK VWUXFWXUH� 7KH WUDQVPLVVLRQ UHDFKHV PDQ\ GLmHUHQW

HQG�XVHUV ZLWKRXW D VHSDUDWH WUDQVPLVVLRQ UHTXLUHG IRU HDFK XVHU� $ PXOWLFDVW

FRQQHFWLRQ KDV WKHUHIRUH D EDQGZLGWK VDYLQJ QDWXUH� %ORFNLQJ RFFXUV LQ D QHW�

ZRUN ZKHQ� GXH WR OLPLWHG FDSDFLW\� DW OHDVW RQH OLQN RQ WKH URXWH LV QRW DEOH WR

DGPLW D QHZ FDOO� 7UDGLWLRQDO PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUR�

EDELOLWLHV LQ WUHH�VWUXFWXUHG QHWZRUNV H[LVW IRU XQLFDVW WUDpF� 'XH WR GLmHUHQW

UHVRXUFH XVDJH� WKHVH PRGHOV FDQQRW GLUHFWO\ EH XVHG IRU PXOWLFDVW QHWZRUNV

ZKHUH UHTXHVWV IURP GLmHUHQW XVHUV DUULYH G\QDPLFDOO\� 2QO\ UHFHQWO\� KDYH

PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW QHWZRUNV

EHHQ VWXGLHG� 7KH PRGHO VWXGLHG LQ WKLV ZRUN LV EDVHG RQ WKH PRGHO SURSRVHG

E\ .DUYR HW DO� LQ >��@� 7KH PRGHO DVVXPHV DQ LQnQLWH XVHU SRSXODWLRQ DQG

3RLVVRQ DUULYDOV� EXW DOORZV JHQHUDO KROGLQJ WLPHV� 7KH SDSHU E\ .DUYR HW DO�

FRYHUV RQO\ WKH VLPSOLnHG FDVH RI DOO EXW RQH OLQN LQ D QHWZRUN KDYLQJ LQnQLWH

FDSDFLW\� ([WHQGLQJ WKH FDOFXODWLRQV WR WKH ZKROH QHWZRUN KDV EHHQ GRQH RQO\

DSSUR[LPDWHO\ LQ >��@�

7KH SUHVHQW VWXG\ H[WHQGV WKH VLQJOH OLQN FDVH GLVFXVVHG LQ >��@ DQG >��@ WR D

PXOWLFDVW QHWZRUN ZLWK DQ\ QXPEHU RI nQLWH FDSDFLW\ OLQNV� 7KH QHWZRUN PRGHO

UHPDLQV DV D SRLQW�WR�PXOWLSRLQW PRGHO� DOORZLQJ WKH IRUPXODWLRQ RI DQ H[DFW

DOJRULWKP� ZKLFK LQ WKH FDVH RI PXOWLSOH VRXUFHV ZRXOG EH WRR FRPSOH[� 7KH

H[DFW DOJRULWKP LV EDVHG RQ WKH ZHOO�NQRZQ DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ

SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV� ZKHUH OLQN RFFXSDQF\

�
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GLVWULEXWLRQV DUH DOWHUQDWHO\ FRQYROYHG DQG WUXQFDWHG� 7KH UHVRXUFH VKDULQJ

RI PXOWLFDVW FRQQHFWLRQV UHTXLUHV PRGLnFDWLRQ RI WKH DOJRULWKP E\ XVLQJ D

QHZ W\SH RI FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� +RZHYHU� DV WKH QXPEHU RI

PXOWLFDVW FKDQQHOV LQFUHDVHV� FDOFXODWLRQV EDVHG RQ WKH H[DFW DOJRULWKP SUHVHQW

D SUREOHP� 7KH XVH RI WKH 5HGXFHG /RDG $SSUR[LPDWLRQ �5/$� WR FDOFXODWH

EORFNLQJ SUREDELOLWLHV LQ D PXOWLFDVW QHWZRUN LV WKHUHIRUH VWXGLHG�

%DVHG RQ WKH PXOWLFDVW WUDpF PRGHO IRU DQ LQnQLWH XVHU SRSXODWLRQ� D WUDI�

nF PRGHO IRU D nQLWH XVHU SRSXODWLRQ LV GHULYHG� %ORFNLQJ SUREDELOLWLHV DUH

VWXGLHG IRU QHWZRUNV ZLWK nQLWH XVHU SRSXODWLRQV EHKLQG OHDI OLQNV� ,Q DG�

GLWLRQ WR VWXG\LQJ EORFNLQJ SUREDELOLWLHV IRU VLPSOLnHG QHWZRUNV ZLWK DOO EXW

RQH OLQN KDYLQJ LQnQLWH FDSDFLW\� WKH H[DFW DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ

SUREDELOLWLHV LQ QHWZRUNV LV XVHG WR REWDLQ H[DFW HQG�WR�HQG FKDQQHO EORFNLQJ

SUREDELOLWLHV IRU H[DPSOH QHWZRUNV� )XUWKHUPRUH� GLPHQVLRQLQJ RI D PXOWLFDVW

QHWZRUN ZKHUH VXEVFULSWLRQV DUULYH IURP nQLWH XVHU SRSXODWLRQV LV VWXGLHG DQG

DQ RSWLPXP FDSDFLW\ DOORFDWLRQ LV IRXQG E\ XVLQJ 0RH
V SULQFLSOH�

7KH DOJRULWKP LV IXUWKHU H[WHQGHG WR LQFOXGH EDFNJURXQG WUDpF� DOORZLQJ WKH

DQDO\VLV RI QHWZRUNV FDUU\LQJ PL[HG WUDpF� H�J� PXOWLFDVW DQG XQLFDVW WUDpF�

7KH EDFNJURXQG WUDpF DOJRULWKP LV DSSOLHG WR ERWK WKH LQnQLWH DQG nQLWH XVHU

SRSXODWLRQ PRGHOV�

7KH WKHVLV SUHVHQWV D PDWKHPDWLFDO VWXG\ IRU D VSHFLnF WHOHFRPPXQLFDWLRQ

WUDQVSRUW WHFKQLTXH� +HQFH� ERWK WKH WHOHFRPPXQLFDWLRQ IUDPHZRUN DQG WKH

PDWKHPDWLFDO WKHRU\ ZLOO nUVW EH LQWURGXFHG� 7KH VWXG\ VWDUWV E\ LQWURGX�

FLQJ WKH EDVLF WKHRU\ DQG WHFKQRORJ\ EHKLQG PXOWLFDVW DQG WHOHFRPPXQLFDWLRQ

QHWZRUNV� 7KH WKLUG FKDSWHU UHYLHZV WKH WKHRU\ RI VWRFKDVWLF SURFHVVHV DQG

0DUNRY SURFHVVHV LQ SDUWLFXODU� ,Q WKH IRXUWK FKDSWHU� EDVLF WHOHWUDpF WHUPL�

QRORJ\ LQ WKH WKHRU\ RI ORVV QHWZRUNV LV SUHVHQWHG� 3UHYLRXV ZRUN RQ PXOWLFDVW

QHWZRUNV IURP WKH WHOHWUDpF SRLQW RI YLHZ LV GLVFXVVHG LQ FKDSWHU �� 7ZR

PXOWLFDVW PRGHOV DUH VWXGLHG LQ GHSWK� &RPSDULVRQV DUH PDGH EHWZHHQ WKH

PXOWLFDVW PRGHO E\ .DUYR HW DO� >��@ DQG WKH OD\HUHG YLGHR�WUDQVPLVVLRQ PRGHO

E\ &KDQ DQG *HUDQLRWLV >�@� ,Q FKDSWHU �� WKH PXOWLFDVW VLQJOH OLQN PRGHO LV

H[WHQGHG WR WKH ZKROH QHWZRUN� 7KH EORFNLQJ SUREDELOLWLHV LQ D PXOWLFDVW QHW�

ZRUN JLYHQ E\ WKH QHZ PRGHO DQG WKH XVH RI 5/$ DV DQ DSSUR[LPDWH PHWKRG

IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ WKH PXOWLFDVW QHWZRUN� DUH VWXGLHG DQG

FRPSDUHG� 7KH PXOWLFDVW WUDpF PRGHO IRU D nQLWH XVHU SRSXODWLRQ LV SUHVHQWHG

LQ FKDSWHU �� WRJHWKHU ZLWK WKH H[DFW DOJRULWKP IRU FDOFXODWLQJ HQG�WR�HQG FKDQ�

QHO EORFNLQJ SUREDELOLWLHV� ,Q FKDSWHU �� GLPHQVLRQLQJ RI PXOWLFDVW QHWZRUNV

�
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IRU nQLWH XVHU SRSXODWLRQV LV VWXGLHG� &KDSWHU � LQWURGXFHV WKH UHYLVHG DOJR�

ULWKP� ZKLFK JHQHUDOL]HV WKH PXOWLFDVW QHWZRUN PRGHO E\ WDNLQJ LQWR DFFRXQW

EDFNJURXQG WUDpF� 7KH QHZ DOJRULWKP LV DSSOLHG WR ERWK WKH LQnQLWH DQG nQLWH

XVHU SRSXODWLRQV PRGHOV� 7KH WKHVLV LV FRQFOXGHG LQ FKDSWHU ���
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0XOWLFDVW 7UDpF DQG 1HWZRUNV

$ XQLFDVW WUDQVPLVVLRQ LV GHVLJQHG IRU SRLQW�WR�SRLQW FRPPXQLFDWLRQ� ZKHUH

D VRXUFH VHQGV D PHVVDJH WR RQO\ RQH UHFHLYHU� 2QFH WKH PHVVDJH LV LQWHQGHG

WR EH UHFHLYHG E\ D JURXS� XVLQJ RQH RI WKH SRLQW�WR�PXOWLSRLQW WUDQVPLVVLRQV�

PXOWLFDVW RU EURDGFDVW� LV PRUH HmHFWLYH� %URDGFDVWLQJ D PHVVDJH LV WUDQV�

PLWWLQJ LW WR DOO XVHUV RQ WKH QHWZRUN DQG PD\ WKHUHIRUH UHTXLUH XQQHFHVVDU\

EDQGZLGWK DQG�RU OLPLWLQJ WKH QXPEHU RI UHFLSLHQWV� $ PXOWLFDVW WUDQVPLVVLRQ

RULJLQDWLQJ DW D VRXUFH LV UHSOLFDWHG DW YDULRXV QHWZRUN QRGHV WR IRUP D WUHH�

DQG�EUDQFK VWUXFWXUH� 7KH WUDQVPLVVLRQ UHDFKHV WKH HQG�XVHUV UHTXHVWLQJ WKH

WUDQVPLVVLRQV ZLWKRXW D VHSDUDWH WUDQVPLVVLRQ UHTXLUHG IRU HDFK XVHU� DV ZRXOG

EH WKH FDVH LQ D XQLFDVW WUDQVPLVVLRQ� $ PXOWLFDVW FRQQHFWLRQ KDV WKHUHIRUH D

EDQGZLGWK VDYLQJ QDWXUH �nJXUH ����� $ PXOWLFDVW WUDQVPLVVLRQ LV VHQW WR D
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)LJXUH ���� 'LmHUHQFH EHWZHHQ XQLFDVW� PXOWLFDVW� DQG EURDGFDVW�

PXOWLFDVW JURXS� D JURXS RI XVHUV� UHTXHVWLQJ WKH WUDQVPLVVLRQ� 7KH PXOWLFDVW

JURXSV DUH G\QDPLF� UHFHLYHU FRQWUROOHG JURXSV� ZKHUH D KRVW FDQ MRLQ RU OHDYH

WKH JURXS DW DQ\ WLPH� 7UDGLWLRQDOO\� WKH XVH RI PXOWLSRLQW FRQQHFWLRQV KDV

EHHQ OLPLWHG WR ORFDO DUHD QHWZRUN �/$1� DSSOLFDWLRQV� $SSOLFDWLRQV RQ WKH

,QWHUQHW UHO\LQJ RQ PXOWLFDVW WUDQVPLVVLRQ KDYH LQFUHDVHG LQ WKH SDVW IHZ \HDUV�

'XH WR WKH ,QWHUQHW 0XOWLFDVW %DFNERQH �0%RQH�� ,3�PXOWLFDVW KDV EHFRPH D

�
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ZLGHO\ XVHG PXOWLFDVW SURWRFRO�

7KH nUVW VHFWLRQ UHYLHZV WKH SULQFLSOHV RI GDWD QHWZRUNV� ,W SURYLGHV D VKRUW

LQWURGXFWLRQ IRU UHDGHUV OHVV IDPLOLDU ZLWK WHOHFRPPXQLFDWLRQ QHWZRUNV� 7KH

VHFRQG VHFWLRQ LQWURGXFHV WKH PDLQ HOHPHQWV RI WKH ,QWHUQHW 3URWRFRO �,3�� ,3�

PXOWLFDVW� DQG WKH ,QWHUQHW 0XOWLFDVW %DFNERQH �0%RQH�� 7KH XVH RI $V\Q�

FKURQRXV 7UDQVIHU 0RGH �$70� WHFKQRORJ\ LV VSUHDGLQJ� HVSHFLDOO\ LQ WKH EDFN�

ERQH QHWZRUNV� $IWHU DQ LQWURGXFWLRQ WR $70� WKH XVH RI $70�PXOWLFDVW� DQG

WKH LQWHJUDWLRQ RI ,3 DQG $70 ZLOO EH GLVFXVVHG�

��� ,QWURGXFWLRQ WR 1HWZRUNV

$ QHWZRUN SURYLGHV D SODWIRUP IRU VHWWLQJ XS FRQQHFWLRQV EHWZHHQ VXEVFULEHUV

GHVLULQJ WR FRPPXQLFDWH ZLWK HDFK RWKHU� $ VXEVFULEHU LV W\SLFDOO\ UHSUHVHQWHG

E\ D WHUPLQDO� H�J� D WHOHSKRQH RU D FRPSXWHU� 7KH QHWZRUN WRSRORJ\ GHVFULEHV

KRZ WKH FRQQHFWLRQV DUH IRUPHG �SK\VLFDOO\ RU ORJLFDOO\��

����� 1HWZRUN 7RSRORJLHV

,Q D PHVK WRSRORJ\� WUDQVPLVVLRQ OLQHV� RU OLQNV� H[LVW EHWZHHQ DOO VXEVFULEHUV

LQ WKH QHWZRUN� 6XFK D QHWZRUN WRSRORJ\ EHFRPHV WRR H[SHQVLYH DQG LQHpFLHQW

RQFH WKH QXPEHU RI VXEVFULEHUV DQG WKH GLVWDQFH EHWZHHQ WKH VXEVFULEHUV JURZ�

)RU PRVW FRPPXQLFDWLRQ SXUSRVHV� D VWDU� EXV� RU ULQJ WRSRORJ\ LV XVHG� ,Q

WKHVH QHWZRUN WRSRORJLHV� WKH VXEVFULEHUV KDYH WR VKDUH WUDQVPLVVLRQ OLQHV ZLWK

HDFK RWKHU� ,Q D VWDU WRSRORJ\� DOO WKH VXEVFULEHU OLQHV DUH SRLQW�WR�SRLQW FRQ�

QHFWHG WR WKH FHQWHU RI WKH QHWZRUN� 7KLV FHQWHU XVXDOO\ FRQVLVWV RI D VZLWFK�

7KH VZLWFK SHUPLWV WKH VKDULQJ RI WUDQVPLVVLRQ OLQHV EHWZHHQ WKH VXEVFULEHUV�

DV LW FRQQHFWV WUDQVPLVVLRQ OLQHV� ,Q WKH EXV WRSRORJ\� WKH VXEVFULEHUV DUH FRQ�

QHFWHG WR D VKDUHG WUDQVPLVVLRQ PHGLXP� 7KH WUDpF WUDQVPLWWHG RQ D EXV FDQ

EH SLFNHG XS E\ DQ\ VXEVFULEHU� $ WUHH WRSRORJ\ LV D EUDQFKLQJ EXV� WKH PXWXDO

WUDQVPLVVLRQ OLQH EUDQFKHV RXW� DQG HDFK EUDQFK LWVHOI KDV D EXV WRSRORJ\� 7KH

ULQJ WRSRORJ\ LV D FORVHG EXV� WKH WUDQVPLVVLRQ OLQH EHWZHHQ WKH VXEVFULEHUV

LV VKDUHG DQG IRUPV D ULQJ� 7KH WUDpF �WHOHSKRQH FDOO� GDWD SDFNHW� FDQ RQO\

WUDYHO LQ RQH GLUHFWLRQ� 7KH WRSRORJLHV DUH SUHVHQWHG LQ nJXUHV ��� DQG ����
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)LJXUH ���� 7KH PHVK� ULQJ� DQG VWDU WRSRORJLHV�
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)LJXUH ���� 7KH EXV DQG WUHH WRSRORJLHV�

����� /$1

7KH /RFDO $UHD 1HWZRUN �/$1� FRQQHFWV XVHUV WKDW DUH JHRJUDSKLFDOO\ FORVH

WR HDFK RWKHU� /$1V PD\ KDYH D VWDU� EXV� WUHH� RU ULQJ WRSRORJ\� $ /$1 FDQ

EH XVHG ZKHQ GLVWDQFHV EHWZHHQ WHUPLQDOV DUH IURP ��� P WR �� NP� /$1V DUH

ZLGHO\ XVHG WR LQWHUFRQQHFW ZRUNVWDWLRQV� RU GDWD WHUPLQDOV� ZLWK SURFHVVLQJ

UHVRXUFHV FORVH WR HDFK RWKHU� 'XH WR WKH VKDUHG PHGLXP WRSRORJLHV XVHG� /$1

FRQQHFWLRQV DUH SRLQW�WR�PXOWLSRLQW DQG DUH FDSDEOH RI WUDQVPLWWLQJ PXOWLFDVW

WUDpF� $Q H[FHSWLRQ LV WKH ULQJ WRSRORJ\� ZKLFK UHTXLUHV D PXOWLFDVW FDSDEOH

VZLWFK� 6HSDUDWH /$1V FDQ EH LQWHUFRQQHFWHG XVLQJ D KLJK�VSHHG EDFNERQH�

7KH XVH RI $70 DV D /$1 EDFNERQH LV SUHYDLOLQJ� 6RPH RI WKH WHFKQRORJLHV

XVHG LQ /$1V DUH (WKHUQHW� 7RNHQ ULQJ� 7RNHQ EXV� DQG )LEHU 'LVWULEXWHG

'DWD ,QWHUIDFH �)'',�� )RU PRUH LQIRUPDWLRQ� VHH >�@� >��@� DQG >��@�

��� ,QWHUFRQQHFWLRQ 8VLQJ 6ZLWFKHV� %ULGJHV�

5RXWHUV� DQG *DWHZD\V

7KH VWDU WRSRORJ\ ZDV GHnQHG DV D VHW RI SRLQW�WR�SRLQW FRQQHFWLRQV WR D VZLWFK�

$ VZLWFK FDQ DOVR EH XVHG WR FRQQHFW QHWZRUNV ZLWK HDFK RWKHU� $Q DFFHVV

�
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QHWZRUN OLQNV WKH VZLWFKLQJ QRGHV WR WKH WHUPLQDOV� ZKLOH D WUXQN QHWZRUN

FRQQHFWV WKH VZLWFKLQJ QRGHV ZLWK HDFK RWKHU �nJXUH ����� ,Q WKLV ZD\� WKH

VXEVFULEHUV LQ WKH WZR DFFHVV QHWZRUNV DUH FRQQHFWHG WR HDFK RWKHU WKURXJK

WZR RU PRUH VZLWFKHV�
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WUXQN
QHWZRUN

DFFHVV DFFHVV
QHWZRUN QHWZRUN

)LJXUH ���� 7KH XVH RI D VZLWFK WR FRQQHFW WZR DFFHVV QHWZRUNV YLD D WUXQN

QHWZRUN�

$ EULGJH FDQ EH XVHG WR LQWHUFRQQHFW WZR /$1V RI WKH VDPH W\SH� $ EULGJH

YHULnHV WKDW WKH UHFLSLHQW LV RQ WKH RWKHU VLGH RI WKH EULGJH� $ EULGJH GRHV QRW

FRQWURO WKH SDFNHWV� LW RQO\ H[DPLQHV WKH IRUZDUGLQJ /$1 DGGUHVV� %HFDXVH RI

WKLV OLPLWHG LQWHOOLJHQFH� EULGJHV DUH RQO\ XVHG WR LQWHUFRQQHFW /$1V LQVLGH DQ

RUJDQL]DWLRQ�

5RXWHUV DOVR IRUZDUG GDWD SDFNHWV EHWZHHQ GLmHUHQW QHWZRUNV LUUHVSHFWLYH RI

WKH XQGHUO\LQJ WHFKQRORJ\� $ URXWHU FKRRVHV DQ DSSURSULDWH URXWH� 7KH VHOHF�

WLRQ LV PDGH EDVHG RQ VRPH SUHGHWHUPLQHG FULWHULD� 7KH FULWHULD FDQ EH H�J� WKH

FRVW RI WKH OLQN RU WKH WLPH�WR�OLYH �77/�� 7KH 77/ WHOOV KRZ PDQ\ URXWHUV D

SDFNHW FDQ WUDYHUVH� PHDVXUHG LQ URXWHU KRSV� RU KRZ ORQJ� LQ UHDO WLPH� LW FDQ

WUDYHUVH LQ WKH QHWZRUN EHIRUH EHLQJ GLVFDUGHG� $ URXWHU LV PRUH LQWHOOLJHQW

WKDQ D EULGJH� LW FRQWUROV� nOWHUV� DQG UHVWULFWV GDWD SDFNHWV� $ URXWHU FDQ

EH XVHG DV D nUHZDOO WR SUHYHQW LQWUXVLRQV WR WKH QHWZRUN� $ URXWHU IRUZDUGV

SDFNHWV EDVHG RQ DQ ,3�DGGUHVV� 7KLV PHDQV WKDW LW RSHUDWHV RQ WRS RI WKH QHW�

ZRUN OHYHO DQG FDQ LQWHUFRQQHFW /$1V� $ URXWHU FDQ FRQQHFW /$1V EHWZHHQ

GLmHUHQW RUJDQL]DWLRQV� DV D URXWHU FDQ EH JLYHQ WKH FDSDELOLW\ RI SHUIRUPLQJ

VHFXULW\ VXUYHLOODQFH�

$ JDWHZD\ LV UHVSRQVLEOH IRU PRGLI\LQJ WKH LQIRUPDWLRQ WUDYHOLQJ IURP RQH QHW�

ZRUN WR DQRWKHU� VR WKDW WKH UHFHLYLQJ QHWZRUN LV DEOH WR KDQGOH WKH SDFNHWV� $

URXWHU FDQ DOVR DFW DV D JDWHZD\� DQG RIWHQ WKH WHUPV DUH XVHG LQWHUFKDQJHDEO\�
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����� 6ZLWFKLQJ 7HFKQRORJLHV

7KH PDLQ GLmHUHQFH EHWZHHQ D GLJLWDO WHOHSKRQH QHWZRUN DQG WKH ,QWHUQHW�

D VHW RI LQWHUFRQQHFWHG QHWZRUNV� LV WKH VZLWFKLQJ WHFKQRORJ\ XVHG� &LUFXLW

VZLWFKLQJ WHFKQRORJ\ LV XVHG IRU WKH WHOHSKRQH QHWZRUN ZKLOH SDFNHW VZLWFKLQJ

LV WKH WHFKQRORJ\ XVHG LQ WKH ,QWHUQHW� :KHQ FLUFXLW VZLWFKLQJ LV XVHG� D ZKROH

SK\VLFDO OLQH RU FKDQQHO LV UHVHUYHG IRU WKH FDOO� 7KH ZKROH OLQH LV UHVHUYHG XQWLO

WKH FDOO LV HQGHG� HYHQ LI SDXVHV RFFXU GXULQJ WUDQVPLVVLRQ� ,Q SDFNHW VZLWFKLQJ�

WKH SK\VLFDO WUDQVPLVVLRQ PHGLD DUH XVHG PRUH HpFLHQWO\� DV WKH GDWD WR EH VHQW

LV GLYLGHG LQWR SDFNHWV� DQG WKH SDFNHWV DUH WUDQVPLWWHG WKURXJK WKH QHWZRUN�

7KLV DOORZV GDWD IURP GLmHUHQW VRXUFHV DQG ZLWK GLmHUHQW GHVWLQDWLRQV WR VKDUH

WKH SK\VLFDO OLQNV� %HFDXVH HDFK URXWHU KDQGOHV WKH SDFNHWV LQ D GLmHUHQW ZD\�

WKH SDFNHWV PD\ EH URXWHG WR GLmHUHQW OLQNV� WKH\ PD\ DUULYH LQ GLmHUHQW RUGHUV�

DQG GHOD\V EHWZHHQ SDFNHWV PD\ RFFXU�

3DFNHW VZLWFKLQJ LV DSSURSULDWH ZKHQ GDWD LV VHQW� DV GDWD FDQ HDVLO\ EH FRQ�

VWUXFWHG IURP WKH SDFNHWV� DV ORQJ DV QR SDFNHWV KDYH EHHQ ORVW� 3DFNHW VZLWFK�

LQJ LV QRW DSSURSULDWH LQ WUDQVPLWWLQJ UHDO�WLPH YRLFH RU YLGHR� DV WKH KXPDQ

HDU DQG H\HV FDQQRW WROHUDWH GHOD\V H[FHHGLQJ D FHUWDLQ OLPLW� 7KH $70 WHFK�

QRORJ\ GLVFXVVHG LQ VHFWLRQ ��� LV D FLUFXLW VZLWFKHG WHFKQRORJ\ ZKHUH WKH LQIRU�

PDWLRQ LV GLYLGHG LQWR FHOOV� $ SK\VLFDO OLQN FDQ WUDQVSRUW FHOOV IURP GLmHUHQW

VRXUFHV� DV LV GRQH LQ SDFNHW VZLWFKLQJ� 7KH FLUFXLW VZLWFKLQJ FKDUDFWHULVWLFV

DUH SUHVHUYHG ZLWK WKH KHOS RI YLUWXDO FLUFXLWV� $ UHTXLUHG DPRXQW RI FDSDFLW\

LV UHVHUYHG IRU HDFK YLUWXDO FLUFXLW DQG $70 FHOOV IURP D VRXUFH DUH DOO URXWHG

WKURXJK WKH VDPH YLUWXDO FLUFXLW WKXV UHWDLQLQJ WKHLU RUGHU�

��� ,3 DQG ,3�0XOWLFDVW

7KH ,3 SURWRFRO LV UHVSRQVLEOH IRU WKH DGGUHVVLQJ DQG URXWLQJ RI SDFNHWV� ,W

RSHUDWHV RQ WKH QHWZRUN OD\HU� 7KH QHWZRUNV DUH FRQQHFWHG ZLWK JDWHZD\V DQG

URXWHUV� ,3 WKXV HQDEOHV WKH WUDQVIHU RI SDFNHWV EHWZHHQ GLmHUHQW QHWZRUNV�

KHQFH WKH WHUP LQWHUQHWZRUNLQJ� 7KH KRVWV XVH ,3 WR FRPPXQLFDWH ZLWK RWKHU

KRVWV LQ RWKHU QHWZRUNV� (DFK KRVW LQ WKH ,QWHUQHW KDV D XQLTXH DGGUHVV� ZKLFK

LV FRPSRVHG RI D QHWZRUN DGGUHVV DQG D KRVW DGGUHVV� 7KH URXWHUV IRUZDUG ,3

SDFNHWV EDVHG RQ WKH GHVWLQDWLRQ QHWZRUN DGGUHVV�

�
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����� ,3 $GGUHVV

7KH ,3 GDWDJUDP >��@ VKRZQ LQ nJXUH ��� FRQVLVWV RI D VHW RI nHOGV EHORQJLQJ WR

WKH KHDGHU DQG D GDWD nHOG� 7KH 
,QWHUQHW KHDGHU OHQJWK
 �,+/� nHOG FRQWDLQV

'DWD

2SWLRQV � 3DGGLQJ

'HVWLQDWLRQ DGGUHVV

6RXUFH DGGUHVV

7LPH WR OLYH 3URWRFRO +HDGHU FKHFNVXP

,GHQWLnHU )ODJV )UDJPHQW RmVHW

9HUVLRQ ,+/ 7\SH RI VHUYLFH 7RWDO OHQJWK

� � �� ��

)LJXUH ���� 7KH ,3 GDWDJUDP�

LQIRUPDWLRQ RQ WKH DFWXDO OHQJWK RI WKH KHDGHU� 7KH 
2SWLRQV DQG 3DGGLQJ


nHOG KDV D YDULDEOH OHQJWK GHSHQGLQJ RQ WKH RSWLRQV XVHG DQG WKH SDGGLQJ

QHHGHG WR HQVXUH WKDW WKH WRWDO OHQJWK RI WKH KHDGHU LV D ���ELW PXOWLSOH� 7KH


7\SH RI VHUYLFH
 nHOG VSHFLnHV UHOLDELOLW\� SUHFHGHQFH� GHOD\� DQG WKURXJKSXW

SDUDPHWHUV� 7KH ,3 GDWDJUDP PD\ KDYH WR EH VSOLW LQWR VPDOOHU SDFNHWV� DV

GLmHUHQW QHWZRUNV KDYH GLmHUHQW SDFNHW VL]HV� 7KH 
,GHQWLnHU
� 
)ODJ
� DQG


)UDJPHQW RmVHW
 DUH XVHG WR UHDVVHPEOH WKH SDFNHW� 7KH 
7LPH WR OLYH nHOG


LV WKH QXPEHU RI URXWHU KRSV WKH SDFNHW FDQ WUDYHO EHIRUH LW LV GLVFDUGHG� 7KH


3URWRFRO
 nHOG LQGLFDWHV WKH QH[W OHYHO SURWRFRO WKDW LV WR UHFHLYH WKH GDWD nHOG

DW WKH GHVWLQDWLRQ� 7KH 
+HDGHU FKHFNVXP
 LV XVHG IRU HUURU GHWHFWLRQ RQ WKH

KHDGHU�

(DFK KRVW LV DVVLJQHG D XQLTXH ���ELW DGGUHVV XVHG LQ WKH VRXUFH DQG GHVWLQDWLRQ

nHOGV� 7KH ,3 DGGUHVV LV GLYLGHG LQWR nYH FODVVHV VKRZQ LQ nJXUH ���� 7KH

PLQLPXP OHQJWK RI WKH KHDGHU LV � e �� ELWV�

7KH VL]H RI WKH 
'DWD nHOG
 YDULHV� EXW PXVW EH DQ ��ELW PXOWLSOH� 7KH WRWDO

OHQJWK RI WKH ,3�GDWDJUDP UHVWULFWV WKH PD[LPXP VL]H RI WKH 'DWD nHOG� 7KH

PD[LPXP RI WKH WRWDO OHQJWK LV �� NLORE\WHV ������ RFWHWV��

7KH nYH FODVVHV RI WKH ,3 DGGUHVV VKRZQ LQ nJXUH ��� DUH GLYLGHG LQWR WKUHH

JURXSV� &ODVVHV $ WKURXJK & DUH XVHG IRU XQLFDVW PHVVDJHV DQG DUH FRPSRVHG

RI D QHWZRUN�DGGUHVV DQG D KRVW�DGGUHVV� &ODVV ' LV IRU PXOWLFDVW PHVVDJHV�

�
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&ODVV (

&ODVV '

&ODVV &

&ODVV %

&ODVV $

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� UHVHUYHG IRU IXWXUH XVH

PXOWLFDVW DGGUHVV

QHWLG KRVWLG

QHWLG KRVWLG

QHWLG KRVWLG

� � �� �� ��

)LJXUH ���� 7KH ,3 DGGUHVV FODVVHV

7KH PDLQ GLmHUHQFH EHWZHHQ DQ ,3 XQLFDVW SDFNHW DQG DQ ,3�PXOWLFDVW SDFNHW

LV WKH SUHVHQFH RI WKH JURXS DGGUHVV LQ WKH GHVWLQDWLRQ DGGUHVV nHOG RI WKH

,3 KHDGHU �nJXUH ����� 2QH FODVV ' DGGUHVV LV DVVLJQHG WR D PXOWLFDVW JURXS�

7KH PXOWLFDVW DGGUHVV LV WKHUHIRUH ORJLFDO� DFWLQJ DV D SRLQWHU WR URXWLQJ LQ�

IRUPDWLRQ� $ XQLFDVW DGGUHVV RQ WKH RWKHU KDQG LV JOREDO� SRVVLEO\ FRQWDLQLQJ

HQG�XVHU LQIRUPDWLRQ� &ODVV ( LV UHVHUYHG IRU IXWXUH XVH�

����� 7&3 DQG 8'3

7KH ,QWHUQHW LV D FRQQHFWLRQOHVV QHWZRUN� ZKHUH WKH URXWHUV IRUZDUG SDFNHWV

ZLWKRXW HVWDEOLVKLQJ D FRQQHFWLRQ EHWZHHQ WKH VHQGHU DQG WKH UHFHLYHU� ,Q

D FRQQHFWLRQOHVV QHWZRUN� WKH SDFNHWV FDQ WUDYHO YLD GLmHUHQW URXWHV DQG FDQ

WKXV DUULYH DW GLmHUHQW WLPHV� 0RVW DSSOLFDWLRQV QHHG D FRQQHFWLRQ�RULHQWHG

SURWRFRO� 6XFK D SURWRFRO LV KHDYLHU WR XVH� EXW FDQ RmHU D ODUJHU YDULHW\ RI

VHUYLFHV WKDQ D FRQQHFWLRQOHVV SURWRFRO� 7KH 7UDQVPLVVLRQ &RQWURO 3URWRFRO

�7&3� LV D FRQQHFWLRQ RULHQWHG WUDQVSRUW�OHYHO SURWRFRO WKDW ZRUNV RQ WRS RI

WKH ,3�OHYHO� 0XOWLFDVW WUDQVPLVVLRQV DUH� KRZHYHU� LQKHUHQWO\ FRQQHFWLRQOHVV�

DV WKH VHQGHU GRHV QRW NQRZ WKH DGGUHVV RI WKH UHFHLYHU DQG WKHUHIRUH FDQQRW

HVWDEOLVK D FRQQHFWLRQ� 7KH WUDQVSRUW�OHYHO SURWRFRO XVHG IRU ,3�PXOWLFDVW

GDWDJUDPV LV WKH 8VHU 'DWDJUDP 3URWRFRO �8'3��

��
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����� ,3�0XOWLFDVW *URXS

7KH ,3 RmHUV D XQLTXH VHUYLFH FODVV WKDW LV ?EHVW HmRUW�� (DFK ,3 SDFNHW LV

WUHDWHG LQ WKH VDPH ZD\ DQG KDV WKH VDPH SRVVLELOLW\ RI UHDFKLQJ LWV GHVWL�

QDWLRQ DV DOO WKH RWKHU SDFNHWV� 2QO\ LQ WKH FDVH RI FRQJHVWLRQ� RU ZKHQ WKH

OLIHWLPH FRXQWHU 77/ LV EHORZ D WKUHVKROG YDOXH� LV D SDFNHW GLVFDUGHG� 7KH

,3�PXOWLFDVW SDFNHW LV GHOLYHUHG WR WKH GHVWLQDWLRQ JURXS PHPEHUV ZLWK WKH

VDPH ?EHVW HmRUW� UHOLDELOLW\� )RU D PXOWLFDVW WUDQVPLVVLRQ� WKLV PHDQV WKDW

PXOWLFDVW SDFNHWV PD\ QRW UHDFK DOO KRVWV RU PD\ DUULYH LQ D GLmHUHQW RUGHU IRU

GLmHUHQW KRVWV�

7KH ,3�PXOWLFDVW JURXS LV D G\QDPLF JURXS� ZKHUH XVHUV FDQ MRLQ DQG OHDYH

WKH JURXS DW DQ\ WLPH� $ KRVW FDQ EH D PHPEHU RI RQH RU PRUH PXOWLFDVW

JURXSV DQG GRHV QRW KDYH WR EH D PHPEHU RI D JURXS LQ RUGHU WR VHQG D

PXOWLFDVW PHVVDJH WR WKH JURXS� ,Q DGGLWLRQ WR EHLQJ D G\QDPLF JURXS� D

PXOWLFDVW JURXS KDV QR UHVWULFWLRQ RQ WKH QXPEHU RI PHPEHUV RU WKHLU SK\VLFDO

ORFDWLRQ� 7KH SURWRFRO XVHG WR PDQDJH WKH G\QDPLF JURXS PHPEHUVKLS LV WKH

,QWHUQHW *URXS 0DQDJHPHQW 3URWRFRO �,*03�� ,*03 LV XVHG E\ KRVWV DQG

URXWHUV WR VKDUH LQIRUPDWLRQ DERXW JURXS PHPEHUVKLS LQ D SK\VLFDO QHWZRUN�

,*03 JLYHV WKH URXWHUV WKH QHFHVVDU\ LQIRUPDWLRQ RQ WKH PXOWLFDVW GDWDJUDPV

WR IRUZDUG� 7KH ,*03 UXQV EHWZHHQ KRVWV DQG WKHLU FRQWLJXRXV URXWHUV� 7KH

PHFKDQLVP DOORZV D KRVW WR LQIRUP LWV ORFDO URXWHU RI WKH JURXS WUDQVPLVVLRQV

LW ZLVKHV WR UHFHLYH� 7KH URXWHUV DOVR SHULRGLFDOO\ PRQLWRU WKH DFWLYH JURXS

PHPEHUV� ,Q GLmHUHQW YHUVLRQV RI ,*03� WKH PRQLWRULQJ RI DFWLYH PHPEHUV�

DQG WKH G\QDPLFV RI WKH PXOWLFDVW JURXS GLmHU� )RU PRUH GHWDLO� VHH >�@ RU >��@�

7KH 77/ nHOG OLPLWV KRZ IDU� L�H� RYHU KRZ PDQ\ URXWHUV� D SDFNHW FDQ WUDYHUVH

RQ WKH ZD\ WR D GHVWLQDWLRQ� ,Q ,3�PXOWLFDVW� WKH GHVWLQDWLRQ LV D JURXS� DQG

WKH 77/ DOORZV WKH DSSOLFDWLRQ WR PRQLWRU WKH SRVLWLRQ RI WKH UHFHLYHUV UHODWLYH

WR WKH VHQGHU�

$ KRVW MRLQV D JURXS E\ LQIRUPLQJ WKH ,*03 RI WKH JURXSV LW ZDQWV WR MRLQ�

7KH VFDOLQJ SURSHUWLHV RI WKLV UHFHLYHU�LQLWLDWHG MRLQ SURFHVV KDYH WZR PDMRU

DGYDQWDJHV� 7KH VHQGHU GRHV QRW KDYH WR NQRZ WKH ORFDWLRQ DQG DGGUHVV RI WKH

UHFHLYHU� VHQGLQJ WKH SDFNHW WR WKH JURXS DGGUHVV VXpFHV� $V WKH JURXS JURZV

LQ VL]H� WKH SUREDELOLW\ WKDW D QHZ JURXS PHPEHU ORFDWHV D QHDUE\ EUDQFK RI

WKH PXOWLFDVW GLVWULEXWLRQ WUHH LQFUHDVHV >��@�

��
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��� 0%RQH DQG 7UDQVPLVVLRQ RI D 0XOWLFDVW

'DWDJUDP

,3�PXOWLFDVW LV ZLGHO\ LQ XVH GXH WR WKH ,QWHUQHW 0XOWLFDVW %DFNERQH �0%RQH�

IRXQGHG LQ ����� 7KH 0%RQH LV D VHPLSHUPDQHQW WHVWEHG IRU ,3�PXOWLFDVW�

0%RQH LV D YLUWXDO QHWZRUN OD\HUHG RQ WRS RI D SDUW RI WKH SK\VLFDO ,QWHUQHW�

,W LV DQ LQWHUFRQQHFWHG VHW RI VXEQHWZRUNV� H�J� PXOWLFDVW FDSDEOH /$1V� DQG

URXWHUV� ZKLFK VXSSRUW WKH GHOLYHU\ RI ,3�PXOWLFDVW� 7KH QHWZRUNV WKDW VXS�

SRUW PXOWLFDVW� FDOOHG LVODQGV� DUH FRQQHFWHG WR HDFK RWKHU E\ YLUWXDO OLQNV�

WXQQHOV� 0XOWLFDVW PHVVDJHV DUH IRUZDUGHG WKURXJK WKH WXQQHOV LQ WKH QRQ�

PXOWLFDVW�FDSDEOH SDUWV RI WKH QHWZRUN� ,3�PXOWLFDVW SDFNHWV DUH HQFDSVXODWHG

DV ,3�RYHU�,3� PDNLQJ WKHP DSSHDU DV QRUPDO XQLFDVW SDFNHWV WR WKH LQWHU�

YHQLQJ QRQ�PXOWLFDVW URXWHUV� 7KH VHSDUDWH URXWLQJ SURWRFROV XVHG WR IRUZDUG

PXOWLFDVW SDFNHWV DUH 'LVWDQFH 9HFWRU 0XOWLFDVW 5RXWLQJ 3URWRFRO �'9053��

0XOWLFDVW 2SHQ 6KRUWHVW 3DWK )LUVW �0263)�� DQG 3URWRFRO�,QGHSHQGHQW 0XO�

WLFDVW �3,0�� 7KH PDMRULW\ RI 0%RQH URXWHUV XVH WKH '9053 IRU URXWLQJ� WKH

8'3 IRU HQG�WR�HQG WUDQVPLVVLRQ� DQG WKH ,*03 IRU JURXS PDQDJHPHQW�

����� '9053

'9053 IRUZDUGV WKH nUVW GDWDJUDP WR WKH HQWLUH LQWHUQHWZRUN� $ URXWHU WKDW

IRUZDUGV D SDFNHW WR DOO OHDI URXWHUV H[FHSW WKH RQH LW DUULYHG IURP LV VDLG

WR oRRG WKH SDFNHW� ,I QR JURXS PHPEHUV H[LVW EHKLQG WKH OHDI URXWHU� WKH

URXWHU VHQGV SUXQH PHVVDJHV EDFN WR WKH oRRGLQJ URXWHU� 7KH '9053 WKXV

FUHDWHV D VRXUFH�VSHFLnF VKRUWHVW SDWK WUHH� ZLWK DOO OHDIV RI WKH WUHH KDYLQJ

JURXS PHPEHUV� 7KH oRRGLQJ DQG VHQGLQJ RI SUXQH PHVVDJHV LV UHSHDWHG DIWHU

D SHULRG� DQG D QHZ URXWLQJ WUHH HYROYHV� 7KH G\QDPLF FKDUDFWHU RI WKH WUHH LV

IXUWKHU HQKDQFHG E\ DOORZLQJ WKH OHDI URXWHUV WR FDQFHO D SUHYLRXVO\ VHQW SUXQH

PHVVDJH E\ VHQGLQJ D JUDIW PHVVDJH� ZKHQ D QHZ JURXS PHPEHU VXEVFULEHV WR

WKH QHWZRUN� :KHQ PRUH WKDQ RQH '9053 URXWHU H[LVWV RQ D VXEQHWZRUN� RQH

URXWHU LV HOHFWHG WKH 'RPLQDQW 5RXWHU IRU WKH SDUWLFXODU VRXUFH VXEQHWZRUN�

)RU PRUH LQIRUPDWLRQ RQ '9053 RU WKH RWKHU URXWLQJ SURWRFROV� VHH >�@ DQG

>��@�

��
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����� 7UDQVPLVVLRQ

7KH WUDQVPLVVLRQ DQG GHOLYHU\ RI D PXOWLFDVW GDWDJUDP FDQ EH GLYLGHG LQWR

WZR FDVHV� :KHQ WKH VHQGHU DQG WKH UHFHLYHU DUH LQ WKH VDPH VXEQHWZRUN� H�J�

/$1� WKH VRXUFH VWDWLRQ DGGUHVVHV WKH ,3 SDFNHW WR WKH PXOWLFDVW JURXS� WKH

QHWZRUN LQWHUIDFH PDSV WKH DGGUHVV WR WKH (WKHUQHW DGGUHVV� DQG WKH IUDPH

LV VHQW� 5HFHLYHUV QHHG WR QRWLI\ WKHLU ,3 OD\HU WKDW WKH\ ZDQW WR MRLQ WKH

PXOWLFDVW JURXS�

7KH PRUH FRPSOLFDWHG FDVH RFFXUV ZKHQ WKH VHQGHU DQG UHFHLYHU DUH ORFDWHG

LQ GLmHUHQW VXEQHWZRUNV� 7KH URXWHUV PXVW LPSOHPHQW D PXOWLFDVW URXWLQJ

SURWRFRO WKDW SHUPLWV WKH KDQGOLQJ RI PXOWLFDVW SDFNHWV EHWZHHQ QHWZRUNV�

7KH PXOWLFDVW URXWHU PXVW FRQVWUXFW GHOLYHU\ WUHHV DQG IRUZDUG WKH SDFNHWV�

(DFK PXOWLFDVW URXWHU PXVW DOVR LPSOHPHQW D JURXS PHPEHUVKLS SURWRFRO� L�H�

,*03� %DVHG RQ WKH LQIRUPDWLRQ FRQYH\HG E\ WKH ,*03� D URXWHU LV DEOH WR

GHWHUPLQH ZKLFK PXOWLFDVW SDFNHWV QHHG WR EH IRUZDUGHG WR ZKLFK VXEQHWZRUNV�

,3�PXOWLFDVW LV VXSSRUWHG E\ PXOWLFDVW URXWHUV XVLQJ RQH RI WKH PXOWLFDVW URXW�

LQJ SURWRFROV �'9053� 0263)� RU 3,0� DQG WKH LQIRUPDWLRQ OHDUQHG IURP

,*03�

��� $70

7KH XVH RI $V\QFKURQRXV 7UDQVIHU 0RGH �$70� WHFKQRORJ\ LV VSUHDGLQJ� DV

WKH GHPDQG IRU KLJKHU VSHHG� oH[LELOLW\� DQG TXDOLW\ RI VHUYLFH �4R6� VXSSRUW

LV LQFUHDVLQJ� 0DQ\ DXGLR DQG YLGHR PXOWLFDVW DSSOLFDWLRQV� VXFK DV YLGHR

FRQIHUHQFLQJ DQG YLGHR�RQ�GHPDQG� QHHG WKH KLJK EDQGZLGWK DQG YHUVDWLOH

RQ�OLQH FRPPXQLFDWLRQ WHFKQRORJ\ RmHUHG E\ $70� 7KH PDMRU GUDZEDFN LV

WKDW WKH FXUUHQW $70 GRHV QRW VXSSRUW PXOWLSRLQW�WR�PXOWLSRLQW FRQQHFWLRQV�

$70 LV FRQQHFWLRQ RULHQWHG DQG LV WKHUHIRUH QRW VXLWDEOH IRU WKH WUDQVSRUWDWLRQ

RI PXOWLFDVW SDFNHWV LQ D G\QDPLF JURXS HQYLURQPHQW� 7KH GHYHORSPHQW RI

$70 WR VXSSRUW PXOWLFDVW FRQQHFWLRQV DQG WKH LQWHJUDWLRQ RI ,3 DQG $70 WR

HpFLHQWO\ XVH WKH QHWZRUNV KDV WKHUHIRUH EHHQ DQ LPSRUWDQW UHVHDUFK WRSLF DQG

KDV EHHQ GLVFXVVHG LQ >�@ DQG >�@� 7KH EDVLF FRQFHSWV RI $70 DUH LQWURGXFHG

LQ WKLV VHFWLRQ� 7KH QH[W VHFWLRQ GLVFXVVHV WKH GHPDQGV WKDW PXOWLFDVW WUDpF

KDV LQWURGXFHG RQ $70 DQG WKH VROXWLRQV WKDW LPSOHPHQW ,3�PXOWLFDVWLQJ RQ

$70�

��
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$70 LV GHVLJQHG IRU ERWK GDWD WUDQVIHU DQG DXGLR DQG YLGHR DSSOLFDWLRQV� $70

LV D FLUFXLW VZLWFKHG WHFKQRORJ\ WKDW UHOLHV RQ YLUWXDO FLUFXLWV �9&V�� $70 LV

WKHUHIRUH FRQQHFWLRQ RULHQWHG� 7KH GDWD WR EH WUDQVSRUWHG LV GLYLGHG LQWR FHOOV�

VLPLODU WR SDFNHWV XVHG LQ SDFNHW VZLWFKLQJ� 7KH FHOO VZLWFKLQJ WHFKQRORJ\

XVHG LQ $70 LV DFWXDOO\ D FRPELQDWLRQ RI WKH WZR VZLWFKLQJ WHFKQLTXHV� $Q

$70 FHOO KDV �� E\WHV ��� e � ELWV�� 2SSRVHG WR FLUFXLW VZLWFKLQJ� QR SK\VLFDO
FLUFXLW FRQQHFWLRQ LV HVWDEOLVKHG� 'DWD FHOOV IURP GLmHUHQW VRXUFHV PD\ EH

WUDQVPLWWHG YLD WKH VDPH SK\VLFDO OLQN� 7KH GLmHUHQFH WR SDFNHW VZLWFKLQJ LV

WKDW FHOOV RULJLQDWLQJ IURP D VRXUFH DUH WUDQVSRUWHG WKURXJK WKH VDPH URXWH�

WKXV UHWDLQLQJ WKHLU RUGHU� FDOOHG WKH YLUWXDO FLUFXLW�

7KH $70 FHOO FRQVLVWV RI �� E\WHV RI GDWD DQG D ��E\WH DGGUHVV KHDGHU� 7KH

nHOGV GHnQHG LQ WKH KHDGHU DUH 
9LUWXDO &KDQQHO ,GHQWLnHU
 �9&,� DQG 
9LUWXDO

3DWK ,GHQWLnHU
 �93,�� 7KH 9&, LQ WKH KHDGHU RI WKH FHOO LGHQWLnHV WR ZKDW

YLUWXDO FLUFXLW WKH FHOO EHORQJV LQ RUGHU IRU WKH URXWHU WR UHWDLQ WKH HVWDEOLVKHG

YLUWXDO FLUFXLW� $ YLUWXDO SDWK LV D FROOHFWLRQ RI YLUWXDO FLUFXLWV� $ YLUWXDO SDWK

LV XVHG WR VLPSOLI\ WKH VZLWFKLQJ RI FHOOV� 7KH 93, LGHQWLnHV WKH YLUWXDO SDWK

WKDW WKH FRQQHFWLRQ EHORQJV WR� DQG WKH $70 VZLWFK QHHGV RQO\ WR NQRZ WKH

93, LQ WKH FHOO KHDGHU� 7KH URXWLQJ RI WKH GDWD WDNHV SODFH RQO\ RQFH IRU D

JLYHQ YLUWXDO FRQQHFWLRQ� 7KH nUVW FHOO LV URXWHG� DQG WKH VXEVHTXHQW FHOOV DUH

SDVVHG RQ WKH VDPH URXWH� $70 LV WKHUHIRUH D WHFKQRORJ\ WKDW SURPLVHV KLJK

EDQGZLGWK� DQG LV VXLWDEOH IRU WUDQVPLVVLRQV RI DXGLR DQG YLGHR VLJQDOV� ,W LV

KRZHYHU XQOLNHO\ WKDW DOO XVHUV DUH FRQQHFWHG WR DQ $70 QHWZRUN� 7KHUHIRUH�

WKH XVH RI D PRUH FRPPRQ QHWZRUN SURWRFRO� H�J� ,3� LV QHHGHG� 7KH LGHD LQ

LQWHJUDWLQJ WKHVH WZR QHWZRUNV LV WKH ?&ODVVLFDO ,3 RYHU $70� GLVFXVVHG LQ

WKH QH[W VHFWLRQ�

��� ,3 RYHU $70

7KH FODVVLFDO PRGHOV RI ,3 RYHU $70 H[SORLW $70 FKDUDFWHULVWLFV� EXW OHDYH

,3 XQFKDQJHG� 7KH $70 FKDUDFWHULVWLFV EHLQJ XVHG DUH KLJK VSHHG DW WKH XVHU

WHUPLQDO DQG URXWHU LQWHUIDFHV� 9& VZLWFKLQJ FDSDELOLWLHV� DQG WKH 8QVSHFLnHG

%LW 5DWH �8%5� VHUYLFH FODVV VXSSRUW� 9& FRQQHFWLRQV DUH DOORZHG ZLWKLQ D

VLQJOH VXEQHWZRUN� DQG WKHLU G\QDPLF VHWXS DQG UHOHDVH DUH XVHG WR VLPSOLI\

QHWZRUN PDQDJHPHQW� 9&V DUH VHW XS ZKHQ ,3 SDFNHWV QHHG WR EH WUDQVIHUUHG

EHWZHHQ WHUPLQDOV ZLWKRXW FRQQHFWLRQ� 7KH 8%5 VHUYLFH FODVV VXSSRUWV GHOD\�

WROHUDQW DSSOLFDWLRQV� ,W LV LQWHQGHG WR VXSSRUW FRQQHFWLRQOHVV GDWD WUDpF WKDW

��
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GRHV QRW UHTXLUH 4R6 JXDUDQWHHV� 7KH $70 8%5 VHUYLFH FODVV LV ZHOO VXLWHG

IRU ,3 ?EHVW HmRUW��

7KH ,3�PXOWLFDVW LQWURGXFHG LQ WKH SUHYLRXV VHFWLRQ LV D PXOWLSRLQW�WR�PXOWL�

SRLQW VHUYLFH� $70 LV QRW D VKDUHG PHGLXP WHFKQRORJ\ DQG LV QRW FDSDEOH

RI VHWWLQJ XS PXOWLSRLQW�WR�PXOWLSRLQW FRQQHFWLRQV� $70 GHnQHG LQ 8VHU�

1HWZRUN ,QWHUIDFH �81,� YHUVLRQ ��� >��@ LV DEOH WR VXSSRUW SRLQW�WR�PXOWLSRLQW

FRQQHFWLRQV� +RZHYHU� WKHVH FRQQHFWLRQV DUH VHQGHU LQLWLDWHG� 7KH VHQGLQJ

KRVW DGGV QHZ UHFHLYHUV WR SRLQW�WR�SRLQW FRQQHFWLRQV� $OWKRXJK D SRLQW�WR�

PXOWLSRLQW FRQQHFWLRQ VHHPV WR VXSSRUW PXOWLFDVWLQJ� WKLV LV QRW JHQHUDOO\ WKH

FDVH� 2QO\ D VLQJOH KRVW� WKH RQH ZKR VHW XS WKH SRLQW�WR�PXOWLSRLQW FRQQHFWLRQ�

FDQ VHQG LQIRUPDWLRQ WR WKH IRUPHG JURXS� 2WKHU KRVWV PXVW VHW XS QHZ SRLQW�

WR�PXOWLSRLQW FRQQHFWLRQV� LI WKH\ ZDQW WR LQWHUDFW ZLWK WKH JURXS�

0HWKRGV RI DFKLHYLQJ PXOWLSRLQW�WR�PXOWLSRLQW FRQQHFWLRQV LQ $70 LQFOXGH

VHWWLQJ XS 1 SRLQW�WR�PXOWLSRLQW FRQQHFWLRQV LQ RUGHU WR FRPSOHWHO\ FRQQHFW

1 KRVWV LQ D PHVK WRSRORJ\� 7KLV PHWKRG EHFRPHV LQIHDVLEOH� DV WKH QXP�

EHU RI KRVWV JURZV ODUJH� $Q DOWHUQDWLYH ZD\ LV WR KDYH RQH KRVW� XVXDOO\

WKH VHUYHU� DFWLQJ DV WKH URRW RI WKH PXOWLFDVW WUHH DQG VHWWLQJ XS SRLQW�WR�

PXOWLSRLQW FRQQHFWLRQV ZLWK WKH 1 KRVWV LQ WKH QHWZRUN� 7KHVH KRVWV LQ WXUQ

IRUP SRLQW�WR�SRLQW FRQQHFWLRQV ZLWK WKH URRW� 7KH VHUYHU LV WKHQ UHVSRQVLEOH

IRU FRQWUROOLQJ DOO WKH FRQQHFWLRQV� DQG FRQJHVWLRQ ZRXOG RFFXU DW WKH VHUYHU�

DV LW QHHGV WR UHFHLYH DQG WUDQVPLW HDFK PXOWLFDVW SDFNHW�

$GDSWLQJ ,3�PXOWLFDVW WR $70 SRLQW�WR�PXOWLSRLQW FDSDELOLWLHV KDV EHHQ GH�

nQHG LQ DQ ,(7) VWDQGDUG >�@� 7KLV VWDQGDUG LV EDVHG RQ WKH 81, �������� 7KH

81, DOORZV FOXVWHUV RI QDWLYH $70 KRVWV WR LPSOHPHQW ,3�PXOWLFDVW VHUYLFH X�

VLQJ WKH 8%5 VHUYLFH FODVV E\ PHDQV RI HLWKHU GLUHFW $70 SRLQW�WR�PXOWLSRLQW

FRQQHFWLRQV RU $70�PXOWLFDVW VHUYHUV� ,Q VKRUWHU WHUPV� VHSDUDWH $70 FOXV�

WHUV FRPPXQLFDWH WKURXJK PXOWLFDVW URXWHUV�

6RPH ,3 RYHU $70 UHVHDUFK DVSHFWV DUH FRQVLGHUHG LQ WKH SDSHU E\ *XDUHQH

HW DO� >�@� 7KH WZR LQWHJUDWHG PXOWLFDVWV GLVFXVVHG DUH 0%RQH RYHU $70 DQG

+LJK�3HUIRUPDQFH 0XOWLFDVWLQJ� ZKHUH DQ ,3�$70�K\EULG PXOWLFDVWLQJ QRGH

LV XVHG� ,Q WKLV K\EULG QRGH� WKH oRZ PHUJLQJ LV SHUIRUPHG DW WKH ,3 OHYHO DQG

WKH oRZ UHSOLFDWLRQ DW WKH $70 OHYHO�

��
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$ VWRFKDVWLF SURFHVV LV D FROOHFWLRQ RI UDQGRP YDULDEOHV ;W� ZKLFK DUH LQGH[HG

E\ WKH WLPH RI RFFXUUHQFH W� I;W� W � 7 J� ZKHUH 7 | � LV WKH SDUDPHWHU VSDFH�
,Q WHOHWUDpF WKHRU\� WKH UDQGRP YDULDEOH ;W PD\ GHQRWH WKH QXPEHU RI DUULYHG

FDOOV RU WKH QXPEHU RI FDOOV LQ SURJUHVV DW WLPH W�

7KH GLVWULEXWLRQ RI D VWRFKDVWLF SURFHVV LV JRYHUQHG E\ WKH SUREDELOLWLHV

3 �;W� � [�� ����;WQ � [Q��

ZKHUH �W�� ���� WQ� � 7 Q� W� � W� � ��� � WQ DQG �[�� ���� [Q� � �Q� 7KH WULYLDO

VWRFKDVWLF SURFHVV FRQVLVWV RI LQGHSHQGHQW UDQGRP YDULDEOHV� 7KH VLPSOHVW QRQ�

WULYLDO VWRFKDVWLF SURFHVV� ZKHUH WKH UDQGRP YDULDEOHV DUH GHSHQGHQW RQO\ RQ

WKH SUHYLRXV LQVWDQW� LV WKH 0DUNRY�SURFHVV� $ VWRFKDVWLF SURFHVV LV D 0DUNRY�

SURFHVV� LI LW KDV WKH 0DUNRY SURSHUW\�

3 �;WQ��  [Q�� M ;W�  [�� ���� ;WQ  [Q�  3 �;WQ��  [Q�� M ;WQ  [Q��

7KH GLVWULEXWLRQ RI WKH 0DUNRY SURFHVV LV WKHUHIRUH

3 �;W� � [�� ���� ;WQ � [Q�  3 �;W� � [��3 �;W� � [� M ;W� � [�� c � � �
c3 �;WQ � [Q M ;WQb� � [Qb���

7KH 0DUNRY SURSHUW\ DOORZV WKH VWXG\ RI SURFHVVHV WKDW GHSHQG RQ WKH SUHYLRXV

LQVWDQW RI WLPH� ZLWKRXW FRQVLGHULQJ KRZ� WKURXJK ZKLFK VWDWHV� WKH FXUUHQW

VWDWH ZDV UHDFKHG� 7KLV LPSOLHV WKDW LQ RUGHU WR VWXG\ WKH SURFHVV IURP WLPH

W RQZDUGV� WKH RQO\ LQIRUPDWLRQ QHHGHG LV WKH VWDWH RI WKH SURFHVV DW WLPH W�

$ VWRFKDVWLF SURFHVV FDQ EH HLWKHU GLVFUHWH RU FRQWLQXRXV� 3URFHVVHV LQ WHOH�

WUDpF DUH XVXDOO\ PRGHOHG ZLWK FRQWLQXRXV 0DUNRY SURFHVVHV� $ FRQWLQXRXV

��
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0DUNRY SURFHVV LV WLPH KRPRJHQHRXV� LI WKH WUDQVLWLRQ SUREDELOLW\ RQO\ GHSHQGV

RQ WKH WLPH W HODSVHG

3 �;V�W  M M ;V  L�  3 �;W  M M ;�  L�  SL�M�W��

7KH WUDQVLWLRQ SUREDELOLW\ LQGLFDWHV WKH SUREDELOLW\ WKDW D WUDQVLWLRQ IURP VWDWH

L WR VWDWH M ZLOO RFFXU GXULQJ WLPH W� )RU FRQWLQXRXV KRPRJHQRXV 0DUNRY

SURFHVVHV� WKH WUDQVLWLRQ UDWH TL�M� ZKLFK LV LQGHSHQGHQW RI WLPH� LV GHnQHG DV

TL�M  OLP
cW��

SL�M�cW�

cW
� IRU L � M

TL�L  b;
M� L

TL�M�

7KH 0HPRU\OHVV 3URSHUW\ 7KH H[SRQHQWLDO GLVWULEXWLRQ LV RIWHQ XVHG WR

PRGHO WKH GLVWULEXWLRQ RI WLPH LQWHUYDOV EHWZHHQ HYHQWV LQ WKH FRQWLQXRXV WLPH

VWRFKDVWLF SURFHVVHV� 7KLV LV GXH WR WKH PHPRU\OHVV SURSHUW\� 7KH PHPRU\OHVV

SURSHUW\ PHDQV WKDW WKH GLVWULEXWLRQ RI WKH WLPH EHIRUH DQ HYHQW WDNHV SODFH

LV LQGHSHQGHQW RI WKH LQVWDQW W ZKHQ WKH SUHYLRXV HYHQW WRRN SODFH� 0RUH

H[SOLFLWO\�

3 �; � W� K M ; ! W�  
3 �W � ; � W � K�

3 �; ! W�

 
�b HbwKHbwW b � � HbwW

HbwW

 �b HbwK

 3 �; � K��

ZKHUH WKH WLPH EHWZHHQ HYHQWV LV H[SRQHQWLDOO\ GLVWULEXWHG ZLWK SDUDPHWHU w�

0DUNRY SURFHVVHV DUH PHPRU\OHVV LQ WKH VHQVH WKDW WKH LQWHUYDOV EHWZHHQ WUDQ�

VLWLRQV� H�J� DUULYDOV RU GHSDUWXUHV� RI WKH SURFHVV DUH H[SRQHQWLDOO\ GLVWULEXWHG�

,Q WHOHWUDpF PRGHOV� WKH WLPH EHWZHHQ HYHQWV FDQ EH WKH WLPH EHWZHHQ DUULYDOV

WR D V\VWHP RU WKH WLPH EHWZHHQ GHSDUWXUHV IURP D V\VWHP� ,I WKH VWRFKDVWLF

SURFHVV LV WKH QXPEHU RI DUULYDOV WR D V\VWHP $W� D QHZ DUULYDO LQFUHDVHV WKH

VWDWH E\ RQH XQLW� 6LPLODUO\� LI WKH VWRFKDVWLF SURFHVV LV WKH QXPEHU RI FDOOV

LQ WKH V\VWHP 1W� WKHQ DQ DUULYDO LQFUHDVHV WKH VWDWH E\ RQH� ZKLOH D GHSDU�

WXUH GHFUHDVHV WKH VWDWH E\ RQH XQLW� 3URFHVVHV� ZKHUH WUDQVLWLRQV DUH RQO\

DOORZHG EHWZHHQ QHLJKERULQJ VWDWHV� DUH FDOOHG ELUWK�GHDWK�SURFHVVHV� %LUWK�

GHDWK�SURFHVVHV DUH XVHG WR FKDUDFWHUL]H PRVW WHOHWUDpF V\VWHPV� 7KH PRGHOV

XVHG LQ WKLV ZRUN DUH EDVHG RQ WKLV FODVV RI 0DUNRY SURFHVVHV� GLVFXVVHG LQ WKH

QH[W VHFWLRQ�

��
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��� %LUWK�'HDWK�3URFHVVHV

%LUWK�GHDWK�SURFHVVHV DUH FRQWLQXRXV WLPH 0DUNRY SURFHVVHV ZKHUH WUDQVLWLRQV

DUH RQO\ DOORZHG EHWZHHQ QHLJKERULQJ VWDWHV� ZLWK DQ DSSURSULDWH HQXPHUDWLRQ

RI WKH VWDWHV� $ WUDQVLWLRQ WR WKH QH[W VWDWH LV FDOOHG D ELUWK� ZKLOH D WUDQVLWLRQ

WR WKH SUHYLRXV VWDWH LV FDOOHG D GHDWK� $V DQ H[DPSOH FRQVLGHU D V\VWHP�

ZKHUH FDOOV DUULYH ZLWK H[SRQHQWLDOO\ GLVWULEXWHG WLPH LQWHUYDOV� ZLWK LQWHQVLW\

wL� DQG KDYH H[SRQHQWLDOO\ GLVWULEXWHG VHUYLFH WLPHV� ZLWK LQWHQVLW\ xL� 7KHVH

LQWHQVLWLHV FDQ GHSHQG RQ WKH VWDWH RI WKH V\VWHP� H�J� WKH QXPEHU RI FDOOV

LQ WKH V\VWHP 1W  L� DW WLPH W� :KHQ D QHZ FDOO DUULYHV WR D V\VWHP� 1W

LQFUHDVHV E\ RQH� :KHQ D FDOO OHDYHV WKH V\VWHP 1W GHFUHDVHV E\ RQH� ,I QR

FDOOV DUULYH 1W UHPDLQV XQFKDQJHG� 7KLV V\VWHP FDQ EH FKDUDFWHUL]HG E\ D

ELUWK�GHDWK�SURFHVV� ZLWK WUDQVLWLRQ LQWHQVLWLHV�!�
!�

TL�Lb�  xL w � � L ! ��
TL�L��  wL w � � L ! ��
TL�M  � � LI MLb MM ! ��

7KHVH LQWHQVLWLHV DUH GHULYHG IURP WKH H[SRQHQWLDO GLVWULEXWLRQ� ,I WKH SURFHVV

LV D SXUH ELUWK SURFHVV� xL  �� �L� :KHQ WLPH LQWHUYDOV EHWZHHQ VXFFHVVLYH
DUULYDOV DUH LQGHSHQGHQW DQG H[SRQHQWLDOO\ GLVWULEXWHG� ZLWK SDUDPHWHU w� WKH

ELUWK SURFHVV� L�H� WKH DUULYDO SURFHVV $W� LV D 3RLVVRQ SURFHVV ZLWK SUREDELOLW\

GLVWULEXWLRQ

3 �$W  L�  
�wW�L

L�
HbwW�

6WHDG\ VWDWH SUREDELOLWLHV 6WDWLRQDU\ VWDWH SUREDELOLWLHV� {L� L  �� �� ���

FDQ EH FDOFXODWHG IURP WKH GHWDLOHG EDODQFH HTXDWLRQV IRU WKH ELUWK GHDWK SUR�

FHVV�

{L��TL���L  {LTL�L��� IRU L w ��
{L��xL��  {LwL� IRU L w ��

:KHQ WKH SURFHVV LV VWDEOH� WKH WUDQVLWLRQV EHWZHHQ VWDWHV DUH EDODQFHG� 6ROY�

LQJ WKH GHWDLOHG EDODQFH HTXDWLRQV JLYHV WKH VWDWLRQDU\ SUREDELOLW\

{L  {�
�<
L �

wL
xL
� L ��������

$ VXpFLHQW FRQGLWLRQ IRU H[LVWHQFH LV WKDW
3�

L � {L  � DQG {� ! ��

��
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5HYHUVLELOLW\ %LUWK�GHDWK SURFHVVHV DUH UHYHUVLEOH SURFHVVHV� $ VWRFKDV�

WLF SURFHVV ;W LV UHYHUVLEOH� LI �;W�� ;W�� ���� ;WQ� KDV WKH VDPH GLVWULEXWLRQ DV

�;~bW�� ;~bW�� ���� ;~bWQ� IRU DOO W�� W�� ���� WQ� ~ � 7 � $ 0DUNRY SURFHVV LV UH�

YHUVLEOH� LI DQG RQO\ LI WKHUH H[LVW VWDWLRQDU\ SUREDELOLWLHV {L� �L WKDW VDWLVI\ WKH
GHWDLOHG EDODQFH HTXDWLRQV

{LTL�M  {MTM�L� �L� M�
)RU SURRIV� VHH >��@ FKDSWHU �� ,Q WKH FDVH RI ELUWK�GHDWK�SURFHVVHV� WKH GHWDLOHG

EDODQFH HTXDWLRQV DUH VDWLVnHG DQG WKH SURFHVV LV DOZD\V UHYHUVLEOH�

%HIRUH FDOFXODWLQJ VWDWLRQDU\ VWDWH SUREDELOLWLHV IRU VRPH TXHXLQJ PRGHOV XVHG

LQ WKLV VWXG\� .HQGDOO
V QRWDWLRQ LV SUHVHQWHG� 7KH QRWDWLRQ JLYHV D JRRG

JHQHUDO FODVVLnFDWLRQ RI TXHXLQJ PRGHOV�

����� .HQGDOO
V 1RWDWLRQ

.HQGDOO
V QRWDWLRQ FODVVLnHV VWRFKDVWLF TXHXLQJ PRGHOV DFFRUGLQJ WR nYH SD�

UDPHWHUV�
$ % Q V N
$  LQWHU DUULYDO WLPH GLVWULEXWLRQ
%  KROGLQJ WLPH GLVWULEXWLRQ
Q  QXPEHU RI VHUYLFH VWDWLRQV
V  QXPEHU RI SODFHV LQ WKH V\VWHP

 Q � QXPEHU RI ZDLWLQJ SODFHV
N  XVHU SRSXODWLRQ

7KH LQWHU DUULYDO DQG KROGLQJ WLPH GLVWULEXWLRQV� $ DQG %� DUH XVXDOO\ DVVXPHG

WR EH LGHQWLFDOO\ DQG LQGHSHQGHQWO\ GLVWULEXWHG� 7KUHH EDVLF GLVWULEXWLRQV DUH

XVHG�

0  H[SRQHQWLDOO\ GLVWULEXWHG LQWHU DUULYDO �RU KROGLQJ� WLPHV
'  GHWHUPLQLVWLF WLPHV
*  JHQHUDOO\ GLVWULEXWHG WLPHV

7HOHWUDpF PRGHOV FDQ EH GLYLGHG LQWR WZR PDLQ W\SHV RI PRGHOV� TXHXLQJ DQG

ORVV PRGHOV� ,I WKH V\VWHP GRHV QRW KDYH D ZDLWLQJ URRP� L�H� Q  V� WKHQ

WKH PRGHO LV D SXUH ORVV V\VWHP� ,Q D SXUH ORVV PRGHO� FDOOV WKDW DUULYH ZKHQ

WKH V\VWHP LV IXOO� L�H� QRW DEOH WR DGPLW QHZ FDOOV� DUH ORVW� ,I Q LV nQLWH� EXW

WKH V\VWHP KDV LQnQLWH FDSDFLW\� WKDW LV V  � WKH V\VWHP LV D SXUH TXHXLQJ

V\VWHP� ,Q D SXUH TXHXLQJ V\VWHP� WKHUH LV DOZD\V D SRVVLELOLW\ WR ZDLW IRU

WKH VHUYHU WR EH HPSWLHG� 7KH GHIDXOW YDOXH IRU SDUDPHWHUV V DQG N LV ��
7KH\ DUH XVXDOO\ LQFOXGHG LQ WKH QRWDWLRQ RQO\ ZKHQ WKH\ KDYH nQLWH YDOXHV�

��



&+$37(5 �� 0DUNRY 3URFHVVHV

,Q WKH VHFWLRQV WR IROORZ� VWDWLRQDU\ SUREDELOLWLHV IRU TXHXLQJ DQG ORVV PRGHOV

DUH JLYHQ� 7KH PRGHOV FDQ EH GLYLGHG LQWR WZR PDLQ JURXSV DFFRUGLQJ WR WKH

YDOXH RI V� 7KH WUDQVLWLRQ GLDJUDP RI DQ LQnQLWH V\VWHP LV LQ nJXUH ��� DQG

WKH WUDQVLWLRQ GLDJUDP RI D nQLWH V\VWHP LQ nJXUH ����

%RWK FKDLQV VDWLVI\ WKH GHWDLOHG EDODQFH HTXDWLRQV� DV WKH WUDQVLWLRQV EHWZHHQ

D SDLU RI VWDWHV DUH EDODQFHG� QDPHO\

{LTL�M  {MTM�L� �L� M�

DQG DUH WKHUHIRUH UHYHUVLEOH SURFHVVHV�

; :; :; :; :

< 9< 9< 9< 9w w w w

x x x x

, , , ,

% % % %
� � � � ���

)LJXUH ���� 0DUNRY FKDLQ ZLWK LQnQLWH VWDWH VSDFH�

; :; :; :

< 9< 9< 9w w w

x x x

, , ,

% % %
� � � � � � �

; :; :

< 9< 9w w

x x

, ,

% %
1�� 1

)LJXUH ���� 7UXQFDWHG 0DUNRY FKDLQ�

����� 8QUHVWULFWHG 6\VWHPV

0 0 � 6\VWHP

7KLV LV D TXHXH ZLWK H[SRQHQWLDOO\ GLVWULEXWHG VWDWH LQGHSHQGHQW LQWHU DUULYDO

DQG GHSDUWXUH WLPHV� RQH VHUYLFH VWDWLRQ� DQG DQ LQnQLWH TXHXH� 7KH VWDWH

WUDQVLWLRQ GLDJUDP IRU DQ0 0 � TXHXH LV SUHVHQWHG LQ nJXUH ���� 7KH GHWDLOHG

EDODQFH HTXDWLRQV DUH

{L��x  {Lw� IRU L  �� �� ����

��



&+$37(5 �� 0DUNRY 3URFHVVHV

6ROYLQJ WKH VHW RI HTXDWLRQV JLYHV

{L  {�
rw
x

sL
 {�|

L  ��b |�|L�

ZKHUH WKH UDWLR w x LV GHQRWHG E\ |� DQG � � | � ��

0 0 Q 6\VWHP

7KLV V\VWHP LV D JHQHUDOL]DWLRQ RI WKH 0 0 � V\VWHP� 7KH QXPEHU RI VHUYLFH

VWDWLRQV LV Q w �� 7KHUHIRUH� WKH V\VWHP KDV D VWDWH LQGHSHQGHQW DUULYDO SURFHVV
DQG D VWDWH GHSHQGHQW GHSDUWXUH SURFHVV

xL  Lx� IRU L � Q�

xL  Qx� IRU L w Q�

7KH GHWDLOHG EDODQFH HTXDWLRQV DUH

{L���L� ��x  {Lw� IRU L � Q�

{L��Qx  {Lw� IRU L ! Q�

6ROYLQJ WKH VHW RI HTXDWLRQV JLYHV

{L  {�
|L

L�
� IRU L � Q�

{L  {�
|L

QLbQQ�
� IRU L ! Q�

{�  
K Q;
L �

|L

L�
�

�;
L Q��

|L

QLbQQ�

Lb�
�

$V Q � � WKH VWDWLRQDU\ VWDWH SUREDELOLWLHV RI WKH 0 0 � V\VWHP DUH

{L  {�
|L

L�
IRU L  �� �� ����

{�  
K �;
L �

|L

L�

Lb�
 Hb|�

����� 7UXQFDWHG 6\VWHPV

)LQLWH V\VWHPV DUH DOVR FDOOHG WUXQFDWHG V\VWHPV� 7KH VWDWH VSDFH LV WUXQFDWHG�

DV GXH WR WKH FDSDFLW\ UHVWULFWLRQ VRPH VWDWHV DUH QRW DOORZHG LQ WKH VWDWH VSDFH�

7KH VWDWLRQDU\ VWDWH SUREDELOLWLHV RI D WUXQFDWHG 0DUNRY FKDLQ� ZKLFK VDWLVI\

WKH GHWDLOHG EDODQFH HTXDWLRQV� GLmHU IURP WKH VWDWLRQDU\ VWDWH SUREDELOLWLHV RI

��
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DQ XQUHVWULFWHG 0DUNRY FKDLQ RQO\ E\ WKH QRUPDOL]DWLRQ FRQVWDQW� 7KH UHVXOW�

LQJ 0DUNRY FKDLQ LQ WKH WUXQFDWHG VSDFH DJDLQ VDWLVnHV WKH GHWDLOHG EDODQFH

HTXDWLRQV� 7KH SURRI FDQ EH IRXQG LQ >�@ DQG >��@� 7KH LGHD LV WKDW D UHPRYDO RI

D SDLU RI VWDWHV WKDW VDWLVI\ WKH GHWDLOHG EDODQFH HTXDWLRQV GRHV QRW DmHFW WKH

VWDWLRQDU\ VWDWH SUREDELOLWLHV� DV WKH SDLU LV EDODQFHG� 7KHUHIRUH� WKH WUXQFD�

WLRQ RQO\ DmHFWV WKH QRUPDOL]DWLRQ FRQVWDQW� DV WKH SUREDELOLW\ RI WKH UHPRYHG

VWDWHV LV VHW WR ]HUR�

0 0 � Q 6\VWHP

7KLV TXHXH LV D WUXQFDWHG 0 0 � TXHXH� ZKHUH WKH TXHXLQJ FDSDFLW\ LV nQLWH�

,W LV WKHUHIRUH D PL[WXUH RI D TXHXLQJ DQG ORVV PRGHO� 7KH GLmHUHQFH EHWZHHQ

WKH 0 0 � TXHXH DQG WKH 0 0 � Q TXHXH FDQ EH VHHQ E\ LQVSHFWLQJ WKH

VWDWH WUDQVLWLRQ GLDJUDP LQ nJXUH ���� 7KH GHWDLOHG EDODQFH HTXDWLRQV DUH RQO\

GHnQHG IRU VWDWHV ZLWK L � Q� )RU WKHVH VWDWHV� WKH VWDWLRQDU\ SUREDELOLWLHV

DUH LGHQWLFDO WR WKH 0 0 � TXHXH� 7KH QRUPDOL]DWLRQ FRQVWDQW DQG WKXV WKH

SUREDELOLW\ RI WKH TXHXH EHLQJ HPSW\ DUH GLmHUHQW� DQG WKH VWDWLRQDU\ VWDWH

SUREDELOLW\ LV

{L  {�
rw
x

sL
 {�|

L  
�b |

�b |Q��
|L� IRU L  �� �� ���� Q�

0 0 Q Q 6\VWHP

7KLV LV D SXUH ORVV PRGHO� 7KHUH DUH Q VHUYLFH VWDWLRQV LQ WKH V\VWHP� ZLWK

QR TXHXLQJ SRVVLELOLW\� 7KH GHSDUWXUH LQWHQVLW\ LV WKH VDPH DV LQ WKH SUHYLRXV

FDVH� EXW IRU L ! Q WKH LQWHQVLW\ LV ]HUR� 7KLV V\VWHP LV FDOOHG WKH (UODQJ

V\VWHP DQG WKH VWDWLRQDU\ VWDWH SUREDELOLW\ LV

{L  {�
|L

L�
� IRU L � Q�

{�  
K Q;
L �

|L

L�

Lb�
�

0 0 Q Q N 6\VWHP

7KH ODVW V\VWHP LQWURGXFHG LV D ORVV V\VWHP ZLWK D nQLWH XVHU SRSXODWLRQ N !

Q� ,Q WKLV V\VWHP� ERWK WKH DUULYDO SURFHVV DQG GHSDUWXUH SURFHVV LQWHQVLWLHV

��
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GHSHQG RQ WKH VWDWH RI WKH SURFHVV�

xL  Lx� IRU L � Q�

xL  Qx� IRU L ! Q�

wL  �N b L�w� IRU N b L w ��

7KLV V\VWHP LV FDOOHG WKH (QJVHW V\VWHP� DQG WKH VWDWLRQDU\ SUREDELOLW\ LV

{L  {�
rQ
L
s
|L� IRU L � Q�

{�  
K Q;
L �

rQ
L
s
|L
Lb�

�

(UODQJ %�)RUPXOD� ,Q ����� (UODQJ GHYLVHG D IRUPXOD� FDOOHG WKH (UODQJ %�

IRUPXOD IRU FDOFXODWLQJ WKH EORFNLQJ SUREDELOLW\ IRU WKH VLPSOHVW ORVV V\VWHP� WKH

0 0 Q Q V\VWHP� )RU D OLQN �V\VWHP� ZLWK FDSDFLW\ & �QXPEHU RI VWDWLRQV�

DQG RQH WUDpF FODVV �FDSDFLW\ UHTXLUHPHQW F  �� ZLWK RmHUHG WUDpF LQWHQVLW\

D  w x� WKH FDOO EORFNLQJ SUREDELOLW\ LV

%F  (�D� &�  
D& &�3&
L � D

L L�
� �����

7KH ,QVHQVLWLYLW\ 3URSHUW\� 7KH (UODQJ IRUPXOD ZDV ODWHU SURYHQ WR KROG

IRU JHQHUDOO\ LQGHSHQGHQW DQG LGHQWLFDOO\ GLVWULEXWHG KROGLQJ WLPHV ZLWK PHDQ

� x� )RU WKH SURRI RI WKLV VR�FDOOHG LQVHQVLWLYLW\ SURSHUW\� VHH >��@� $Q RXWOLQH

RI WKH SURRI� DV JLYHQ LQ >��@� LV DV IROORZV�

7KH LQVHQVLWLYLW\ SURSHUW\ FDQ EH SURYHQ� E\ DVVXPLQJ WKDW WKH KROGLQJ WLPH

GLVWULEXWLRQ LV D PL[WXUH RI nQLWH FRQYROXWLRQV RI H[SRQHQWLDO GLVWULEXWLRQV�

UHVXOWLQJ LQ JDPPD GLVWULEXWLRQV� 7KLV QHZ VWDWH SURFHVV LV D 0DUNRY SURFHVV

DQG VDWLVnHV WKH UHTXLUHG SDUWLDO EDODQFH HTXDWLRQV� 7KH VWDWH SUREDELOLWLHV

DUH WKHUHIRUH LQVHQVLWLYH WR WKH KROGLQJ WLPH GLVWULEXWLRQ�

$Q DUELWUDU\ GLVWULEXWLRQ ) �c� FDQ EH H[SUHVVHG DV WKH OLPLW RI D VHTXHQFH RI
GLVWULEXWLRQV� ZKHUH HDFK GLVWULEXWLRQ LQ WKH VHTXHQFH KDV PHDQ � x DQG LV D

PL[WXUH RI nQLWH FRQYROXWLRQV RI H[SRQHQWLDO GLVWULEXWLRQV� $V WKH LQVHQVLWLYLW\

SURSHUW\ KROGV IRU HDFK GLVWULEXWLRQ LQ WKH VHTXHQFH� LW KROGV IRU WKH OLPLW RI

WKH VHTXHQFH� WKH DUELWUDU\ GLVWULEXWLRQ�

��
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��� 0XOWLGLPHQVLRQDO %LUWK�'HDWK�3URFHVVHV

7KH WKHRU\ SUHVHQWHG LQ WKH SUHYLRXV VHFWLRQ FDQ EH H[WHQGHG WR PXOWLGLPHQ�

VLRQDO ELUWK�GHDWK�SURFHVVHV� )LJXUH ��� VKRZV WKH WUDQVLWLRQ GLDJUDP IRU D

WZR�GLPHQVLRQDO ELUWK�GHDWK�SURFHVV ZLWK LQnQLWH FDSDFLW\� 7KH VWDWLRQDU\
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)LJXUH ���� 7UDQVLWLRQ GLDJUDP IRU D WZR GLPHQVLRQDO 0DUNRY FKDLQ�

VWDWH SUREDELOLWLHV RI WKLV FKDLQ KDYH D SURGXFW IRUP

{�[�� [��  *b� c |�
[�

[��
c |�

[�

[��
�

*HQHUDOO\� IRU DQ 1 GLPHQVLRQDO FKDLQ� WKH VWDWLRQDU\ VWDWH SUREDELOLWLHV DUH

{�[�  *b�
1<
L �

|L
[L

[L�
�

7KH LQVHQVLWLYLW\ DQG WUXQFDWLRQ WKHRUHPV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ

DSSO\ DOVR WR WKH PXOWLGLPHQVLRQDO 0DUNRY FKDLQV� )RU SURRI� VHH >�@�

��
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/RVV 1HWZRUNV

��� %ORFNLQJ LQ D 3XUH /RVV 6\VWHP

%ORFNLQJ RFFXUV ZKHQ D FDOO LV UHMHFWHG� L�H�� QRW DEOH WR HQWHU WKH V\VWHP�

&OHDUO\� EORFNLQJ RFFXUV RQO\ LI WKH QXPEHU RI ZDLWLQJ SODFHV LV nQLWH� %ORFNLQJ

LV PHDVXUHG E\ WKH SUREDELOLW\ WKDW EORFNLQJ RFFXUV� 7KUHH GLmHUHQW EORFNLQJ

SUREDELOLWLHV FDQ EH FRQVLGHUHG� FDOO� WLPH� DQG WUDpF EORFNLQJ� &DOO EORFNLQJ

LV WKH SUREDELOLW\ WKDW D FDOO DUULYHV ZKHQ WKH V\VWHP LV IXOO� 7LPH EORFNLQJ LV

WKH SUREDELOLW\ WKDW WKH V\VWHP LV IXOO DW DQ DUELWUDU\ LQVWDQW� 7UDpF EORFNLQJ

LV WKH SURSRUWLRQ RI WRWDO WUDpF WKDW LV ORVW GXH WR EORFNLQJ�

7KH SUREDELOLWLHV RI FDOO� WLPH� DQG WUDpF EORFNLQJ DUH QRW QHFHVVDULO\ WKH

VDPH� EXW WKH\ GHSHQG RQ HDFK RWKHU� 7LPH EORFNLQJ LV XVXDOO\ HDVLHU WR

FDOFXODWH WKDQ FDOO EORFNLQJ� EXW FDOO EORFNLQJ LV RIWHQ RI PRUH LQWHUHVW� ,I

DUULYDOV FRQVWLWXWH D 3RLVVRQ SURFHVV� FDOO EORFNLQJ LV HTXDO WR WLPH EORFNLQJ� ,I

WKH XVHU SRSXODWLRQ LV nQLWH ZLWK H[SRQHQWLDOO\ GLVWULEXWHG LQWHU DUULYDO WLPHV�

DV LV WKH FDVH RI DQ (QJVHW V\VWHP� WKH FDOO EORFNLQJ FDQ EH H[SUHVVHG ZLWK WKH

KHOS RI WKH WLPH EORFNLQJ SUREDELOLW\�

/RVV V\VWHPV DUH XVXDOO\ XVHG WR PRGHO YRLFH DQG YLGHR WUDpF� DQG TXHXLQJ

V\VWHPV DUH XVHG WR PRGHO GDWD WUDpF� 7KLV LV GXH WR WKH GLmHUHQW UHTXLUH�

PHQWV DQG WHFKQRORJLHV XVHG LQ WKH FRQQHFWLRQ DQG WUDQVIHU RI WKHVH W\SHV RI

WUDpF� 5HDO�WLPH YRLFH DQG YLGHR WUDpF UHTXLUH UHVHUYHG EDQGZLGWK� DV WKH\

FDQ WROHUDWH RQO\ VPDOO GHOD\ YDULDWLRQV� $ FRQQHFWLRQ FDUU\LQJ YRLFH RU YLGHR

WUDpF FDQ EH HVWDEOLVKHG RQO\ LI HQRXJK FDSDFLW\ LV DYDLODEOH LQ WKH QHWZRUN�

2WKHUZLVH� WKH FRQQHFWLRQ LV UHIXVHG RU EORFNHG� 'DWD WUDpF FDQ EH VHQW LQ

��
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SDFNHWV XVLQJ SDFNHW WUDQVPLVVLRQ ZKHQ GHOD\ GXH WR SDFNHWV TXHXLQJ LQ D

EXmHU LV SHUPLWWHG� 0XOWLFDVW WHFKQLTXHV DUH XVHG IRU D YDULHW\ RI DSSOLFD�

WLRQV� DQG WKLV FODVVLnFDWLRQ LV VRPHZKDW FRDUVH� &DOOV� RU WUDQVIHU RI YRLFH�

FDQ DOVR ZDLW LQ D TXHXH IRU D FRQQHFWLRQ WR EH HVWDEOLVKHG� 7UDQVIHUULQJ YLGHR

LV RQH LPSRUWDQW DSSOLFDWLRQ� DQG WKHUHIRUH WKH XVH RI ORVV QHWZRUNV LQ PRGHOLQJ

D PXOWLFDVW QHWZRUN LV DSSURSULDWH� *HQHUDOO\� YLGHR DQG YRLFH WUDpF FDQQRW

WROHUDWH GHOD\V DQG GDWD WUDpF FDQQRW WROHUDWH ORVV RI SDFNHWV� 7KH XVH RI ,3

DQG $70 WHFKQRORJ\ ZDV GLVFXVVHG LQ WKH SUHYLRXV FKDSWHU� 7KH XVH RI $70

WR WUDQVIHU PXOWLFDVW WUDpF LV WHPSWLQJ� DV LW LV D FLUFXLW VZLWFKHG WHFKQRORJ\

DQG WKHUHIRUH ZHOO VXLWHG IRU YRLFH DQG YLGHR WUDpF�

,Q .HQGDOO
V QRWDWLRQ� Q LV WKH QXPEHU RI VHUYLFH VWDWLRQV� $ JHQHUDO GHn�

QLWLRQ IRU Q LV WKH FDSDFLW\ RI WKH VWDWLRQ RU OLQN� 7UDpF LV WUDQVSRUWHG LQ

OLQNV� DQG WKH FDSDFLW\ RI WKH OLQN GHnQHV WKH DPRXQW RI WUDpF WKDW FDQ EH

WUDQVSRUWHG�KHOG DW WKH VDPH WLPH� :KHQ FRQVLGHULQJ RQO\ RQH W\SH RI WUDpF�

L�H� RQH WUDpF FODVV� WKH FDSDFLW\ LV D PXOWLSOH RI WKH FDSDFLW\ UHTXLUHPHQW

RI WKH WUDpF� )RU H[DPSOH� LI D FDOO UHTXLUHV WZR XQLWV RI FDSDFLW\� DQG WKH

OLQN FDSDFLW\ LV IRXU �RU nYH�� WKH V\VWHP LV DEOH WR FDUU\ WZR WHOHSKRQH FDOOV�

L�H� WKHUH DUH WZR VHUYLFH VWDWLRQV� ,Q WKLV FDVH� LW LV DSSURSULDWH WR H[SUHVV

WKH OLQN FDSDFLW\ DV WZR� LQVWHDG RI IRXU� ,Q WKH FDVH RI PDQ\ GLmHUHQW WUDpF

FODVVHV� ZLWK HDFK KDYLQJ GLmHUHQW FDSDFLW\ UHTXLUHPHQWV� WKH QRWDWLRQ LV QRW

VR VLPSOH� *HQHUDOO\� HDFK FDSDFLW\ UHTXLUHPHQW LV D PXOWLSOH RI D EDVLF XQLW

DOVR FDOOHG %DVLF %DQGZLGWK 8QLW �%%8�� ,I D V\VWHP KDV PDQ\ WUDpF FODVVHV

HDFK KDYLQJ WKH VDPH FDSDFLW\ UHTXLUHPHQW� LW LV FDOOHG D VLQJOHVHUYLFH V\VWHP�

,I WKH FDSDFLW\ UHTXLUHPHQW YDULHV DORQJ GLmHUHQW WUDpF FODVVHV� WKH V\VWHP LV

D PXOWLVHUYLFH V\VWHP�

7ZR SDUDPHWHUV DmHFW WKH V\VWHP DQG WKXV WKH EORFNLQJ LQ WKH V\VWHP� WKH

FDSDFLW\ RI WKH V\VWHP DQG WKH RmHUHG WUDpF LQWHQVLW\� &DSDFLW\ ZDV GHnQHG

DERYH� ,W LQGLFDWHV KRZ PDQ\ FDOOV FDQ EH DGPLWWHG WR WKH V\VWHP DW WKH VDPH

WLPH� ,I FDOOV DUULYH ZLWK D UDWH w DQG KDYH PHDQ KROGLQJ WLPH � x� WKHQ WKH

WUDpF LQWHQVLW\ LV WKH SURGXFW RI WKH WZR� D  w x� 7KH XQLW LV GHnQHG DV RQH

(UODQJ� 7KH WUDpF LQWHQVLW\ LV DOVR GHnQHG DV WKH DYHUDJH QXPEHU RI FDOOV LQ

SURJUHVV LI WKH WUDpF ZHUH RmHUHG WR DQ LQnQLWH V\VWHP� 7R FDOFXODWH EORFNLQJ

IRU D V\VWHP� DOO WKDW QHHGV WR EH NQRZQ DUH WKH DUULYDO DQG GHSDUWXUH SURFHVVHV

RI WKH FDOOV DQG KRZ PDQ\ FDOOV DUH DOORZHG LQ WKH V\VWHP DW WKH VDPH WLPH�

��
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��� %ORFNLQJ 3UREDELOLW\ LQ D /LQN

7KH (UODQJ IRUPXOD JLYHQ LQ HTXDWLRQ ����� FDQQRW EH XVHG IRU ORVV V\VWHPV

FDUU\LQJ PXOWLVHUYLFH WUDpF� 7KH IRUPXOD LV EDVHG RQ FDOFXODWLQJ WKH SURSRU�

WLRQ RI WLPH� L�H� SUREDELOLW\� WKDW WKH V\VWHP LV IXOO� (TXDWLRQ ����� LV DFWXDOO\

WKH WLPH EORFNLQJ SUREDELOLW\� ZKLFK IRU WKH FDVH RI 3RLVVRQ DUULYDOV LV WKH VDPH

DV WKH FDOO EORFNLQJ SUREDELOLW\�

7KH EORFNLQJ SUREDELOLW\ IRU D ORVV V\VWHP ZLWK PRUH WKDQ RQH WUDpF FODVV QHHGV

WR EH GHnQHG XVLQJ D PRUH JHQHUDO GHnQLWLRQ RI EORFNLQJ VWDWHV� 'LmHUHQW W\SHV

RI WUDpF DUH GLYLGHG LQWR GLmHUHQW WUDpF FODVVHV� FODVV�N� N  �� ����.� $ WUDpF

FODVV LV FKDUDFWHUL]HG E\ LWV FDSDFLW\ UHTXLUHPHQW� 7KH QXPEHU RI FODVV�N FDOOV

LQ WKH V\VWHP LV [N� 7KH FDSDFLW\ RI WKH OLQN LV &� ,QIRUPDWLRQ RQ WKH FDSDFLW\

UHTXLUHPHQW RI FODVV�N FDOOV� IRU N  �� ���� .� LV VWRUHG LQ D YHFWRU G RI OHQJWK

.� /HW 6 GHQRWH WKH VHW RI DOO VWDWHV WKDW VDWLVI\ WKH FDSDFLW\ UHVWULFWLRQV RI
WKH V\VWHP

6  I[ w � M [ c G � &J� �����

ZKHUH [  �[�� ���� [.��

%ORFNLQJ RFFXUV LQ WKH VWDWHV WKDW DUH QRW DEOH WR DGPLW D QHZ FDOO GXH WR WKH

FDSDFLW\ UHVWULFWLRQ� /HW 6N GHQRWH WKH VHW RI DOO VWDWHV LQ ZKLFK D QHZ FODVV�N
FDOO LV QRW EORFNHG�

6N  I[ � 6 M �[ � HN� c G � &J�

ZKHUH HN LV D XQLW YHFWRU LQ WKH GLUHFWLRQ RI N� 7KHQ 6N LV WKH VHW RI VWDWHV ZKLFK
DUH DEOH WR DGPLW D QHZ FODVV�N FDOO ZLWK UHVSHFW WR WKH FDSDFLW\ UHVWULFWLRQV RI

WKH QHWZRUN� 7KH VHW RI EORFNLQJ VWDWHV LV WKHUHIRUH 6%
N  6 Q 6N� )LQDOO\� WKH

WLPH EORFNLQJ SUREDELOLW\ LV WKH SUREDELOLW\ WKDW D VWDWH EHORQJV WR WKH VHW 6%
N �

L�H�� WKH SUREDELOLW\ RI WKH VHW 6%
N � 7KH SUREDELOLW\ LV FDOFXODWHG E\ VXPPLQJ

RYHU WKH LQGLYLGXDO VWDWH SUREDELOLWLHV WKDW VDWLVI\ WKH FRQGLWLRQ�

7KH JHQHUDO GHnQLWLRQ IRU WKH FDOO EORFNLQJ SUREDELOLW\ IRU FODVV�N WUDpF LV

%W
N  

*�6%
N �

*�6�  �b
*�6N�
*�6� � �����

ZKHUH *�6� GHQRWHV WKH VWDWH VXP RYHU DOO WKH XQQRUPDOL]HG VWDWH SUREDELOLWLHV
a{�[� EHORQJLQJ WR WKH VHW 6�

*�6�  ;
[�6

a{�[�� �����

��
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7KH EORFNLQJ VWDWHV RI D OLQN FDUU\LQJ WZR WUDpF FODVVHV DUH VKRZQ LQ nJXUH ����

7UDpF FODVV RQH UHTXLUHV WZR XQLWV RI FDSDFLW\� ZKLOH WUDpF FODVV WZR UHTXLUHV

RQH XQLW RI FDSDFLW\� 7KH WRWDO FDSDFLW\ DOORZHG RQ WKH OLQN LV VL[� ZKLFK LV

LOOXVWUDWHG E\ WKH OLQHDU FRQVWUDLQW RI WKH VWDWH VSDFH� 7KH EORFNLQJ VWDWHV RI

WKH nUVW WUDpF FODVV DUH GHQRWHG E\ D VPDOO FLUFOH DQG WKH EORFNLQJ VWDWHV RI

WKH VHFRQG WUDpF FODVV E\ D ODUJH FLUFOH�
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)LJXUH ���� %ORFNLQJ VWDWHV LQ D OLQN ZLWK WZR WUDpF FODVVHV�

����� 3RLVVRQ $UULYDOV

7KH (UODQJ %�IRUPXOD LQ HTXDWLRQ ����� ZDV GHULYHG DVVXPLQJ WKDW WKH DUULYDOV

WR WKH V\VWHP DUH JHQHUDWHG E\ D 3RLVVRQ SURFHVV� 7KLV DVVXPSWLRQ LV YHU\

RIWHQ PDGH ZKHQ VWXG\LQJ WHOHWUDpF PRGHOV� DV PDQ\ DQDO\WLFDO FDOFXODWLRQV

DUH IHDVLEOH RQO\ ZKHQ WKH DUULYDOV FRQVWLWXWH D 3RLVVRQ SURFHVV� 7KH WHPSWD�

WLRQ WR XVH 3RLVVRQ DUULYDO SURFHVVHV LV GXH WR WKH PHPRU\OHVV SURSHUW\ RI WKH

H[SRQHQWLDO GLVWULEXWLRQ� )RU D 3RLVVRQ SURFHVV� WKH WLPHV EHWZHHQ WZR VXFFHV�

VLYH DUULYDOV DUH H[SRQHQWLDOO\ GLVWULEXWHG DQG LQGHSHQGHQW� 7KH PHPRU\OHVV

SURSHUW\ PHDQV WKDW WKH GLVWULEXWLRQ RI WKH WLPH EHIRUH DQ HYHQW WDNHV SODFH LV

LQGHSHQGHQW RI WKH LQVWDQW W� ZKHQ WKH SUHYLRXV HYHQW WRRN SODFH� +RZHYHU� DV

GLVFXVVHG LQ VHFWLRQ ������ GXH WR WKH LQVHQVLWLYLW\ SURSHUW\� WKH KROGLQJ WLPH RU

GXUDWLRQ RI VHUYLFH GLVWULEXWLRQ GRHV QRW KDYH WR EH H[SRQHQWLDO� 7KH UHVXOWV

SUHVHQWHG KROG IRU DQ\ KROGLQJ WLPH GLVWULEXWLRQ ZLWK nQLWH PHDQ � xN�

:KHQ WKH DUULYDO SURFHVV LV 3RLVVRQ WKH VWDWH SUREDELOLWLHV {�[� KDYH D SURGXFW

IRUP �VHFWLRQ ����� /HW DN GHQRWH WKH LQWHQVLW\ RI FODVV�N WUDpF�

DN  wN xN�

��
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ZKHUH � xN LV WKH DYHUDJH KROGLQJ WLPH�

7KH VWDWH SUREDELOLW\ IRU WKH OLQN LV

{�[�  *b�
.<
N �

DN
[N

[N�
 *b�

.<
N �

a{N�[N�  *b�a{�[�� �����

ZKHUH a{N�[N� GHQRWHV WKH XQQRUPDOL]HG VWDWH SUREDELOLWLHV DQG *b� LV WKH QRU�

PDOL]DWLRQ FRQVWDQW� ZKLFK LV GHWHUPLQHG E\ WKH QRUPDOL]DWLRQ FRQGLWLRQ;
[�6

{�[�  ��

(TXDWLRQ ����� LQ WHUPV RI HTXDWLRQV ����� DQG ����� UHDGV

%W
N  �b

;
[�6N

a{�[�

;
[�6

a{�[�
� �����

��� $JJUHJDWH 6WDWHV 8VLQJ /LQN 2FFXSDQF\

$V WKH QXPEHU RI WUDpF FODVVHV LQFUHDVHV� WKH FRPSXWDWLRQ RI WKH EORFNLQJ

SUREDELOLWLHV EHFRPHV PRUH WLPH FRQVXPLQJ GXH WR WKH PXOWLGLPHQVLRQDO VWDWH

VSDFH� ,Q WKH RQH OLQN FDVH� WKH PXOWLGLPHQVLRQDO VWDWH VSDFH FDQ EH FKDQJHG

WR D RQH GLPHQVLRQDO DJJUHJDWH VWDWH VSDFH� 7KH QHZ UDQGRP VWDWH YDULDEOH =

LV WKH OLQN RFFXSDQF\� 7KH VWDWH SUREDELOLWLHV DUH FDOFXODWHG YLD FRQYROXWLRQ�

ZKLFK LV HTXLYDOHQW WR FDOFXODWLQJ WKH QHZ SUREDELOLW\ JHQHUDWLQJ IXQFWLRQ

3 �=  ]�  
�;
M �

T�M�]M  
.<
N �

�;
[N �

{N�[N�]
[NGN �

ZKHUH {N�[N�  *b� D
[N
N

[N�
LV WKH VWDWLRQDU\ SUREDELOLW\ IRU FODVV�N WUDpF�

)RU D QHWZRUN� WKH GLPHQVLRQDOLW\ RI WKH OLQN RFFXSDQF\ VWDWH VSDFH LV HTXDO WR

WKH QXPEHU RI OLQNV LQ WKH QHWZRUN� 7KH WUDQVLWLRQ IURP WKH WUDpF FODVV VWDWH

VSDFH WR WKH OLQN RFFXSDQF\ VWDWH VSDFH LV WKHUHIRUH JHQHUDOO\ XVHIXO RQO\ LI WKH

QXPEHU . RI WUDpF FODVVHV H[FHHGV WKH QXPEHU - RI OLQNV�

7KH EORFNLQJ SUREDELOLW\ RI HTXDWLRQ ����� H[SUHVVHG ZLWK WKH KHOS RI WKH OLQN

RFFXSDQF\ GLVWULEXWLRQ LV

%W
N  

&;
M &bGN��

T�M�

&;
M �

T�M�

�

��



&+$37(5 �� /RVV 1HWZRUNV

��� %ORFNLQJ 3UREDELOLW\ LQ D 1HWZRUN

,Q WKH SUHYLRXV VHFWLRQ� EORFNLQJ SUREDELOLWLHV ZHUH FDOFXODWHG IRU D VLQJOH OLQN

ZLWK nQLWH FDSDFLW\� 8VLQJ WKH QRQ�EORFNLQJ DQG DGPLVVLEOH VHWV RI VWDWHV 6N
DQG 6 UHVSHFWLYHO\� WKH EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN ZLWK WZR RU PRUH
nQLWH OLQNV FDQ EH FDOFXODWHG� 7KH WUDpF FODVVHV N KDYH WKH VDPH SURSHUWLHV

DV LQ WKH RQH OLQN FDVH� EXW WKH\ DUH IXUWKHU GLYLGHG LQWR FODVVHV WKDW XVH WKH

VDPH URXWH LQ WKH QHWZRUN� $ URXWH LV D GHnQHG VHTXHQFH RI OLQNV� )RU D XVHU

X WKH OLQNV RQ LWV URXWH EHORQJ WR WKH VHW 5X� /LQN M LQ WKH QHWZRUN GRHV QRW

QHFHVVDULO\ FDUU\ DOO VHWV RI WUDpF FODVVHV N� 7KH FDSDFLW\ UHTXLUHPHQW GN RI

FODVV N LV UHSODFHG E\ DQ - E\ . PDWUL[ '� ,WV HOHPHQW GM�N LV HTXDO WR WKH

FDSDFLW\ UHTXLUHG E\ FODVV N RQ OLQN M� ,I FODVV�N WUDpF GRHV QRW XVH OLQN M�

WKHQ GM�N  �� 7KH VHW RI DGPLVVLEOH VWDWHV 6 LV DQDORJRXV WR HTXDWLRQ �����
6  I[ w � M '[ � &J�

ZKHUH&  �&�� ���� &-� LV WKH FDSDFLW\ UHVWULFWLRQ YHFWRU IRU WKH OLQNV� 6LPLODUO\�

WKH VHW 6�N�X� LV
6�N�X�  I[ � 6 M GM�[� HN�M�5X

� � &M��MJ�
ZKHUH GM  �GM�N�N ������. DQG �M�5X

LV WKH LQGLFDWRU IXQFWLRQ HTXDO WR RQH LI

M � 5X DQG ]HUR RWKHUZLVH�

&OHDUO\� EORFNLQJ RFFXUV RQ WKH URXWH� LI LW RFFXUV RQ DW OHDVW RQH OLQN RQ WKH

URXWH� &RQYHUVHO\� D FODVV�N FDOO RI XVHU X LV DGPLWWHG WR WKH QHWZRUN RQO\ LI

DIWHU WKH DGPLVVLRQ RI WKH FDOO� WKH FDSDFLW\ UHVWULFWLRQV RI DOO WKH OLQNV RQ WKH

URXWH 5X DUH VDWLVnHG�

7KH EORFNLQJ VWDWHV RI D QHWZRUN ZLWK WZR XVHUV DUH VKRZQ LQ nJXUH ���� 7KHUH

LV RQO\ RQH WUDpF FODVV UHTXLULQJ RQH XQLW RI FDSDFLW\� 7KH QHWZRUN LV D WUHH

W\SH QHWZRUN ZLWK WZR OLQNV ZLWK WKUHH XQLWV RI FDSDFLW\ FRPELQLQJ LQWR RQH OLQN

ZLWK IRXU XQLWV RI FDSDFLW\� 7KXV� WKH VWDWH VSDFH KDV WKUHH OLQHDU FRQVWUDLQWV�

7KH EORFNLQJ VWDWHV IRU WKH nUVW XVHU FODVV DUH GHQRWHG E\ D VPDOO FLUFOH DQG

WKH EORFNLQJ VWDWHV IRU WKH VHFRQG XVHU E\ D ODUJH FLUFOH�

��� $FFHVV 1HWZRUN DV DQ ([DPSOH

,Q D WUHH QHWZRUN� WKH VWDWH SUREDELOLWLHV RI WKH FRPPRQ OLQN DUH MRLQW SURED�

ELOLWLHV RI WKH LQGLYLGXDO VWDWH SUREDELOLWLHV DW WKH OHDI OLQNV DQG DUH FDOFXODWHG

��
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)LJXUH ���� %ORFNLQJ VWDWHV IRU WZR WUDpF FODVVHV LQ WKH QHWZRUN RQ WKH OHIW�

XVLQJ FRQYROXWLRQ� 7KH DFFHVV QHWZRUN LV XVHG DV DQ H[DPSOH RI D WUHH�W\SH

QHWZRUN WR VKRZ KRZ WKH MRLQW VWDWH SUREDELOLWLHV DUH FDOFXODWHG IRU WKH QHWZRUN

DQG KRZ WKH FDSDFLW\ UHVWULFWLRQV RI WKH OLQNV LQ WKH QHWZRUN DUH WDNHQ LQWR

DFFRXQW� 7KH DFFHVV QHWZRUN LV LQWURGXFHG KHUH LQ RUGHU WR OD\ WKH IRXQGDWLRQ

IRU WKH VWXG\ RI WUHH�VWUXFWXUHG PXOWLFDVW QHWZRUNV�

$VVXPLQJ D 3RLVVRQ DUULYDO SURFHVV� WKH VWDWH SUREDELOLWLHV IRU WKH OHDI OLQNV DUH

JLYHQ E\ HTXDWLRQ ������ 7KH FRQYROXWLRQ DQG WUXQFDWLRQ DUH WKHUHIRUH GRQH

IRU DQ DFFHVV QHWZRUN ZLWK SURGXFW IRUP VWDWH SUREDELOLWLHV�

7KH H[DPSOH QHWZRUN LV D KLHUDUFKLFDO QHWZRUN ZLWK WKUHH OHYHOV� IURP ULJKW

WR OHIW� ,Q WKH VHFRQG OHYHO� WUDpF IURP WKH nUVW OHYHO OLQNV DUH FRPELQHG DQG

RmHUHG WR WKH VHFRQG OHYHO OLQNV� 7KHVH OLQNV DUH FRPELQHG WR IRUP WKH ODVW

OLQN LQ WKH WKLUG OHYHO� FDOOHG WKH FRPPRQ OLQN� 6HH nJXUH ���� 7KH FDSDFLW\

UHVWULFWLRQV RI HDFK OLQN DUH WDNHQ LQWR DFFRXQW E\ WUXQFDWLQJ WKH VWDWH SUR�

EDELOLWLHV DW HDFK VWDJH� $V H[SODLQHG� WKH MRLQW VWDWH SUREDELOLWLHV DW D VWDJH

DUH FDOFXODWHG E\ FRQYROYLQJ WKH VWDWH SUREDELOLWLHV RI WKH SUHYLRXV VWDJH� 7KH

WUXQFDWHG MRLQW SUREDELOLW\ DW WKH FRPPRQ OLQN LV WKHQ WKH RYHUDOO MRLQW VWDWH

SUREDELOLW\ RI WKH DFFHVV QHWZRUN�

K K K KK

� � � ��

��
K K K

K K K

� � �

� � �

�

�

�

�

)LJXUH ���� +LHUDUFKLFDO DFFHVV QHWZRUN�

��
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7KH VWDWH SUREDELOLWLHV IRU HDFK nUVW OHYHO OLQN M � -�  I�� ���� -�J DUH FDO�
FXODWHG XVLQJ WKH XQQRUPDOL]HG VWDWH SUREDELOLWLHV LQ HTXDWLRQ ������ 7KH DO�

ORZHG VWDWHV RQ WKH OLQN DUH GHWHUPLQHG E\ WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN�

&KDQJLQJ VWDWH VSDFHV IURP WKH .�GLPHQVLRQDO VSDFH WR WKH RQH�GLPHQVLRQDO

OLQN RFFXSDQF\ VWDWH DQG GHnQLQJ WKH FRQYROXWLRQ RSHUDWRU l JLYHV

4
���
M �F�  

;
[cGM F

.<
N �

a{N�[N�  >
.2
N �

a{N@�F��

ZKHUH GM LV WKH FDSDFLW\ UHTXLUHPHQW YHFWRU IRU WKH nUVW VWDJH OLQN M � -� DQG
4
���
M LV WKH OLQN RFFXSDQF\ SUREDELOLW\ IRU OLQN M � -��

7DNLQJ WKH FDSDFLW\ UHVWULFWLRQ RI WKH nUVW OHYHO OLQNV LQWR DFFRXQW JLYHV

4
���
M �F�  

�!!�
!!�
>
.2
N �

a{N@�F� � LI F � &M�

� � RWKHUZLVH�

�����

7KH VWDWH SUREDELOLWLHV RmHUHG WR WKH VHFRQG OHYHO OLQN M � -� DUH D FRPELQDWLRQ
RI WKH VWDWH SUREDELOLWLHV RI WKH nUVW OHYHO OLQNV L � ,M WHUPLQDWLQJ DW OLQN M DQG
DUH FDOFXODWHG ZLWK WKH VDPH FRQYROXWLRQ RSHUDWRU� 7KH VWDWH SUREDELOLW\ RQ D

VHFRQG OHYHO OLQN M � -�

4
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M �F�  
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4
���
L @�F� � LI F � &M�

� � RWKHUZLVH�
�����

)LQDOO\� WKH DOORZHG VWDWH SUREDELOLWLHV LQ WKH FRPPRQ OLQN - DUH

4
���
- �F�  

�!�
!�
>
2
L�,-

4
���
L @�F� � LI F � &- �

� � RWKHUZLVH�
�����

:KHQ FDOFXODWLQJ WKH EORFNLQJ SUREDELOLW\ RI FODVV�N WUDpF IRU XVHU X� WKH

VXFFHVVLRQ RI FRQYROXWLRQV DQG FDSDFLW\ UHVWULFWLRQV KDYH WR EH UHSHDWHG LQ

RUGHU WR nQG WKH VWDWH VXP RI WKH VWDWHV WKDW DUH QRW EORFNHG� 7KH VWHSV KDYH

WR EH UHSHDWHG VWDUWLQJ IURP HTXDWLRQ ������ 7KH FDSDFLW\ UHVWULFWLRQ� WKDW

LV WKH WUXQFDWLRQ VWHS� LV WLJKWHU RQ WKH URXWH 5X� DV WKHUH PXVW EH HQRXJK

DYDLODEOH FDSDFLW\ WR DFFHSW D QHZ FODVV�N FDOO� 7KH FDSDFLW\ UHVWULFWLRQ WR

EH VDWLVnHG KDV WKH IRUP F � &M b GM�N� IRU M � 5X DQG M  �� ���� -L� IRU

L  �� � RU M  - � 2WKHUZLVH� WKH VWHSV DUH LGHQWLFDO WR WKH RQHV LQ HTXDWLRQV

����� WKURXJK ������

7KH VWDWH SUREDELOLWLHV A4
�L�
M �F� IRU M  �� ���� -L DW HDFK VWDJH L  �� �� � IRU WKH

VWDWHV WKDW DUH QRW EORFNHG LQ WHUPV RI WKH DJJUHJDWH VWDWH VSDFH DUH

��
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A4
���
M �F�  

�!!!!!!�
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N �

a{N@�F� � LI F � &M b GM�N DQG M � 5X�

4
���
M �F� � LI M  � 5X�

� � RWKHUZLVH�

A4
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A4���L @�F� � LI F � &M b GM�N DQG M � 5X�

4
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M �F� � LI M  � 5X�

� � RWKHUZLVH�

A4
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- �F�  
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>
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L�,-

A4
���
L @�F� � LI F � &- b G-�N�

� � RWKHUZLVH�

7KH WUXQFDWHG VWDWH SUREDELOLWLHV DW WKH FRPPRQ OLQN IRU WKH EORFNLQJ DQG DG�

PLVVLEOH VWDWHV� A4
���
- �F� DQG 4

���
- �F� UHVSHFWLYHO\� DUH WKH MRLQW VWDWH SUREDELOLWLHV

RI DOO OLQNV LQ WKH QHWZRUN� ZLWK WKH FDSDFLW\ UHVWULFWLRQV WDNHQ LQWR DFFRXQW�

7KH VWDWH SUREDELOLWLHV DUH WKHUHIRUH WKH VWDWH SUREDELOLWLHV RI WKH QHWZRUN DQG

LQVHUWLQJ WKHP LQWR HTXDWLRQ ����� JLYHV WKH HQG�WR�HQG EORFNLQJ SUREDELOLW\

IRU FODVV�N WUDpF DQG XVHU X LQ WKH DFFHVV QHWZRUN�

%W
�N�X�  �b

&-bG-�N;
F �

A4
���
- �F�

&-;
F �

4
���
- �F�

 

&-;
F &-bG-�N��

A4
���
- �F�

&-;
F �

4
���
- �F�

�

,Q WKH SUHYLRXV H[DPSOH� WKH FDSDFLW\ QHHGHG WR WUDQVSRUW FODVV�N WUDpF GH�

SHQGHG RQ WKH QXPEHU RI FDOOV LQ WKH QHWZRUN� 7KH FDSDFLW\ UHTXLUHG WR WUDQV�

SRUW WZR FODVV�N FDOOV ZDV GRXEOH WKH FDSDFLW\ UHTXLUHG WR WUDQVSRUW RQH FDOO RI

WKH VDPH WUDpF FODVV� DV LV LQGLFDWHG E\ WKH FRQVWUDLQW LQ H�J� HTXDWLRQ ������

)RU PXOWLFDVW WUDpF� WKH SUREOHP DQG FDOFXODWLRQ RI EORFNLQJ SUREDELOLWLHV DUH

GLmHUHQW� VLQFH WKHUH DUH RQO\ WZR SRVVLEOH VWDWHV� LGOH RU DFWLYH�

��� 7KH 5HGXFHG /RDG $SSUR[LPDWLRQ �5/$�

7KH 5/$ LV DQ DSSUR[LPDWH PHWKRG� ZKHUH WKH EORFNLQJ SUREDELOLWLHV DUH FDO�

FXODWHG E\ DVVXPLQJ WKDW EORFNLQJ SUREDELOLWLHV LQ HDFK QHWZRUN OLQN LV LQGH�

SHQGHQW� 7KH WUDpF RmHUHG WR WKH OLQN LQ TXHVWLRQ LV WKLQQHG E\ WKH SUREDELOLW\

��



&+$37(5 �� /RVV 1HWZRUNV

WKDW WKH WUDpF LV EORFNHG RQ WKH RWKHU OLQNV RI WKH URXWH� 8QGHU WKH DVVXPSWLRQ

RI LQGHSHQGHQFH� WKH SUREDELOLW\ WKDW EORFNLQJ GRHV QRW RFFXU LQ WKH QHWZRUN

LV VLPSO\ WKH SURGXFW RI WKH LQGLYLGXDO SUREDELOLWLHV IRU HDFK OLQN� 7KH 5/$

JLYHV ULVH WR D VHW RI n[HG�SRLQW HTXDWLRQV 7 �/�  /� ZKRVH VROXWLRQ / LV WKH

DSSUR[LPDWH EORFNLQJ SUREDELOLW\� 7KH PDWKHPDWLFV RI WKH 5/$�DOJRULWKP ZLOO

EH SUHVHQWHG IRU D VLQJOHVHUYLFH QHWZRUN ZLWK 3RLVVRQ DUULYDOV XVLQJ WKH (UODQJ

IRUPXOD �HTXDWLRQ ����� 7KH GHULYDWLRQV FDQ DOVR EH IRXQG LQ >��@�

����� 6LQJOHVHUYLFH 1HWZRUN

7KH EORFNLQJ SUREDELOLW\ RI FODVV�N WUDpF LQ D VLQJOHVHUYLFH OLQN M ZLWK FDSDFLW\

&M DQG WUDpF LQWHQVLW\ DN LV

(�
.;
N �

DN� &M�� �����

ZKHUH (�c� c� LV WKH (UODQJ IRUPXOD GHnQHG LQ HTXDWLRQ ������ 7KH VHW RI OLQNV
RQ WKH URXWH RI WUDpF FODVV N LV 5N� :KHQ EORFNLQJ RFFXUV� WKH WUDpF LQWHQVLW\

RmHUHG WR WKH OLQN M�
3.

N � DN� LV WKLQQHG GXH WR EORFNLQJ

/M  (�
.;
N �

DNWN�M�� &M�� ������

ZKHUH WN�M� GHQRWHV WKH SUREDELOLW\ WKDW WKH WUDpF LV QRW EORFNHG LQ WKH RWKHU

OLQNV RQ WKH URXWH� OLQNV EHORQJLQJ WR 5N b IMJ� 8QGHU WKH LQGHSHQGHQFH
DVVXPSWLRQ� WKLV LV

WN�M�  
<

L�5NbIMJ

��b /L�� ������

&RPELQLQJ HTXDWLRQV ������ DQG ������ JLYHV WKH n[HG�SRLQW HTXDWLRQ

/M  (�
.;
N �

DN
<

L�5NbIMJ

��b /L�� &M�� M  �� ���� -� ������

ZKRVH VROXWLRQ LV WKH DSSUR[LPDWH EORFNLQJ RQ DOO WKH OLQNV M RI WKH QHWZRUN�

8QGHU WKH LQGHSHQGHQFH DVVXPSWLRQ� WKH WRWDO EORFNLQJ SUREDELOLW\ RI FODVV�N

WUDpF LV

%N  �b
<
L�5N

��b /L�� ������

��
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����� 0XOWLVHUYLFH 1HWZRUN

)RU D PXOWLVHUYLFH QHWZRUN� WKH EORFNLQJ SUREDELOLWLHV DUH FDOFXODWHG XQGHU

WKH VDPH DVVXPSWLRQV� +RZHYHU� WKH (UODQJ IRUPXOD FDQQRW EH XVHG� DV WKH

FDSDFLW\ UHTXLUHPHQWV RI WKH WUDpF FODVVHV GLmHU� 6HH >��@ IRU WKH GHULYDWLRQ RI

WKH 5/$ n[HG�SRLQW HTXDWLRQ IRU D PXOWLVHUYLFH QHWZRUN�

��
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0XOWLFDVW 7UDpF 0RGHOV

7KH DGYDQWDJH RI XVLQJ PXOWLFDVW LV LWV EDQGZLGWK VDYLQJ QDWXUH� 7KH WRWDO

EDQGZLGWK QHHGHG IRU WUDQVPLVVLRQ LV FRQVWDQW DQG GRHV QRW GHSHQG RQ WKH

QXPEHU RI XVHUV UHTXHVWLQJ WKH WUDQVPLVVLRQ� $IWHU UHYLHZLQJ VRPH UHODWHG

ZRUN RQ PXOWLFDVW PRGHOV LQ VHFWLRQ ���� WZR PXOWLFDVW PRGHOV >�@ DQG >��@

DUH VWXGLHG LQ GHSWK� 7KH PRGHO E\ &KDQ DQG *HUDQLRWLV >�@ SUHVHQWHG LQ

VHFWLRQ ��� LV D PXOWLSRLQW�WR�PXOWLSRLQW PRGHO IRU D QHWZRUN ZLWK VXEVFULSWLRQV

DUULYLQJ IURP VLQJOH XVHUV� &KDQ DQG *HUDQLRWLV JLYH D FORVHG IRUP H[SUHVVLRQ

IRU WKH WLPH EORFNLQJ SUREDELOLW\ LQ WKH QHWZRUN� EXW XVH 5/$ IRU QXPHULFDO

FDOFXODWLRQV� 7KH PRGHO E\ .DUYR HW DO� >��@ UHYLHZHG LQ VHFWLRQ ��� LV D SRLQW�

WR�PXOWLSRLQW PRGHO IRU D QHWZRUN� ZLWK VXEVFULSWLRQV DUULYLQJ IURP DQ LQnQLWH

XVHU SRSXODWLRQ� .DUYR HW DO� JLYH H[DFW VROXWLRQV IRU EORFNLQJ SUREDELOLWLHV

IRU WKH VSHFLDO FDVH RI DOO EXW RQH OLQN LQ WKH QHWZRUN KDYLQJ LQnQLWH FDSDFLW\�

)RU WKH QHWZRUN ZLWK PRUH WKDQ RQH OLQN KDYLQJ nQLWH FDSDFLW\� WKH\ XVH 5/$

DV ZHOO >��@� ,Q FKDSWHU � WKH PRGHO E\ .DUYR HW DO� LV H[WHQGHG DQG DQ H[DFW

DOJRULWKP IRU FDOFXODWLQJ FDOO DQG FKDQQHO EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN

ZLWK DQ DUELWUDU\ QXPEHU RI nQLWH OLQNV LV JLYHQ�

��
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��� 5HODWHG :RUN RQ 0XOWLFDVW 5RXWLQJ�

$GPLVVLRQ &RQWURO� DQG %ORFNLQJ

3UREDELOLW\

0XOWLFDVW QHWZRUNV DQG WKHLU PRGHOLQJ DUH WRSLFV WKDW KDYH GUDZQ PXFK DW�

WHQWLRQ LQ WKH SDVW IHZ \HDUV� 0RVW RI WKH UHVHDUFK VHHPV WR WDFNOH PXOWLFDVW

URXWLQJ TXHVWLRQV DQG WKH DGDSWDWLRQ RI $70 WR PXOWLFDVWLQJ� 'LRW HW DO�

JLYH D JRRG RYHUYLHZ RI PXOWLFDVW DQG PXOWLSRLQW FRPPXQLFDWLRQV LQ >�@� 6H�

PHULD DQG 0DXIHU KDYH ZULWWHQ WKH ?,QWURGXFWLRQ WR ,3 0XOWLFDVW 5RXWLQJ

ORFDWHG RQ WKH ,QWHUQHW >��@� 7KH SDSHU GHDOV ZLWK URXWLQJ DOJRULWKPV DQG

WKHLU LPSOHPHQWDWLRQ LQ ,3� 7KH SDSHU E\ %DJZHOO� 0F'HDUPDQ� DQG 0DUORZ

>�@ FRPSDUHV $70�PXOWLFDVW WR ,3�PXOWLFDVW DQG VHUYHV DV D JRRG LQWURGXF�

WLRQ WR VRPH SUREOHPV WKDW IDFHG $70�PXOWLFDVW D IHZ \HDUV DJR� *XDUHQH HW

DO� >�@ SURSRVH WZR PHFKDQLVPV WR RYHUFRPH WKHVH GLpFXOWLHV� 7KHVH DUWLFOHV

VHUYH DV D JRRG LQWURGXFWLRQ WR ,3 DQG $70�PXOWLFDVW� 1HZ PXOWLFDVW URXWLQJ

SURWRFROV DUH DOVR EHLQJ GHYHORSHG FRQVWDQWO\� DQG D QXPEHU RI DUWLFOHV FDQ EH

IRXQG RQ WKH VXEMHFW�

%ORFNLQJ SUREDELOLWLHV DQG DGPLVVLRQ FRQWURO SUREOHPV KDYH DOVR EHHQ LQYHVWL�

JDWHG� +RZHYHU� D YDULHW\ RI GLmHUHQW PXOWLFDVW PRGHOV DQG EORFNLQJ SUREDEL�

OLW\ PRGHOV DUH XVHG� 7KH SDSHUV FDQ EH GLYLGHG LQWR D IHZ PDLQ FDWHJRULHV�

0DLQO\� WKH UHVHDUFK KDV EHHQ IRFXVHG RQ EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW

FDSDEOH VZLWFKHV� .LP >��@ VWXGLHV EORFNLQJ SUREDELOLWLHV LQ D PXOWLUDWH PXO�

WLFDVW VZLWFK� 7KUHH VWDJH VZLWFKHV DUH VWXGLHG E\ <DQJ DQG :DQJ >��@ DQG

/LVWDQWL DQG 9HOWUL >��@� 6WDVLDN DQG =ZLHU]\NRZVNL >��@ VWXG\ EORFNLQJ LQ DQ

$70 QRGH ZLWK PXOWLFDVW VZLWFKLQJ QRGHV FDUU\LQJ GLmHUHQW PXOWL�UDWH WUDpF�

XQLFDVW DQG PXOWLFDVW� XVLQJ .DXIPDQ�5REHUWV UHFXUVLRQ DQG 5HGXFHG�/RDG

$SSUR[LPDWLRQ� $GPLVVLRQ FRQWURO DOJRULWKPV DUH VWXGLHG LQ >��@�

7KH SDSHU E\ $OPHURWK DQG $PPDU >�@ LQYHVWLJDWHV PXOWLFDVW JURXS EHKDYLRU

LQ WKH 0%RQH� )URP WKLV GDWD� WKH\ FRQFOXGH WKDW LQWHUDUULYDO WLPHV DUH H[SR�

QHQWLDOO\ GLVWULEXWHG ZKLOH JURXS PHPEHUVKLS GXUDWLRQ WLPHV DUH H[SRQHQWLDOO\

GLVWULEXWHG IRU VPDOO QHWZRUNV DQG =LSI GLVWULEXWHG IRU ODUJHU QHWZRUNV� 7KH

VWXG\ RI LQWHUVHVVLRQ GDWD VXJJHVWV WKDW VLPXOWDQHRXV VHVVLRQV� ZKHUH D XVHU

VXEVFULEHV WR PRUH WKDQ RQH FKDQQHO� RFFXU� EXW QRW IUHTXHQWO\�

7KH PXOWLFDVW QHWZRUNV DQG PRGHOV LQ WKLV SDSHU RULJLQDWH IURP WKH WHOHFRP�

PXQLFDWLRQ HQYLURQPHQW� 0XOWLFDVW LV DOVR XVHG LQ SDUDOOHO FRPSXWLQJ DSSOL�

��
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FDWLRQV� VXFK DV WKH SDUDOOHO DOJRULWKP IRU WKH )DVW )RXULHU 7UDQVIRUP �))7�

DQG ZULWH XSGDWH�LQYDOLGDWH LQ GLUHFWRU\ EDVHG FDFKH FRKHUHQFH SURWRFROV� 7KH

SDSHU E\ <DQJ >��@ GLVFXVVHV PXOWLFDVW IRU SDUDOOHO FRPSXWLQJ DSSOLFDWLRQV�

7ZR PRGHOV GHVHUYH D FORVHU ORRN LQWR� 7KH FRUH RI WKLV VWXG\ LV EDVHG RQ

WKH PRGHO E\ .DUYR HW DO� >��@ SUHVHQWHG LQ VHFWLRQ ���� $ VLPLODU� EXW PRUH

JHQHUDO PRGHO KDV EHHQ JLYHQ E\ &KDQ DQG *HUDQLRWLV >�@ DQG LV SUHVHQWHG LQ

WKH IROORZLQJ VHFWLRQ�

��� /D\HUHG 9LGHR 7UDQVPLVVLRQ 0RGHO IRU D

0XOWLFDVW 1HWZRUN

&KDQ DQG *HUDQLRWLV >�@ H[SORUH WKH WUDGHRm EHWZHHQ EORFNLQJ DQG GURSSLQJ LQ

PXOWLFDVW QHWZRUNV� 7KH PRGHO LV EDVHG RQ WZR PDLQ FKDUDFWHULVWLFV RI YLGHR

WUDQVPLVVLRQ LQ D PXOWLFDVW QHWZRUN� UHFHLYHUV VKDUH SDUW RI WKH FRQQHFWLRQV

DQG D VRXUFH PD\ WUDQVPLW YLGHR VLJQDOV DW WKH VDPH WLPH WR D JURXS RI UH�

FHLYHUV ZLWK GLmHUHQW UHFHLYLQJ FDSDELOLWLHV DQG�RU UHTXLUHPHQWV� 7KH PRGHO

LV WKHUHIRUH EDVHG RQ VXEEDQG FRGLQJ� 6XEEDQG FRGLQJ LV XVHG WR HQFRGH D

VLJQDO LQWR VHYHUDO OD\HUV HDFK FRQWDLQLQJ D SDUW RI WKH LQIRUPDWLRQ� 7KH ORZHVW

OD\HU FRQWDLQV HVVHQWLDO LQIRUPDWLRQ IRU WUDQVPLWWLQJ D ORZ TXDOLW\ YHUVLRQ RI

WKH YLGHR VLJQDO� +LJKHU OD\HUV DGG LQIRUPDWLRQ WR WKH VLJQDO� $V ORQJ DV DOO

WKH ORZHU OHYHO VLJQDOV DUH UHFHLYHG� D KLJKHU OD\HU DGGV WR WKH UHVROXWLRQ RI WKH

VLJQDO�

(DFK QRGH LQ WKH QHWZRUN PD\ EH D VRXUFH DQG�RU D XVHU� UHVXOWLQJ LQ D

PXOWLSRLQW�WR�PXOWLSRLQW PRGHO� 7KH FRQQHFWLRQ EHWZHHQ D XVHU QRGH DQG

D VRXUFH QRGH LV FDOOHG D SK\VLFDO SDWK S � 3� 7KH XVHUV DUH GLYLGHG LQWR
FODVVHV W � 7 DFFRUGLQJ WR WKH OHYHO RI YLGHR VLJQDO WKH\ UHTXHVW� &ODVV � LV

WKH KLJKHVW FODVV RI VHUYLFH DQG WKHUHIRUH IRU FODVV W � ~ � W LV VDLG WR EH D

VXSHUVHW RI ~ � %W LV WKH EDQGZLGWK UHTXLUHG E\ D FODVV W YLGHR VLJQDO DQG V � 6
LV WKH YLGHR VRXUFH� 7KH WULSOHW SK\VLFDO SDWK� FODVV� DQG YLGHR VRXUFH GHnQH

WKH ORJLFDO SDWK �S� V� W�� ,Q D PXOWLFDVW FRQQHFWLRQ� WKH VWDWH RI WKH ORJLFDO

SDWK LV QSVW � I�� �J� 7KH XVHU PRGHO LV D nQLWH SRSXODWLRQ PRGHO� ZKHUH HDFK
XVHU� HTXLYDOHQW WR D ORJLFDO SDWK� LV PRGHOHG E\ D WZR VWDWH 0DUNRY PRGHO�

ZLWK WUDQVLWLRQ UDWH DSVW IURP WKH Rm�VWDWH WR WKH RQ�VWDWH DQG UDWH ESVW IURP

WKH RQ�VWDWH WR WKH Rm�VWDWH� 7KH DFWLYLW\ IDFWRU GHnQHG DV WKH SUREDELOLW\

��
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3 �QSVW  �� WKDW WKH ORJLFDO SDWK LV DFWLYH LV

|SVW  
DSVW

DSVW � ESVW
�

7KH VWDWHV RI WKH ORJLFDO SDWK DUH H[SUHVVHG ZLWK WKH KHOS RI WKUHH YHFWRUV

QSV  �QSVW� W � 7 �� QV  �QSV� S � 3�� DQG Q  �QV� V � 6�� 7KH VHW RI QHWZRUN
OLQNV LV GHQRWHG E\ /�

&KDQ DQG *HUDQLRWLV DOVR GHnQH WKH VWDWH LV RI WKH VRXUFH WKDW GHWHUPLQHV WKH

UDWH DW ZKLFK WKH YLGHR VLJQDO LV WUDQVPLWWHG� 7KH PRGHO RI WKH VRXUFH LV D

�0 � ���VWDWH FRQWLQXRXV�WLPH 0DUNRY FKDLQ� JLYHQ LQ DQ HDUOLHU SDSHU >�@ E\

&KDQ DQG *HUDQLRWLV� 7KLV VWDWH LV KRZHYHU XVHG LQ WKH FDOFXODWLRQ RI GURSSLQJ

SUREDELOLWLHV DQG LV QRW QHHGHG IRU WKH IRUPXODWLRQ RI EORFNLQJ SUREDELOLWLHV�

7KH VWHDG\ VWDWH SUREDELOLW\ LV JLYHQ E\

3 �Q�  
�

*Q�F�

M6M<
V �

<
S�3

M7 M<
W �

rDSVW
ESVW

sQSVW
�

*Q�F�  
;
lQ�F�

M6M<
r �

<
T�3

M7 M<
~ �

rDTr~
ETr~

sQTr~
�

lQ�F�  
|
Q M � �

M6M;
r �

PD[
T�3O
~�7

I%Tr~ c ,�QTr~  ��J � FO��O � /
}
�

$ UHTXHVW WR VHW XS D ORJLFDO SDWK �Se� Ve� We� LV UHMHFWHG LI WKH ORZHU OHYHOV DUH

Rm DQG WKHUH LV QRW HQRXJK FDSDFLW\ RQ WKH OLQN WR WXUQ WKH ORJLFDO SDWK RQ�

,Q RWKHU ZRUGV��!!�
!!�

QSeVeW  � � �W � We

M6M;
V �

PD[
S�3O
W�7

I%SVW c ,�Q�SVW  ��J ! FO � IRU VRPH O � /�

ZKHUH

Q�SVW  

�
� � LI V  Ve� S  Se� W  We

QSVW � RWKHUZLVH�

$OO Q VDWLVI\LQJ WKH DERYH FRQGLWLRQV EHORQJ WR WKH VHW le�F�� 7KH WLPH EORFNLQJ

SUREDELOLW\ RI WKH ORJLFDO SDWK �Se� Ve� We� LV JLYHQ E\

3%SeVeWe  
;
le�F�

3 �Q��

7KH DXWKRUV GR QRW XVH WKH PRGHO GHULYHG WR FDOFXODWH WKH EORFNLQJ SUREDEL�

OLWLHV RI WKH PXOWLFDVW QHWZRUN� DV SURKLELWLYH FRPSXWDWLRQDO HmHFWV ZRXOG EH

UHTXLUHG� ,QVWHDG� WKH\ XVH WKH 5HGXFHG /RDG $SSUR[LPDWLRQ�

��
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����� 7KH 5/$ $OJRULWKP 8VHG E\

&KDQ DQG *HUDQLRWLV

/HW ; GHQRWH WKH EDQGZLGWK XVHG E\ VRXUFH V � 6O RQ OLQN O� WKHQ WKH SURED�

ELOLW\ WKDW %W XQLWV RI EDQGZLGWK DUH DOORFDWHG LV

3 �;  %W�  
Q <
T�3O

<
~�W

��b |TVW�
R
c
Q
�b <

T�3O

��b |TVW�
R
� �����

7KH EDQGZLGWK LV DOORFDWHG� LI DOO ORJLFDO SDWKV UHTXLULQJ D KLJKHU FODVV RI

VHUYLFH DUH LGOH DQG DW OHDVW RQH ORJLFDO SDWK RQ WKH SK\VLFDO SDWK T � 3O

ZLWK WKH VDPH FODVV RI VHUYLFH LV DFWLYH� 7KH EDQGZLGWK DORQJ OLQN O� XVHG

E\ DOO RWKHU VRXUFHV H[FOXGLQJ VRXUFH V� LV GHnQHG LQ D VLPLODU IDVKLRQ DQG LV

GHQRWHG E\ < � 7KHQ WKH MRLQW SUREDELOLW\� E\ DVVXPSWLRQ RI LQGHSHQGHQF\� LV

3 �;� < �  3 �;�3 �< ��

7KH EORFNLQJ SUREDELOLW\ LV WKHQ

/%
�W�
OV  

%Wb�;
; �

FOb;;
< FOb%W��

3 �;� < �

%�;
; �

FOb;;
< �

3 �;�< �

�

7KH UHGXFHG ORDG LV WKH SUREDELOLW\ WKDW WKH ORJLFDO SDWK LV DFWLYH DQG QRW

EORFNHG�

|�SVW  |SVW c
<

M�S�M� O

��b /%
�W�
MV ��

,Q WKH QXPHUDWRU WKH VXP
3%Wb�

; � LV GXH WR WKH UHTXLUHPHQW WKDW WKH FODVV RI

VHUYLFH W LV Rm� 7KLV FRUUHVSRQGV WR RWKHU VRXUFHV UHTXLULQJ EDQGZLGWK PRUH

WKDQ FO b %W� KHQFH WKH VXP
3FOb;

< FOb%Wb�� ,Q WKH GHQRPLQDWRU DOO SRVVLEOH

EDQGZLGWK DOORFDWLRQV LQ UHVSHFW WR WKH FDSDFLW\ FO DYDLODEOH RQ WKH OLQN DUH

FRQVLGHUHG� 7KH UHVXOWLQJ EORFNLQJ SUREDELOLW\ LV WKH WLPH EORFNLQJ SUREDELOLW\�

��� $0XOWLFDVW 7UDpF0RGHO IRU D 6LQJOH /LQN

,Q WKLV VHFWLRQ� ZH UHYLHZ WKH SRLQW�WR�PXOWLSRLQW PRGHO IRU D G\QDPLF PXO�

WLFDVW QHWZRUN ZLWK DQ LQnQLWH XVHU SRSXODWLRQ SUHVHQWHG E\ .DUYR HW DO� LQ

>��@�

��
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$ VLQJOH VRXUFH RmHUV D YDULHW\ RI FKDQQHOV� EHORQJLQJ WR WKH VHW ,� 6XEVFULS�
WLRQV WR FKDQQHO L � ,  I�� ���� ,J DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV ZLWK
LQWHQVLW\ wL� 7KH FKDQQHO L LV FKRVHQ LQGHSHQGHQWO\ DFFRUGLQJ WR D SUHIHUHQFH

GLVWULEXWLRQ mL�

mL  
S��b S�Lb�

�b ��b S�,
� �����

7KH RmHUHG WUDpF LQWHQVLW\ IRU D PXOWLFDVW FKDQQHO L LV WKHQ DL  wL xL  

mLw xL� ZKHUH � xL LV WKH DYHUDJH KROGLQJ WLPH RI FKDQQHO L DQG LV JHQHUDOO\

GLVWULEXWHG� ,W LV VKRZQ LQ >��@ WKDW LQ D PXOWLFDVW QHWZRUN ZLWK DOO OLQNV

KDYLQJ LQnQLWH FDSDFLW\� WKH GLVWULEXWLRQ RI WKH QXPEHU RI XVHUV VLPXOWDQHRXVO\

FRQQHFWHG WR FKDQQHO L LQ D OLQN LV WKH TXHXH OHQJWK GLVWULEXWLRQ RI D 0 * �
TXHXH ZLWK RmHUHG WUDpF LQWHQVLW\ DL� 7KH SUREDELOLW\ RI KDYLQJ FKDQQHO L RQ

LV WKHUHIRUH WKH SUREDELOLW\ WKDW DW OHDVW RQH XVHU VXEVFULEHV WR FKDQQHO L�

SL  �b HbDL  
7
���
L�RQ

7
���
L�RQ � 7

���
L�Rm

� �����

7KH RQ DQG Rm WLPHV RI D FKDQQHO DUH GLVWULEXWHG DV WKH EXV\ DQG LGOH SHULRGV�

UHVSHFWLYHO\� RI D 0�*�� TXHXH� ZLWK PHDQ

7
���
L�RQ  

HDL b �
wL

�

7
���
L�Rm  wL

b��

0XOWLFDVW WUDpF LV FKDUDFWHUL]HG E\ LWV RQ�Rm QDWXUH� $OO FDOOV WKDW DUULYH ZKHQ

WKH FKDQQHO LV WXUQHG RQ� DUH DFFHSWHG DQG WUDQVIHUUHG ZLWK QR LQFUHDVH LQ WKH

UHTXLUHG FDSDFLW\� $ FDOO WKDW DUULYHV ZKHQ WKH FKDQQHO LV Rm LQ DQ LQnQLWH OLQN�

WXUQV WKH FKDQQHO RQ DQG LQFUHDVHV WKH RFFXSLHG FDSDFLW\ RI WKH OLQN�

:KHQ WKH OLQN FDSDFLW\ LV UHVWULFWHG� EORFNLQJ RFFXUV� 7R FDOFXODWH WKHVH EORFN�

LQJ SUREDELOLWLHV� .DUYR HW DO� >��@ KDYH FRQVLGHUHG WKH RQH OLQN FDVH� ZKHUH

RWKHU OLQNV LQ WKH QHWZRUN KDYH LQnQLWH FDSDFLW\� 7KH EORFNLQJ SUREDELOLW\ LV

GLYLGHG LQWR WKUHH W\SHV� FKDQQHO EORFNLQJ %F
L � FDOO EORFNLQJ E

F
L DQG WLPH EORFN�

LQJ EWL� 7KH FKDQQHO EORFNLQJ SUREDELOLW\ LV WKH SUREDELOLW\ WKDW DQ DWWHPSW

WR WXUQ FKDQQHO L RQ IDLOV GXH WR WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN� &KDQQHO

EORFNLQJ FDQ WKHUHIRUH RFFXU RQO\� LI WKH FKDQQHO LV LQ WKH Rm VWDWH� &DOO EORFN�

LQJ RFFXUV ZKHQ D XVHU LV QRW DEOH WR VXEVFULEH WR FKDQQHO L� &DOO DQG FKDQQHO

EORFNLQJ DUH GLmHUHQW DV D VXEVFULSWLRQ WR D FKDQQHO LV DOZD\V DFFHSWHG LI WKH

FKDQQHO LV DFWLYH� 7KH WLPH EORFNLQJ SUREDELOLW\ %W
L ZDV RULJLQDOO\� LQ WKH SDSHU

E\ .DUYR HW DO�� GHnQHG DV WKH SUREDELOLW\ WKDW DW OHDVW & b FL � � FDSDFLW\

��
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XQLWV RI WKH OLQN DUH RFFXSLHG DW DQ DUELWUDU\ LQVWDQW� 7KH SUREDELOLW\ WKDW

DW OHDVW & b FL � � FDSDFLW\ XQLWV DUH RFFXSLHG ZKHQ WKH FKDQQHO LV Rm LV WKH

DFWXDO WLPH EORFNLQJ SUREDELOLW\ LQ D PXOWLFDVW OLQN DQG LV GHQRWHG E\ EWL� 7KH

FDSDFLW\ UHTXLUHPHQW RI FKDQQHO L LV GHQRWHG E\ FL�

8VLQJ WKH DERYH GHnQLWLRQV WKH FDOO EORFNLQJ SUREDELOLW\ RI FKDQQHO L LV

EFL  
wL7L�Rm b �

wL7L�RQ � wL7L�Rm
� �����

7KH PHDQ QXPEHU RI IDLOHG DWWHPSWV WR VXEVFULEH WR WKH FKDQQHO GXULQJ DQ

RQ�Rm�F\FOH LV wL7L�Rm b �� DV WKH ODVW FDOO DUULYLQJ GXULQJ WKH Rm�SHULRG LV

DFFHSWHG� 7KH WLPH WKH FKDQQHO LV LQ WKH Rm VWDWH LQFUHDVHV� DV EORFNLQJ RFFXUV�

7KH IUHTXHQF\ RI DFFHSWHG FDOOV LQ WKH Rm VWDWH LV wL��b%F
L �� %

F
L GHQRWLQJ WKH

FKDQQHO EORFNLQJ SUREDELOLW\ RI FKDQQHO L� 7KH Rm�SHULRG RI FKDQQHO L LV WKXV

7L�Rm  
�

wL��b%F
L �
� �����

2QFH WKH FKDQQHO LV WXUQHG RQ� DOO FDOOV DUH DFFHSWHG DQG QR EORFNLQJ RFFXUV�

7KH DYHUDJH WLPH WKH FKDQQHO LV RQ LV WKHUHIRUH WKH VDPH DV WKH DYHUDJH RQ�

SHULRG IRU DQ LQnQLWH OLQN

7L�RQ  7
���
L�RQ  

HDL b �
wL

� �����

(TXDWLRQ ����� FDQ DOVR EH H[SUHVVHG DV D IXQFWLRQ RI SL HTXDWLRQ ������ 7KH

SUREDELOLW\ WKDW FKDQQHO L LV DFWLYH LQ DQ LQnQLWH FDSDFLW\ V\VWHP LV

7L�RQ  
SL

��b SL�wL
� �����

%\ FRPELQLQJ HTXDWLRQV ������ ������ DQG ������ WKH FDOO EORFNLQJ SUREDELOLW\

FDQ EH ZULWWHQ DV�

EFL  
%F
L

��b%L
F��H

DL b �� � �  
��b SL�%

F
L

�b SL%F
L

� �����

7KH HTXDWLRQ FRQnUPV WKDW FKDQQHO EORFNLQJ SUREDELOLW\ HTXDOV FDOO EORFNLQJ

SUREDELOLW\ XSRQ FRQGLWLRQ WKDW WKH FKDQQHO LV Rm� DV LQ WKH nQLWH V\VWHP WKH

SUREDELOLW\ WKDW WKH FKDQQHO LV Rm LV

7L�Rm
7L�RQ � 7L�Rm

 

�
wL��b%F

L
�

SL
��bSL�wL

� �
wL��b%F

L
�

 
�b SL
�b SL%

F
L

� �����

.DUYR HW DO� >��@ SURFHHG LQ GHULYLQJ DQ H[SUHVVLRQ IRU WKH FKDQQHO EORFNLQJ

SUREDELOLW\ %F
L RI FKDQQHO L� 7KH\ REVHUYH WKDW FKDQQHO EORFNLQJ LQ WKH RQH

��
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nQLWH OLQN FDVH LV HTXDO WR WKH FDOO EORFNLQJ LQ D FHUWDLQ JHQHUDOL]HG (QJVHW

V\VWHP� WKDW LV D 0 * & & , TXHXH� 7KXV WKH FKDQQHO EORFNLQJ SUREDELOLW\

%F
L LV HTXDO WR WKH WLPH EORFNLQJ SUREDELOLW\ %

W�L�
L LQ D V\VWHP ZKHUH FKDQQHO L

LV UHPRYHG� 7KH FKDQQHO EORFNLQJ SUREDELOLW\ LV

%F
L  %

W�L�
L  

3&
M &bFL�� {M

�L�3&
M � {M

�L�
� ������

ZKHUH {
�L�
M LV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ RI D V\VWHP ZLWK FKDQQHO L UH�

PRYHG�

$Q DOWHUQDWLYH ZD\ RI FDOFXODWLQJ WKH FDOO EORFNLQJ SUREDELOLW\ LV FDOFXODWLQJ

WKH WLPH EORFNLQJ SUREDELOLW\ RI WKH ZKROH V\VWHP�

EWL  

3&
M &bFL��

{M
�[L ��3&

M � {M
� ������

ZKHUH {M LV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ IRU DQ LQnQLWH V\VWHP DQG {
�[L ��
M

LV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ UHVWULFWHG WR WKH VWDWHV ZLWK FKDQQHO L Rm�

{
�[L ��
M  

;
[cF M�[L �

{�[�  ��b SL�{
�L�
M � ������

ZKHUH F  �FL� L � ,�� 7KH ODVW H[SUHVVLRQ VWHPV IURP WKH SURGXFW IRUP RI WKH
OLQN RFFXSDQF\ GLVWULEXWLRQ {M� 6LPLODUO\� WKH OLQN RFFXSDQF\ GLVWULEXWLRQ {M

LQ WHUPV RI WKH OLQN RFFXSDQF\ GLVWULEXWLRQ {
�L�
M LV

{M  ��b SL�{
�L�
M � SL{

�L�
MbFL� ������

%HFDXVH RI 3RLVVRQ DUULYDOV� WKH WLPH EORFNLQJ DQG WKH FDOO EORFNLQJ SUREDELOL�

WLHV IRU WKH ZKROH V\VWHP DUH HTXDO� 7KLV FDQ DOVR EH YHULnHG E\ LQYHVWLJDWLQJ

HTXDWLRQV ����� WKURXJK ������ DQG UHZULWLQJ WKH H[SUHVVLRQV IRU {
�[L ��
M DQG {M

ZLWK WKH KHOS RI HTXDWLRQV ������ DQG �������

EWL  

3&
M &bFL��

{M
�[L ��3&

M � {M

 
��b SL�

3&
M &bFL��

{M
�L�

��b SL�
3&

M � {
�L�
M � SL

3&bFL
M � {

�L�
M

 
��b SL�

3&
M &bFL�� {M

�L�

��b SL�
3&

M � {
�L�
M � SL�

3&
M � {

�L�
M b3&

M &bFLb�
{
�L�
M �

 
��b SL�%

F
L

�b SL � SL��b%F
L �
 
��b SL�%

F
L

�b SL%F
L

 EFL �

(TXDWLRQ ������ LV FRPSXWDWLRQDOO\ PRUH HpFLHQW ZKHQ FDOFXODWLQJ EORFNLQJ

SUREDELOLWLHV IRU GLmHUHQW WUDpF FODVVHV� DV WKH GHQRPLQDWRU GRHV QRW KDYH WR

EH FDOFXODWHG DQHZ IRU HDFK WUDpF FODVV�

��
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����� 7KH 5/$ $OJRULWKP 8VHG E\ .DUYR HW DO�

7KH FDOFXODWLRQ RI WKH HQG�WR�HQG EORFNLQJ SUREDELOLWLHV IRU D PXOWLFDVW QHWZRUN

ZDV GRQH LQ >��@ XVLQJ WKH 5/$�DOJRULWKP� ,QVWHDG RI WKH (UODQJ IRUPXOD�

HTXDWLRQ ����� LV XVHG IRU WKH FDOFXODWLRQ RI WKH EORFNLQJ SUREDELOLWLHV� 7KH

n[HG SRLQW HTXDWLRQ LV QRZ

/L
M  EFL�VM� F� &M�  

��b SL�VM��%
F
L �VM� F� &M�

�b SL�VM�%F
L �VM� F� &M�

� IRU L  �� ���� , DQG M  �� ���� -�

������

ZKHUH F  �FL� ���� F,� LV WKH FDSDFLW\ UHTXLUHPHQW YHFWRU� &M WKH FDSDFLW\ RI OLQN

M� DQG VM LV WKH WKLQQHG WUDpF LQWHQVLW\ YHFWRU VM  �VM��� ���� �VM�,��

VM�L  
;
X�8M

DX�L
<

N�5XbIMJ

��b /L
N�� ������

+HUH 8M LV WKH VHW RI XVHUV GRZQVWUHDP RI OLQN M� DX�L LV WKH WUDpF LQWHQVLW\

RmHUHG E\ XVHU SRSXODWLRQ X IRU FKDQQHO L� DQG 5X LV WKH VHW RI OLQNV RQ WKH

URXWH IURP WKH XVHU X WR WKH URRW�

:ULWLQJ HTXDWLRQ ������ LQ PDWUL[ IRUP JLYHV D n[HG SRLQW HTXDWLRQ 7 �/�  /

IRU /  �/L
M�� )RU D PXOWLVHUYLFH QHWZRUN� ZLWK GLmHUHQW FDSDFLW\ UHTXLUHPHQWV

IRU GLmHUHQW WUDpF FODVVHV� WKH VROXWLRQ LV QRW DOZD\V XQLTXH VHH >��@� 6ROYLQJ

WKH n[HG SRLQW HTXDWLRQ JLYHV WKH FDOO EORFNLQJ SUREDELOLW\ IRU HDFK LQGLYLGXDO

OLQN LQ WKH QHWZRUN� 8QGHU WKH LQGHSHQGHQFH DVVXPSWLRQ� WKH EORFNLQJ RI WKH

WUDpF FODVV GHQRWHG E\ WKH XVHU X DQG FKDQQHO L LV

EFX�L  �b
<

N�5X

��b /L
N��

��



&KDSWHU �

$ 1HZ 0XOWLFDVW 1HWZRUN

0RGHO

7KH SDSHUV SUHVHQWHG LQ WKH SUHYLRXV FKDSWHU JDYH DSSUR[LPDWH DOJRULWKPV IRU

FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN� $OWKRXJK &KDQ DQG *HUDQLRWLV

ZHUH DEOH WR JLYH D FORVHG IRUP H[SUHVVLRQ IRU WLPH EORFNLQJ SUREDELOLWLHV LQ D

PXOWLSRLQW�WR�PXOWLSRLQW QHWZRUN� SURKLELWLYH FRPSXWDWLRQDO HmHFWV UHTXLUHG

WKH XVH RI 5/$�

,Q WKLV FKDSWHU� WKH SRLQW�WR�PXOWLSRLQW PRGHO E\ .DUYR HW DO�� ZLWK LQnQLWH

XVHU SRSXODWLRQV VXEVFULELQJ WR WKH QHWZRUN� LV XVHG WR IRUPXODWH DQ H[DFW DO�

JRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ D QHWZRUN ZLWK PRUH WKDQ RQH

OLQN KDYLQJ nQLWH FDSDFLW\� ,QFOXGLQJ RQO\ RQH VRXUFH LQ WKH PRGHO� DOORZV IRU

WKH IRUPXODWLRQ RI WKH DOJRULWKP� 7KH DOJRULWKP LV EDVHG RQ WKH ZHOO�NQRZQ

DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DF�

FHVV QHWZRUNV SUHVHQWHG LQ VHFWLRQ ���� 7KH UHVRXUFH VKDULQJ RI PXOWLFDVW FRQ�

QHFWLRQV UHTXLUHV WKH PRGLnFDWLRQ RI WKH DOJRULWKP E\ XVLQJ D QHZ W\SH RI

FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� 7KH DOJRULWKP DSSOLHV WR WUHH�W\SH QHWZRUNV

ZLWK RQH VRXUFH QRGH RmHULQJ PXOWLVHUYLFH PXOWLFDVW WUDpF�

��� 1RWDWLRQ

7KH QRWDWLRQ XVHG WKURXJKRXW WKH UHVW RI WKLV VWXG\ LV DV IROORZV� 7KH VHW RI DOO

OLQNV LV GHQRWHG E\ - � /HW 8 | - GHQRWH WKH VHW RI OHDI OLQNV� 7KH OHDI OLQN DQG

XVHU SRSXODWLRQ EHKLQG WKH OHDI OLQN LV GHQRWHG E\ X � 8  I�� ���� 8J� 7KH VHW

��
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RI OLQNV RQ WKH URXWH IURP OHDI OLQN X WR WKH VRXUFH LV GHQRWHG E\ 5X� 7KH VHW

RI OLQNV GRZQVWUHDP OLQN M � - LQFOXGLQJ OLQN M LV GHQRWHG E\ 0M� ZKLOH WKH

VHW RI GRZQVWUHDP OLQNV WHUPLQDWLQJ DW OLQN M � - DUH GHQRWHG E\ 1M� 7KH VHW

RI XVHU SRSXODWLRQV GRZQVWUHDP OLQN M LV GHQRWHG E\ 8M� 7KH VHW RI FKDQQHOV

RmHUHG E\ WKH VRXUFH LV ,� ZLWK FKDQQHO L  �� ��� ,� /HW G  IGL� L � ,J� ZKHUH
GL LV WKH FDSDFLW\ UHTXLUHPHQW RI FKDQQHO L� +HUH LW LV DVVXPHG WKDW WKH FDSDFLW\

UHTXLUHPHQWV GHSHQG RQO\ RQ WKH FKDQQHO� EXW OLQN GHSHQGHQFLHV FRXOG DOVR EH

LQFOXGHG LQWR WKH PRGHO� 7KH FDSDFLW\ RI WKH OLQN M LV GHQRWHG E\ &M� 7KH

GLmHUHQW VHWV DUH VKRZQ LQ nJXUH ����
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)LJXUH ���� $Q H[DPSOH QHWZRUN WR VKRZ WKH QRWDWLRQ XVHG�

��� 1HWZRUN ZLWK ,QnQLWH /LQN &DSDFLWLHV

&RQVLGHU D QHWZRUN ZLWK DOO OLQNV KDYLQJ LQnQLWH FDSDFLW\� 6XEVFULSWLRQV WR

FKDQQHO L EHKLQG OHDI OLQN X DUULYH IURP DQ LQnQLWH XVHU SRSXODWLRQ DV IURP

D 3RLVVRQ SURFHVV ZLWK LQWHQVLW\ wX�L  mLwX� ZKHUH mL LV JHQHUDWHG IURP D

SUHIHUHQFH GLVWULEXWLRQ IRU FKDQQHO L DQG wX LV WKH DUULYDO LQWHQVLW\ IRU XVHU

SRSXODWLRQ X� 7KH FKDQQHO KROGLQJ WLPH LV DVVXPHG WR EH JHQHUDOO\ GLVWULEXWHG

ZLWK PHDQ � xL� 7KH WUDpF LQWHQVLW\ GHQRWHG E\ DX�L LV WKHQ� DX�L  mLwX xL�

/HW WKH SDLU �X� L� � 8 d , GHQRWH D WUDpF FODVV DOVR FDOOHG D FRQQHFWLRQ� 7KH

FRQQHFWLRQ VWDWH� ZKLFK PD\ EH Rm RU RQ� LV GHQRWHG E\ ;X�L � I�� �J� 7KH
VWDWH SUREDELOLW\ IRU D FRQQHFWLRQ� DFFRUGLQJ WR WKH 0 * � PRGHO� LV

{X�L�[X�L�  3 �;X�L  [X�L�  �SX�L�
[X�L��b SX�L�

�b[X�L �

ZKHUH SX�L  �b HbDX�L �

,Q WKH LQnQLWH OLQN FDSDFLW\ FDVH� DOO FRQQHFWLRQV DUH LQGHSHQGHQW RI HDFK RWKHU�

��



&+$37(5 �� $ 1HZ 0XOWLFDVW 1HWZRUN 0RGHO

)RU OHDI OLQN X� WKH VWDWH SUREDELOLW\ KDV D SURGXFW IRUP DQG LV

{X�[X�  3 �;X  [X�  
<
L�,

{X�L�[X�L�� �����

ZKHUH ;X  �;X�L� L � ,� � 6 LV WKH VWDWH YHFWRU IRU WKH OHDI OLQN� DQG 6  

I�� �J, GHQRWHV WKH OLQN VWDWH VSDFH�

7KH OHDI OLQN VWDWHV MRLQWO\ GHnQH WKH QHWZRUN VWDWH ;�

;  �;X� X � 8�  �;X�L� X � 8 � L � ,� � l� �����

ZKHUH l  I�� �J8d, GHQRWHV WKH QHWZRUN VWDWH VSDFH� )RU WKH ZKROH QHWZRUN�
WKH VWDWH SUREDELOLW\ LV

{�[�  3 �;  [�  
<
X�8

{X�[X��

DV HDFK XVHU SRSXODWLRQ LV LQGHSHQGHQW RI HDFK RWKHU�

��� 25�&RQYROXWLRQ

7KH OHDI OLQN VWDWH GLVWULEXWLRQV MRLQWO\ GHnQH WKH QHWZRUN VWDWH GLVWULEXWLRQ�

DV ZDV VKRZQ LQ WKH SUHYLRXV VHFWLRQ� ,Q RUGHU WR FDOFXODWH WKH OLQN VWDWH

GLVWULEXWLRQV LQ D WUHH�VWUXFWXUHG QHWZRUN D FRQYROXWLRQ RSHUDWLRQ LV QHHGHG�

7KH UHVRXUFH VKDULQJ FKDUDFWHULVWLF RI PXOWLFDVW WUDpF UHTXLUHV D QHZ W\SH RI

FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� &RQVLGHU WZR GRZQVWUHDP OLQNV V� W � 1Y

WHUPLQDWLQJ DW OLQN Y� ZKHUH V� W� Y � - � &KDQQHO L LV LGOH LQ OLQN Y LI LW LV LGOH

LQ ERWK OLQNV V DQG W DQG DFWLYH LQ DOO RWKHU FDVHV� ZKLFK LV HTXLYDOHQW WR WKH

ELQDU\ 25�RSHUDWLRQ� ,Q RWKHU ZRUGV� IRU \V�\W � 6

\Y  \V j \W � 6� �����

ZKHUH WKH YHFWRU RSHUDWRU j GHQRWHV WKH 25�RSHUDWLRQ WDNHQ FRPSRQHQWZLVH�

7KH 25�FRQYROXWLRQ� GHQRWHG E\ l� LV WKHQ WKH RSHUDWLRQ�

>IV l IW@�\Y�  
;

\Vj\W \Y

IV�\V�IW�\W�

GHnQHG IRU DQ\ GLVWULEXWLRQV IV DQG IW�

,Q D PXOWLFDVW OLQN� WKH OLQN VWDWH GHSHQGV RQ WKH XVHU VWDWHV GRZQVWUHDP WKH

OLQN� ,I D FKDQQHO LV LGOH LQ DOO OLQNV GRZQVWUHDP OLQN M LW LV Rm LQ OLQN M DQG LQ

��



&+$37(5 �� $ 1HZ 0XOWLFDVW 1HWZRUN 0RGHO

DOO RWKHU FDVHV WKH FKDQQHO LV DFWLYH� 7KH 25�RSHUDWLRQ RQ WKH QHWZRUN VWDWH

JLYHV WKH OLQN VWDWH <M  �<M�L� L � ,� � 6� M � - DV D IXQFWLRQ RI WKH QHWZRUN

VWDWH�

<M  JM�;�  
0
N�8M

;N�

6LPLODUO\� WKH 25�FRQYROXWLRQ RQ WKH QHWZRUN VWDWH GLVWULEXWLRQ JLYHV WKH OLQN

VWDWH GLVWULEXWLRQ� 7KXV� WKH VWDWH SUREDELOLW\� GHQRWHG E\ }M�\M�� IRU \M � 6�
LV HTXDO WR

}M�\M�  3 �<M  \M�  >
2
N�8M

{N@�\M�  

�!!�
!!�

{M�\M� � LI M � 8
>
2
N�1M

}N@�\M� � RWKHUZLVH �

:KHQ ;  [ WKH RFFXSLHG FDSDFLW\ RQ WKH OLQN M LV G c JM�[��

��� %ORFNLQJ 3UREDELOLWLHV LQ D 1HWZRUN ZLWK

)LQLWH /LQN &DSDFLWLHV

:KHQ WKH FDSDFLWLHV RI RQH RU PRUH OLQNV LQ WKH QHWZRUN DUH nQLWH� WKH VWDWH

VSDFHV GHnQHG DERYH DUH WUXQFDWHG DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQV� 7KH

QHWZRUN VWDWH ; GHnQHG LQ HTXDWLRQ ����� LV UHSODFHG E\ WKH WUXQFDWHG QHWZRUN

VWDWH a; � al� ZKHUH al GHQRWHV WKH WUXQFDWHG VWDWH VSDFH

al  I[ � l M G c JM�[� � &M��M � - J�

7KH LQVHQVLWLYLW\ >��@ DQG WUXQFDWLRQ SULQFLSOHV >�@ DSSO\ IRU WKLV SURGXFW IRUP

QHWZRUN� DQG IRU WKH WUXQFDWHG V\VWHP WKH VWDWH SUREDELOLWLHV RI WKH QHWZRUN

GLmHU RQO\ E\ WKH QRUPDOL]DWLRQ FRQVWDQW *�al�  
3
[�al {�[�� 7KH VWDWH SUR�

EDELOLWLHV RI WKH WUXQFDWHG V\VWHP DUH WKHUHIRUH

a{�[�  3 � a;  [�  
{�[�

*�al�
� IRU [ � al�

:KHQ WKH FDSDFLW\ RQ WKH OLQNV LV nQLWH� EORFNLQJ RFFXUV� 'XH WR 3RLVVRQ

DUULYDOV� WKH FDOO EORFNLQJ SUREDELOLW\ LV HTXDO WR WKH WLPH EORFNLQJ SUREDELOLW\

RI WKH V\VWHP� $ FDOO LQ WUDpF FODVV �X� L� LV EORFNHG LI WKHUH LV QRW HQRXJK

FDSDFLW\ LQ WKH QHWZRUN WR VHW XS WKH FRQQHFWLRQ� 1RWH WKDW� RQFH WKH FKDQQHO

LV DFWLYH RQ DOO OLQNV EHORQJLQJ WR WKH URXWH 5X RI XVHU SRSXODWLRQ X� QR H[WUD

��
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FDSDFLW\ LV UHTXLUHG IRU D QHZ FRQQHFWLRQ� $QRWKHU WUXQFDWHG VHW alX�L | al

ZLWK D WLJKWHU FDSDFLW\ UHVWULFWLRQ IRU OLQNV ZLWK FKDQQHO L LGOH LV GHnQHG DV�

alX�L  I[ � l M G c
r
JM�[�j �HL�M�5X

�
s
� &M��M � - J�

ZKHUH HL LV WKH ,�GLPHQVLRQDO YHFWRU FRQVLVWLQJ RI RQO\ ]HURHV H[FHSW IRU D

RQH LQ WKH LWK FRPSRQHQW DQG �M�5X
LV WKH LQGLFDWRU IXQFWLRQ HTXDO WR RQH IRU

M � 5X DQG ]HUR RWKHUZLVH� 7KLV VHW GHnQHV WKH VWDWHV ZKHUH EORFNLQJ GRHV

QRW RFFXU ZKHQ XVHU X UHTXHVWV D FRQQHFWLRQ WR FKDQQHO L� 7KH FDOO EORFNLQJ

SUREDELOLW\ EFL IRU WUDpF FODVV �X� L� LV WKXV�

EFX�L  �b 3 � a; � alX�L�  �b *�alX�L�

*�al�
� �����

7KLV DSSURDFK UHTXLUHV FDOFXODWLQJ WZR VHWV RI VWDWH SUREDELOLWLHV� WKH VHW RI

QRQ�EORFNLQJ VWDWHV DSSHDULQJ LQ WKH QXPHUDWRU DQG WKH VHW RI DOORZHG VWDWHV

DSSHDULQJ LQ WKH GHQRPLQDWRU RI HTXDWLRQ ������

$ PXOWLFDVW QHWZRUN LV D WUHH�W\SH QHWZRUN� DQG PXFK RI WKH WKHRU\ LQ FDOFX�

ODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV >��@

FDQ EH XVHG WR IRUPXODWH WKH HQG�WR�HQG EORFNLQJ SUREDELOLW\ LQ D PXOWLFDVW

QHWZRUN DV ZHOO�

��� 7KH $OJRULWKP

$V LQ WKH FDVH RI DFFHVV QHWZRUNV� WKH EORFNLQJ SUREDELOLW\ FDQ EH FDOFXODWHG

E\ UHFXUVLYHO\ FRQYROYLQJ WKH VWDWH SUREDELOLWLHV RI LQGLYLGXDO OLQNV IURP WKH

OHDI OLQNV WR WKH RULJLQ OLQN� $W HDFK VWHS� WKH VWDWH SUREDELOLWLHV DUH WUXQFDWHG

DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN�

,Q RUGHU WR FDOFXODWH WKH GHQRPLQDWRU RI HTXDWLRQ ������ D QHZ VXEVHW a6M RI VHW
6 LV GHnQHG�

a6M  I\ � 6 M G c \ � &MJ� IRU M � - �

7KH FRUUHVSRQGLQJ WUXQFDWLRQ RSHUDWRU DFWLQJ RQ DQ\ GLVWULEXWLRQ I LV

7MI�\�  

��
�

I�\� � LI \ � a6M
� � RWKHUZLVH�

�����

/HW

4M�\M�  3 �<M  \M�<N � a6N� �N � 0M�� IRU \M � 6� �����

��
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,W IROORZV WKDW WKH 4M�\�
V FDQ EH FDOFXODWHG UHFXUVLYHO\�

4M�\�  

�!!�
!!�

7M{M�\� � LI M � 8
7M>

2
N�1M

4N@�\� � RWKHUZLVH�

1RWH WKDW� LI WKH FDSDFLW\ FRQVWUDLQW RI OLQN M � 0M LV UHOD[HG� WKHQ WKH

EUDQFKHV WHUPLQDWLQJ DW OLQN M DUH LQGHSHQGHQW� DQG WKH MRLQWO\ UHTXHVWHG

FKDQQHO VWDWH FDQ EH REWDLQHG E\ WKH 25�FRQYROXWLRQ� 7KH HmHFW RI WKH n�

QLWH FDSDFLW\ &M RI OLQN M LV WKHQ MXVW WKH WUXQFDWLRQ RI WKH GLVWULEXWLRQ WR WKH

VWDWHV IRU ZKLFK WKH UHTXHVWHG FDSDFLW\ LV QR PRUH WKDQ &M�

7KH VWDWH VXP *�al� QHHGHG WR FDOFXODWH WKH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ

����� LV HTXDO WR

*�al�  
;
\�6

4-�\��

ZKHUH 4- LV WKH SUREDELOLW\ ����� UHODWHG WR WKH FRPPRQ OLQN M  - �

6LPLODUO\ IRU WKH QXPHUDWRU RI HTXDWLRQ ������ OHW a6X�L
M | a6M EH GHnQHG DV WKH

VHW RI VWDWHV RQ OLQN M WKDW GR QRW SUHYHQW XVHU X IURP FRQQHFWLQJ WR PXOWLFDVW

FKDQQHO L� ,Q RWKHU ZRUGV

a6X�L
M  I\ � 6 M G c

r
\ j �HL�M�5X

�
s
� &MJ� IRU M � - � L � ,�

7KH WUXQFDWLRQ RSHUDWRU LV WKHQ

7 X�L
M I�\�  

��
�

I�\� � LI \ � a6X�L
M

� � RWKHUZLVH�
�����

7KH QRQ�EORFNLQJ SUREDELOLW\ RI OLQN M LV

4X�L
M �\M�  3 �<M  \M�<N � a6X�L

M � �N � 0M�� IRU \M � 6� �����

6LPLODUO\� DV DERYH� LW IROORZV WKDW

4X�L
M �\�  

�!!�
!!�

7 X�L
M {M�\� � LI M � 8

7 X�L
M >

2
N�1M

4X�L
N @�\� � RWKHUZLVH�

7KH VWDWH VXP LQ WKH QXPHUDWRU RI HTXDWLRQ ����� LV WKHQ

*�alX�L�  
;
\�6

4X�L
- �\��

��
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ZKHUH 4X�L
- LV WKH SUREDELOLW\ ����� UHODWHG WR WKH FRPPRQ OLQN M  - �

7KH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ����� LV WKHUHIRUH

EFX�L  �b
3
\�6 4

X�L
- �\�3

\�6 4-�\�
�

7KH VLQJOH OLQN DSSURDFK E\ .DUYR HW DO� LV D VSHFLDO FDVH RI WKH QHWZRUN IRU�

PXODWLRQ SUHVHQWHG� KHQFH WKH VDPH UHVXOWV FDQ EH REWDLQHG XVLQJ WKH QHWZRUN

DOJRULWKP� 1RWH DOVR WKDW WKH DOJRULWKP FDOFXODWHV WLPH EORFNLQJ SUREDELOLWLHV

DQG LV WKHUHIRUH DSSOLFDEOH WR V\VWHPV ZKHUH FDOO RU FKDQQHO EORFNLQJ SUREDEL�

OLWLHV FDQ EH H[SUHVVHG LQ WHUPV RI WLPH EORFNLQJ�

7KH FRPSOH[LW\ RI WKH DOJRULWKP LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH QXPEHU RI

FKDQQHOV� DV WKH QXPEHU RI VWDWHV LQ WKH GLVWULEXWLRQV WR EH FRQYROYHG LV �, �

7KHUHIRUH WKH XVH RI 5/$ DV D FRPSXWDWLRQDOO\ VLPSOHU PHWKRG LV VWXGLHG�

��� 7KH $SSURSULDWHQHVV RI 8VLQJ 5/$ LQ

0XOWLFDVW 1HWZRUNV

$V WKH QXPEHU RI FKDQQHOV LQ D PXOWLFDVW QHWZRUN LQFUHDVHV� WKH H[DFW FRPSX�

WDWLRQ RI WKH EORFNLQJ SUREDELOLWLHV EHFRPHV LPSRVVLEOH� 7KH 5/$�DOJRULWKP

LV D PHWKRG WKDW FDQ EH DSSOLHG WR D PXOWLFDVW QHWZRUN ZLWK G\QDPLF PXO�

WLFDVW FRQQHFWLRQV� 7KH 5/$ DVVXPHV WKDW WKH WUDpF� ZKLFK LV WKLQQHG GXH

WR EORFNLQJ LQ WKH OLQNV RI WKH QHWZRUN� LV LQGHSHQGHQW DQG IURP D 3RLVVRQ

SURFHVV� 7KLV DVVXPSWLRQ LV QRW H[DFWO\ VDWLVnHG� DV WKH EORFNLQJ GHSHQGV RQ

WKH WUDpF LQWHQVLW\ RmHUHG WR WKH OLQN� %HFDXVH DW WKLV PRPHQW QR RWKHU DS�

SUR[LPDWLRQ PHWKRG H[LVWV� LW LV ZRUWKZKLOH WR VWXG\ WKH SHUIRUPDQFH RI 5/$�

,Q >��@� WKH DFFXUDF\ RI WKH 5/$�DOJRULWKP ZDV VWXGLHG E\ FRPSDULQJ LW WR

VLPXODWLRQ UHVXOWV ZLWK ,  ��� ,Q WKLV VHFWLRQ� WKH 5/$�DOJRULWKP SUHVHQWHG

LQ VHFWLRQ ����� ZLOO EH FRPSDUHG WR H[DFW UHVXOWV� EXW RQO\ IRU D QHWZRUN WKDW

RmHUV ,  � FKDQQHOV�

����� 5HVXOWV

&RPSDULVRQV ZHUH PDGH EHWZHHQ WKH H[DFW VROXWLRQ DQG WKH 5/$�DOJRULWKP�

7KH QHWZRUN XVHG LV VKRZQ LQ nJXUH ���� 7KH QXPEHU RI FKDQQHOV RmHUHG LV

��
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)LJXUH ���� 7KH H[DPSOH QHWZRUN XVHG WR FRPSDUH WKH H[DFW UHVXOW ZLWK WKH

UHVXOW JLYHQ E\ WKH 5/$�DOJRULWKP�

HLJKW� (DFK FKDQQHO UHTXLUHV RQH XQLW RI FDSDFLW\� 7KH FRPPRQ OLQN LQ WKH

QHWZRUN KDV D FDSDFLW\ RI VHYHQ XQLWV� $OO RWKHU OLQNV KDYH D FDSDFLW\ RI VL[

XQLWV� 7KH EORFNLQJ SUREDELOLWLHV DUH FDOFXODWHG IRU WKH OHDVW XVHG FKDQQHO

XVLQJ D WUXQFDWHG JHRPHWULF GLVWULEXWLRQ IRU WKH FKDQQHO SUHIHUHQFH� DV GHnQHG

LQ HTXDWLRQ �����

mL  
S��b S�Lb�

�b ��b S�,
�

ZLWK SDUDPHWHU S  ���� 7KH PHDQ KROGLQJ WLPH LV WKH VDPH IRU DOO FKDQQHOV�

� x  �� ,Q DGGLWLRQ� WKH DUULYDO LQWHQVLW\ LV WKH VDPH IRU ERWK XVHU SRSXOD�

WLRQV� wX  w DQG FRQVHTXHQWO\� WKH WUDpF LQWHQVLW\ D  w x LV WKH VDPH IRU

ERWK XVHU SRSXODWLRQV�

7KH UHVXOWV DUH JLYHQ LQ WDEOH ���� 7KH FRPSDULVRQ ZDV DOVR GRQH IRU PXOWLVHU�

YLFH WUDpF� ZKHUH WKH FDSDFLW\ UHTXLUHPHQW LV RQH IRU RGG FKDQQHOV DQG WZR

IRU HYHQ FKDQQHO QXPEHUV� 7KH FDSDFLW\ RI WKH FRPPRQ OLQN ZDV HOHYHQ XQLWV

DQG WKRVH RI WKH RWKHU OLQNV ZHUH QLQH XQLWV� 7KH UHVXOWV DUH JLYHQ LQ WDEOH ����

7KH UHVXOWV FRQnUP WKH FRPSDULVRQV PDGH LQ >��@� 7KH 5/$�DOJRULWKP \LHOGV

EORFNLQJ SUREDELOLWLHV RI WKH VDPH PDJQLWXGH DV WKH H[DFW PHWKRG� $V D UXOH�

5/$ JLYHV ODUJHU EORFNLQJ YDOXHV IRU ERWK URXWHV� )RU URXWH �� 5/$ JLYHV YHU\

JRRG UHVXOWV� 7KLV LV EHFDXVH WKH URXWH LV YHU\ VKRUW� DQG WKH DVVXPSWLRQ RI

LQGHSHQGHQFH EHWZHHQ WKH OLQNV LV QRW YLRODWHG VHYHUHO\�

��
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7DEOH ���� &DOO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN VKRZQ LQ nJXUH ����

5RXWH� �X  �� 5RXWH� �X  ��

D ([DFW 5/$ HUURU ([DFW 5/$ HUURU
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �
��� ������ ������ �� � ������ ������ � �

7DEOH ���� &DOO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN GHSLFWHG LQ nJXUH ����

ZLWK FKDQQHO UHTXLUHPHQWV FRGG  � DQG FHYHQ  ��

5RXWH� �X  �� 5RXWH� �X  ��

&KDQQHO D ([DFW 5/$ HUURU ([DFW 5/$ HUURU
� ��� ������ ������ �� � ������ ������ �� �
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&KDSWHU �

$ )LQLWH 8VHU 3RSXODWLRQ 0RGHO

,Q WKLV FKDSWHU� D QHZ nQLWH XVHU SRSXODWLRQ PRGHO LV IRUPXODWHG� )LUVW� LW ZLOO

EH VKRZQ WKDW WKH FRQGLWLRQDO GLVWULEXWLRQ RI PXWXDOO\ LQGHSHQGHQW 3RLVVRQ

GLVWULEXWHG YDULDEOHV ;L� ZLWK SDUDPHWHUV DL  1SL� IRU L  �� ���� ,� JLYHQ WKDW

[� � ��� � [,  1 LV GLVWULEXWHG DV YDULDEOHV IURP D PXOWLQRPLDO GLVWULEXWLRQ

ZLWK SDUDPHWHUV SL� 7KLV NQRZQ SURSHUW\ LV XVHG LQ RUGHU IRU WKH nQLWH XVHU

SRSXODWLRQ PRGHO DQG WKH LQnQLWH XVHU SRSXODWLRQ PRGHO WR UHODWH� $IWHU LQ�

WURGXFLQJ WKH VLQJOH XVHU PRGHO LQ VHFWLRQ ���� LW ZLOO EH VKRZQ LQ VHFWLRQ ���

KRZ WKLV PRGHO FDQ EH JHQHUDOL]HG WR D nQLWH XVHU SRSXODWLRQ RI VL]H 1 � )XU�

WKHUPRUH� DV 1 JRHV WR LQnQLW\� WKH OHDI OLQN GLVWULEXWLRQV IRU WKH nQLWH XVHU

SRSXODWLRQ RI VL]H 1 FRQYHUJH WR WKRVH REWDLQHG E\ WKH LQnQLWH XVHU SRSXOD�

WLRQ PRGHO SUHVHQWHG LQ FKDSWHU �� 1XPHULFDO UHVXOWV RQ HQG�WR�HQG FKDQQHO

EORFNLQJ SUREDELOLWLHV DUH SUHVHQWHG LQ VHFWLRQ ����

��� 0XOWLQRPLDO 'LVWULEXWLRQ

7KH PXOWLFDVW WUDpF PRGHO GHULYHG LQ >��@ DQG GLVFXVVHG LQ FKDSWHU � DVVXPHV

DQ LQnQLWH XVHU SRSXODWLRQ� 8QGHU WKLV DVVXPSWLRQ� WKH FKDQQHO UHTXHVWV DUULYH

DFFRUGLQJ WR LQGHSHQGHQW 3RLVVRQ SURFHVVHV ZLWK SDUDPHWHUV DL� L � , GHnQHG
LQ FKDSWHU �� )RU PXWXDOO\ LQGHSHQGHQW 3RLVVRQ GLVWULEXWHG YDULDEOHV� WKH VWDWH

SUREDELOLWLHV 3 �;  [� KDYH D SURGXFW IRUP�

3 �;�  [�� ;�  [�� ���� ;,  [,�  
,<

L �

D[LL
[L�

HbDL � �����

:KHQ FRQVLGHULQJ PXOWLFDVW WUDpF� WKH FKDQQHO KDV RQO\ WZR SRVVLEOH VWDWHV�

��
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;L  � RU ;L w �� 7KH ODWWHU FRQGLWLRQ LV WDNHQ LQWR DFFRXQW E\ VXPPLQJ RYHU
DOO VWDWHV ZLWK ;L w � UHVXOWLQJ LQ HTXDWLRQ ������ 7KH VWDWH SUREDELOLWLHV IRU

D nQLWH XVHU SRSXODWLRQ ZLOO EH GHULYHG XVLQJ HTXDWLRQ ����� DQG WKH PXOWLFDVW

WUDpF FKDUDFWHULVWLFV ZLOO EH WDNHQ LQWR DFFRXQW ODWHU�

:KHQ WKH SRSXODWLRQ VL]H LV nQLWH� WKH WRWDO QXPEHU RI XVHUV LV UHVWULFWHG WR

;��;������;,  1 � ZKHUH;� LV WKH UDQGRP YDULDEOH IRU WKH QXPEHU RI XVHUV

QRW UHTXHVWLQJ DQ\ FKDQQHO� ,I WKH 3RLVVRQ SDUDPHWHUV DUH DL  1SL� ZKHUH �LQ

WKH FDVH RI D nQLWH SRSXODWLRQ� SL LV WKH SUREDELOLW\ WKDW D XVHU UHTXHVWV FKDQQHO

L DQG 1SL LV WKH H[SHFWHG YDOXH RI 1 XVHUV UHTXHVWLQJ FKDQQHO L� HTXDWLRQ �����

FKDQJHV WR

3 �;�  [�� ���� ;,  [, M ;� � ����;,  1�  
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,<
L �

�1SL�
[L

[L�
Hb1SL

3 �;� � ����;,  1�
� LI [� � ��� � [,  1�

�� RWKHUZLVH�

�����

ZKHUH WKH SUREDELOLW\ RI FKRRVLQJ D FKDQQHO LV S� � ��� � S,  � b S�� 7KH

YDULDEOH ;� � ��� � ;, LV GLVWULEXWHG DV D 3RLVVRQ YDULDEOH ZLWK SDUDPHWHU

1S� � ����1SL  1 � 7KXV WKH SUREDELOLW\ WKDW WKH SRSXODWLRQ VL]H LV 1 LV

3 �;� � ����;,  1�  
11Hb1

1 �
�

(TXDWLRQ ����� LV WKXV

3 �;�  [�� ����;,  [, M ;� � ��� �;,  1�  
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!!!!!!�

11Hb1
,<
L �

S[LL
[L�

11

1 �
Hb1

 1 �
,<
L �

S[LL
[L�

� LI [� � ���� [,  1�

� � RWKHUZLVH�

�����

7KLV LV WKH VWDWH SUREDELOLW\ RI YDULDEOHV KDYLQJ D PXOWLQRPLDO GLVWULEXWLRQ ZLWK

SDUDPHWHUV 1 DQG S�� ���� S,� 7KH PXOWLQRPLDO GLVWULEXWLRQ LV D JHQHUDOL]DWLRQ

RI WKH ELQRPLDO GLVWULEXWLRQ� 7KH VXP RI WKH SUREDELOLWLHV S�� ���� S, LV HTXDO WR

RQH� 7KH VWDWH SUREDELOLW\ 3 �;  [� JLYHV WKH SUREDELOLW\ WKDW RI WKH 1 XVHUV

[� KDYH QRW FKRVHQ DQ\ FKDQQHO� [� KDYH FKRVHQ FKDQQHO � HWF� 7KH VXP RI WKH

QXPEHU RI XVHUV UHTXHVWLQJ WKH GLmHUHQW FKDQQHOV [� � [� � ��� � [, KDV WR EH

HTXDO WR 1 �

��
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��� 0RGHO IRU D 6LQJOH 8VHU

,Q WKH SDSHU E\ &KDQ DQG *HUDQLRWLV >�@� IRU HDFK ORJLFDO VWDWH �S� V� W� WKHUH

ZDV RQO\ RQH XVHU WKDW ZDV HLWKHU DFWLYH RU LGOH� 7KLV LV QRW D YHU\ SUDFWLFDO

PRGHO� DV RIWHQ WKH XVHU LV SUHVHQWHG ZLWK D VHOHFWLRQ RI VRXUFHV RU FKDQQHOV

WR FKRRVH IURP DQG LV LGOH ZKHQ QRQH RI WKHVH FKDQQHOV LV FKRVHQ� 7KH nQLWH

PRGHO SURSRVHG KHUH LV D 0DUNRY FKDLQ� ZLWK , � � VWDWHV� $OO WUDQVLWLRQV E\

XVHU X DUH PDGH YLD WKH LGOH VWDWH� FRUUHVSRQGLQJ WR VWDWH �� 7KH WUDQVLWLRQ

UDWH IURP VWDWH � WR DQ\ VWDWH L � , LV GHQRWHG E\ wX�L  mL
AwX� ZKHUH mL LV WKH

SUHIHUHQFH GLVWULEXWLRQ XVHG HDUOLHU� 7KH WUDQVLWLRQ UDWH IURP DQ\ VWDWH L WR

VWDWH � LV GHQRWHG E\ xL� 7KH 0DUNRY FKDLQ LV VKRZQ LQ nJXUH ���� 7KH VWHDG\

VWDWH SUREDELOLWLHV VROYHG IURP WKH GHWDLOHG EDODQFH HTXDWLRQV JLYH

{X�L  |X�L{X��

{X��  
K
� �

,;
L �

|X�L
Lb�

�

ZKHUH |X�L  
mLAwX
xL
�
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��� x,wX�,

�

�

)LJXUH ���� 7KH 0DUNRY FKDLQ XVHG WR PRGHO XVHU EHKDYLRU�

%HFDXVH WKH GHWDLOHG EDODQFH HTXDWLRQV

{X��wX�L  {X�LxL��L � ,
DUH VDWLVnHG� WKH SURFHVV LV UHYHUVLEOH DQG WKH VWDWH VSDFH FDQ EH WUXQFDWHG�

)XUWKHUPRUH� LW FDQ EH VKRZQ WKDW WKH LQVHQVLWLYLW\ SURSHUW\ GLVFXVVHG LQ VHF�

��
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WLRQ ����� DSSOLHV DQG WKH VHUYLFH WLPHV FDQ EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQ

� xL�

7KH SUREDELOLW\ 3X WKDW XVHU X FRQQHFWV WR WKH PXOWLFDVW QHWZRUN LV E\ GHnQL�

WLRQ

3X  

;
N�,

|X�N

� �
;
N�,

|X�N
��X � 8 � �����

IURP ZKLFK LW IROORZV WKDW

�b 3X  
�

� �
;
N�,

|X�N
 {X��� �X � 8 �

,Q DGGLWLRQ� WKH SDUDPHWHU AmL LV GHnQHG DV WKH FRQGLWLRQDO SUREDELOLW\ RI EHLQJ

LQ VWDWH L JLYHQ WKDW WKH XVHU FRQQHFWV WR WKH PXOWLFDVW QHWZRUN�

AmL  
|X�L3
N�, |X�N

 
mL xL3

N�, mN xN
� �L � ,� �����

,W IROORZV WKDW {X�L LQ WHUPV RI 3X DQG AmL LV

{X�L  3XAmL� �L � ,��X � 8 �

DQG WKH VWHDG\ VWDWH SUREDELOLWLHV {X�[X� IRU XVHU X KDYH WKH IROORZLQJ IRUP�

{X�[X�  

�!!!�
!!!�

3XAmL � LI [X  HL� L � ,�

�b 3X � LI [X  ��

� � RWKHUZLVH�

�����

��� $ 1HWZRUN ZLWK ,QnQLWH /LQN &DSDFLWLHV

&RQVLGHU D QHWZRUN ZLWK DOO OLQNV KDYLQJ LQnQLWH FDSDFLW\� %HKLQG OHDI OLQN N

WKHUH LV RQH XVHU WKDW VXEVFULEHV WR WKH QHWZRUN ZLWK SUREDELOLW\ 3N� ZLWK WKH

VWHDG\ VWDWH SUREDELOLWLHV DW OLQN N JLYHQ E\ HTXDWLRQ ������

6LPLODUO\ WR VHFWLRQ ���� WKH 25�FRQYROXWLRQ JLYHV WKH OLQN VWDWH GLVWULEXWLRQ�

7KXV� WKH VWDWH SUREDELOLW\� GHQRWHG E\ }M�\M�� IRU \M � 6� LV HTXDO WR

}M�\M�  3 �<M  \M�  >
2
N�8M

{N@�\M��

:KHQ WKH OHDI OLQN VWDWH SUREDELOLWLHV DUH GHnQHG DV LQ HTXDWLRQ ������ WKH

OLQN VWDWH SUREDELOLWLHV REWDLQHG E\ FRQYROYLQJ DOO OHDI OLQN GLVWULEXWLRQV GRZQ�

VWUHDP OLQN M JLYHV WKH VDPH UHVXOW DV FDOFXODWLQJ WKH VWDWH SUREDELOLWLHV RI

��
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M8MM  1 XVHUV XVLQJ D PXOWLQRPLDO GLVWULEXWLRQ ZLWK SDUDPHWHUV SL  3XAmL�

IRU L � , DQG S�  � b 3X DQG WKHQ VXPPLQJ WKH VWDWH SUREDELOLWLHV WR WDNH

LQWR DFFRXQW WKH PXOWLFDVW FRQGLWLRQV� +HUH LW LV DVVXPHG WKDW DOO OHDI OLQNV

N � 8M KDYH 3N  3X� WKDW LV WKH\ IRUP D QHZ XVHU SRSXODWLRQ X ZLWK 1 XVHUV�

$V WKH QXPEHU RI XVHUV 1 LQ WKH nQLWH SRSXODWLRQ PRGHO WHQGV WR LQnQLW\�

WKH SRSXODWLRQ PRGHO FRQYHUJHV WR WKH LQnQLWH SRSXODWLRQ PRGHO SUHVHQWHG

E\ .DUYR HW DO� 7KLV LV HDVLO\ VHHQ� DV WKH PXOWLQRPLDO GLVWULEXWLRQ ZLWK SD�

UDPHWHUV SL  3XAmL DQG H[SHFWHG YDOXH 13XAmL FRQYHUJHV WR D GLVWULEXWLRQ RI

LQGHSHQGHQW 3RLVVRQ GLVWULEXWHG YDULDEOHV ZLWK SDUDPHWHU DX�L  
wX
xL
mL� :ULWLQJ

WKH H[SHFWHG YDOXH ZLWK WKH KHOS RI HTXDWLRQV ����� DQG ����� JLYHV�

13XAmL  1

AwX
;
N�,

mN xN

� � AwX
;
N�,

mN xN

mL xL;
N�,

mN xN

7KH OLPLW RI WKH H[SHFWHG YDOXH 13XAmL LV WKHQ�

OLP
1��

�13XAmL�  OLP
1��

�
mL

xL

1AwX

� � AwX
3

N�, mN xN
�� mL

xL
wX  DX�L��L � ,

,W FDQ EH VHHQ WKDW WKH nQLWH XVHU SRSXODWLRQ PRGHO FRQYHUJHV WR WKH LQnQLWH

XVHU SRSXODWLRQ PRGHO GHnQHG LQ FKDSWHU �� ZKHQ OLP
1��

1AwX � wX�

,W LV ZRUWKZKLOH WR VWXG\ WKH OLQN RFFXSDQF\ GLVWULEXWLRQV LQ D QHWZRUN LQ WHUPV

RI WKH YDU\LQJ VL]H RI WKH XVHU SRSXODWLRQ�

����� 7KH /LQN 2FFXSDQF\ 'LVWULEXWLRQ IRU 9DU\LQJ

3RSXODWLRQ 6L]H

7KH OLQN RFFXSDQF\ GLVWULEXWLRQ LV VWXGLHG IRU D VLQJOH OLQN ZLWK LQnQLWH FDSDF�

LW\� 7KLV VDPH DSSURDFK KDV EHHQ WDNHQ IRU WKH LQnQLWH SRSXODWLRQ VL]H LQ WKH

HDUOLHU SDSHU E\ .DUYR HW DO� >��@� +HUH� WKH OLQN RFFXSDQFLHV ZLOO EH VWXGLHG

IRU D nQLWH XVHU SRSXODWLRQ� 7KH OLQN RFFXSDQF\ GLVWULEXWLRQ JLYHV D URXJK

HVWLPDWLRQ RI WKH FDSDFLW\ QHHGHG WR HQVXUH WKDW EORFNLQJ SUREDELOLW\ VWD\V

EHORZ WKH FULWLFDO OHYHO �H�J� ������ &OHDUO\� OLQNV ZLWK RQH XVHU VXEVFULEHG WR

WKHP QHHG WR KDYH D FDSDFLW\ RI PD[
L

GL� DQG DV WKH QXPEHU RI XVHUV XVLQJ D

OLQN LQFUHDVHV� VR WKDW HDFK FKDQQHO VXUHO\ KDV DW OHDVW RQH XVHU� WKH UHTXLUHG

FDSDFLW\ DSSURDFKHV WKH PD[LPXP FDSDFLW\
;
L�,

GL�

��
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7KH OLQN RFFXSDQF\ GLVWULEXWLRQV DUH FDOFXODWHG IRU YDU\LQJ SRSXODWLRQ VL]HV�

7KH H[DPSOH VKRZQ LQ nJXUH ��� LV D PXOWLFDVW QHWZRUN ZLWK OHDI OLQNV KDYLQJ

WZR XVHUV� 7KH QH[W OHYHO RI WKH QHWZRUN KDV IRXU OLQNV ZLWK IRXU XVHUV FRQ�

QHFWHG WR WKH OLQN FRPELQHG WR IRUP HLJKW OLQNV ZLWK D XVHU SRSXODWLRQ RI ��

XVHUV� $W WKH nUVW OHYHO� WZR OLQNV ZLWK D XVHU SRSXODWLRQ RI �� FRPELQH WR IRUP

WKH FRPPRQ OLQN ZLWK D XVHU SRSXODWLRQ RI ��� XVHUV� (DFK OLQN LQ WKH QHWZRUN

KDV LQnQLWH FDSDFLW\ DQG WKH OLQN RFFXSDQF\ GLVWULEXWLRQV DUH FDOFXODWHG XVLQJ

WKH 25�FRQYROXWLRQ DV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ� 7KH OLQN RFFXSDQF\
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)LJXUH ���� 7KH H[DPSOH QHWZRUN�

GLVWULEXWLRQV DUH FDOFXODWHG IRU HDFK VLQJOH OLQN LQ WKH H[DPSOH QHWZRUN� 7KH\

DUH VWDWH SUREDELOLWLHV RQ D VLQJOH OLQN ZLWK LQnQLWH FDSDFLW\ GHnQHG E\ WKH

GRZQVWUHDP XVHU SRSXODWLRQ RI VL]H 1 � QRW MRLQW SUREDELOLWLHV RI WKH QHWZRUN�

)LJXUH ��� VKRZV KRZ WKH OLQN RFFXSDQF\ GLVWULEXWLRQ FKDQJHV DV WKH QXPEHU

RI XVHUV LQFUHDVHV� 7KH FKDQQHO SUHIHUHQFH GLVWULEXWLRQ �mL� LV FDOFXODWHG XVLQJ

WKH WUXQFDWHG JHRPHWULF GLVWULEXWLRQ �HTXDWLRQ ����� 7KH QXPEHU RI FKDQQHOV

LV ,  �� DQG WKH SUREDELOLW\ WKDW D XVHU VXEVFULEHV WR WKH OLQN LV 3  ���� 7KH

XVHU SRSXODWLRQV DUH �� �� ��� ��� DQG ���� 7KH SUREDELOLW\ WR VXEVFULEH WR

��



&+$37(5 �� $ )LQLWH 8VHU 3RSXODWLRQ 0RGHO

WKH QHWZRUN LV TXLWH ODUJH� DQG WKHUHIRUH WKH OLQN RFFXSDQF\ SUREDELOLWLHV DUH

ODUJH IRU FDSDFLW\ UHTXLUHPHQWV HTXDO WR WKH XVHU SRSXODWLRQ VL]H� 7KH FDSDFLW\

UHTXLUHG RQ WKH OLQN LV HTXDO WR WKH SRSXODWLRQ VL]H 1 � ZKHQ 1 � ,� DQG HTXDO

WR WKH QXPEHU RI RmHUHG FKDQQHOV ,� ZKHQ WKH SRSXODWLRQ VL]H LV ODUJHU WKDQ WKH

QXPEHU RI RmHUHG FKDQQHOV� 7KLV RI FRXUVH DSSOLHV WR FDVHV ZKHQ WKH FDSDFLW\

UHTXLUHPHQWV RI WKH FKDQQHOV DUH WKH VDPH� )RU VLQJOHVHUYLFH WUDpF WKH FDSDFLW\

QHHGHG RQ WKH OLQN LV VLPSO\ PLQ�1� ,�� ZKHQ WKH SUREDELOLW\ RI VXEVFULELQJ WR

WKH QHWZRUN LV ODUJH�

,Q nJXUH ���� WKH SUREDELOLW\ RI VXEVFULELQJ WR WKH QHWZRUN LV 3  ���� +HUH�

WKH FDSDFLW\ UHTXLUHG LV OHVV WKDQ WKH QXPEHU RI FKDQQHOV RmHUHG ZKLOH 1 � ���

)LJXUH ��� VKRZV WKH OLQN RFFXSDQF\ GLVWULEXWLRQ IRU D PXOWLVHUYLFH QHWZRUN�

ZLWK D FDSDFLW\ UHTXLUHPHQW RI RQH XQLW IRU RGG FKDQQHOV DQG WZR XQLWV IRU

HYHQ FKDQQHOV� 7KH PD[LPXP UHTXLUHG FDSDFLW\ RI WKH QHWZRUN LV ���
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�� XVHUV� � FKDQQHOV ZLWK 3  ���� DQG FDSDFLW\ UHTXLUHPHQW RI RQH XQLW IRU

RGG DQG WZR XQLWV IRU HYHQ FKDQQHOV�

��
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��� (QG�WR�(QG &KDQQHO %ORFNLQJ 3UREDELOLW\

7KH DOJRULWKP GHYLVHG LQ VHFWLRQ ��� FDQ EH XVHG WR FDOFXODWH HQG�WR�HQG FKDQ�

QHO EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW QHWZRUNV ZLWK nQLWH XVHU SRSXODWLRQV�

$ QHWZRUN ZLWK D VLQJOH XVHU EHKLQG HDFK OHDI OLQN LV FRQVLGHUHG� 7KLV LV D

JHQHUDO PRGHO DV ODUJHU XVHU SRSXODWLRQV PD\ EH REWDLQHG E\ 25�FRQYROYLQJ

WKH VWDWH SUREDELOLWLHV RI VLQJOH XVHUV LQ LQnQLWH OLQNV�

7KH 0DUNRY FKDLQ PRGHO WKDW GHVFULEHV WKH EHKDYLRU RI D XVHU ZDV SUHVHQWHG

LQ VHFWLRQ ���� 7KH PRGHO DVVXPHV WKDW HDFK XVHU LV VXEVFULEHG WR RQH FKDQQHO

DW D WLPH DQG D UHTXHVW IRU D QHZ FKDQQHO FDQ RFFXU RQO\ WKURXJK WKH LGOH

VWDWH� $ XVHU
V FKDQQHO UHTXHVW LV WKHUHIRUH EORFNHG RQO\ LI WKHUH LV QRW HQRXJK

FDSDFLW\ WR WXUQ WKH FKDQQHO RQ� )RU WKLV UHDVRQ� FKDQQHO EORFNLQJ SUREDELOLWLHV

DUH VWXGLHG� )RU WKH nQLWH SRSXODWLRQ PRGHO� FKDQQHO EORFNLQJ IRU XVHU X LV

HTXDO WR WLPH EORFNLQJ LQ D QHWZRUN ZKHUH XVHU X LV UHPRYHG� DV D XVHU LQ WKH

LGOH VWDWH WKDW LV EORFNHG UHPDLQV LQ WKH LGOH VWDWH� 7KH RULJLQDO OHDI OLQN VWDWH

SUREDELOLWLHV DUH

{X�[X�  

�!!!�
!!!�

3XAmL � LI [X  HL� L � ,�

�b 3X � LI [X  ��

� � RWKHUZLVH�

�����

5HPRYLQJ XVHU X IURP WKH QHWZRUN LV HTXLYDOHQW WR VHWWLQJ XVHU X LQ VWDWH ��

{X�[X�  

�
� � LI [X  ��
� � RWKHUZLVH�

)RU DOO RWKHU Xe � 8 WKH VWDWH SUREDELOLWLHV DUH JLYHQ E\ HTXDWLRQ ������

$V GHVFULEHG LQ VHFWLRQ ��� WKH OHDI OLQN GLVWULEXWLRQV GHnQH WKH QHWZRUN GLV�

WULEXWLRQ DQG E\ XVLQJ WKH VWDWH SUREDELOLWLHV GHnQHG DERYH� WKH DOJRULWKPV

SUHVHQWHG LQ VHFWLRQ ��� FDQ EH XVHG� 7KH UHVXOWLQJ HQG�WR�HQG FKDQQHO EORFN�

LQJ SUREDELOLW\ LV�

%F
X�L  �b

3
\�6 4

X�L
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�

ZKHUH
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�!!!!!!�
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DQG
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7 X�L
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4X�L
N @�\� � RWKHUZLVH�

7KH HQG�WR�HQG FKDQQHO EORFNLQJ ZDV FDOFXODWHG XVLQJ WKH QHWZRUN LQ VHFWLRQ

������ ZLWK XVHU SRSXODWLRQ VL]H RQ WKH DVFHQGLQJ OHYHOV EHLQJ �� �� ��� ��� DQG

��� XVHUV� 7KH EORFNLQJ SUREDELOLW\ ZDV FDOFXODWHG IRU GLmHUHQW QHWZRUN FDSDF�

LWLHV ZLWK LGHQWLFDO QXPEHU RI FKDQQHOV �,  ��� FKDQQHO FDSDFLW\ UHTXLUHPHQWV�

DQG FKDQQHO SUHIHUHQFH GLVWULEXWLRQV �3 ����� 7KH OHDI OLQNV ZLWK FDSDFLW\ VHW

WR RQH DQG RQH XVHU EHKLQG WKHP� DUH QRW VKRZQ LQ WKH nJXUH IRU WKH H[DPSOH

QHWZRUN� DV QR EORFNLQJ RFFXUV LQ WKHVH OLQNV� 7KH EORFNLQJ SUREDELOLWLHV DUH

UHSUHVHQWHG WDEOH ����

7KH HQG�WR�HQG FKDQQHO EORFNLQJ SUREDELOLW\ ZDV DOVR FDOFXODWHG IRU WKH QHW�

ZRUN LQ nJXUH ��� ZLWK SRSXODWLRQ VL]H LQ DVFHQGLQJ OHYHOV EHLQJ �� �� ��� ��� DQG

���� 7KH VDPH FRQGLWLRQV KROG IRU WKLV QHWZRUN DV IRU WKH SUHYLRXV QHWZRUN�

RQO\ WKH WRSRORJ\ LV GLmHUHQW� 7KH UHVXOWV DUH VKRZQ LQ WDEOH ����

7KH FDSDFLW\ DOORFDWLRQV RI WDEOH ��� VKRZ WKDW DQ LQFUHDVH LQ FDSDFLW\ DW DQ\

OHYHO GHFUHDVHV WKH EORFNLQJ SUREDELOLW\� DV VKRXOG EH WKH FDVH IRU VLQJOHVHUYLFH

WUDpF� ,W VHHPV WKDW DQ LQFUHDVH LQ FDSDFLW\ DW WKH FRPPRQ OLQN GHFUHDVHV

WKH EORFNLQJ SUREDELOLW\ WKH PRVW� 7KLV LV HVSHFLDOO\ WUXH� ZKHQ WKH FDSDFLW\

DOORFDWLRQV DW WKH SUHYLRXV OHYHOV DUH UHDVRQDEOH� ,Q WKH QH[W VHFWLRQ� WKH

RSWLPXP FDSDFLW\ DOORFDWLRQ ZLOO EH VWXGLHG XVLQJ 0RH
V SULQFLSOH�

7DEOH ���� &KDQQHO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH ����

/LQN FDSDFLWLHV
&� &� &� &� &� %F

L �

� � � � � ������
� � � � � ������
� � � � � ������
� � � � � ������
� � � � � ������
� � � � � ������
� � � � � ������
� � � � � ������

��
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7DEOH ���� &KDQQHO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH ����

/LQN FDSDFLWLHV
&� &� &� &� %F

L �

� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
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&KDSWHU �

'LPHQVLRQLQJ D 0XOWLFDVW

1HWZRUN :LWK D )LQLWH 8VHU

3RSXODWLRQ

$ QHWZRUN KDV WR EH DEOH WR FDUU\ WKH FDOO UHTXHVWV WKDW LW UHFHLYHV� 7KLV

UHTXLUHV VXpFLHQW FDSDFLW\� 2Q WKH RWKHU KDQG� KDYLQJ WRR PXFK LGOH FDSDFLW\

LQ D OLQN RU LQ WKH ZKROH QHWZRUN LV LQHpFLHQW� 'LPHQVLRQLQJ WKH QHWZRUN

PHDQV GHFLGLQJ KRZ PXFK FDSDFLW\ LV QHHGHG LQ RUGHU WR PDLQWDLQ D JRRG

TXDOLW\ RI VHUYLFH� %ORFNLQJ SUREDELOLWLHV DUH XVHG DV RQH SULQFLSOH� ,GHDOO\� QR

EORFNLQJ VKRXOG RFFXU� $ PRUH UHDOLVWLF JRDO LV WR DOORZ VRPH EORFNLQJ� H�J� RI

PDJQLWXGH ��b�� 7KH SDUDPHWHUV WKDW DmHFW WKH EORFNLQJ SUREDELOLWLHV� EHVLGHV

WKH WRSRORJ\ RI WKH QHWZRUN� DUH WKH FDSDFLWLHV RI WKH OLQNV DQG WKH RmHUHG WUDpF

LQWHQVLW\� 7KH QHWZRUN LV GLPHQVLRQHG E\ FDOFXODWLQJ WKH UHTXLUHG FDSDFLWLHV

DFFRUGLQJ WR WKH NQRZQ RU IRUHFDVWHG WUDpF LQWHQVLW\ DQG WKH JUHDWHVW DOORZHG

EORFNLQJ SUREDELOLW\�

7KH GLPHQVLRQLQJ RI PXOWLFDVW QHWZRUNV ZLOO EH VWXGLHG LQ VHFWLRQ ��� IRU WKH

VLPSOLnHG FDVH RI D QHWZRUN ZLWK DOO EXW RQH OLQN KDYLQJ LQnQLWH FDSDFLW\ DQG

IRU D QHWZRUN ZLWK PRUH WKDQ RQH OLQN KDYLQJ nQLWH FDSDFLW\ LQ VHFWLRQ ����

��
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3RSXODWLRQ

��� %ORFNLQJ 3UREDELOLWLHV IRU D 6LQJOH /LQN

+DYLQJ )LQLWH &DSDFLW\

%ORFNLQJ SUREDELOLWLHV FDQ EH FDOFXODWHG IRU D VLQJOH nQLWH FDSDFLW\ OLQN ZLWK D

nQLWH XVHU SRSXODWLRQ� 8VLQJ WKH OLQN RFFXSDQF\ GLVWULEXWLRQ RI WKH SUHYLRXV

VHFWLRQ� DQ DSSUR[LPDWH WLPH EORFNLQJ SUREDELOLW\ FDQ EH FDOFXODWHG� 7KLV

LV GRQH LQ VHFWLRQ ������ 7LPH EORFNLQJ SUREDELOLWLHV IRU D nQLWH SRSXODWLRQ

VXEVFULELQJ WR D QHWZRUN ZLWK DOO EXW RQH OLQN LQ WKH QHWZRUN KDYLQJ LQnQLWH

FDSDFLW\ DUH FDOFXODWHG LQ VHFWLRQ ������

����� $Q $SSUR[LPDWLRQ IRU WKH %ORFNLQJ 3UREDELOLW\

LQ D 6LQJOH /LQN

7KH OLQN RFFXSDQF\ GLVWULEXWLRQ GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ FDQ DOVR EH

H[SUHVVHG DV EORFNLQJ SUREDELOLWLHV� +RZHYHU� WKH EORFNLQJ SUREDELOLW\ XVHG LQ

WKLV VHFWLRQ ZLOO EH WKH SURSRUWLRQ RI WLPH WKDW WKH WUDpF RQ WKH OLQN RFFXSLHV

IXOO FDSDFLW\� 7KLV VDWXUDWLRQ SUREDELOLW\ LV QRW WKH WLPH EORFNLQJ SUREDELOLW\�

DV VXEVFULSWLRQV WR FKDQQHOV PD\ VWLOO EH DFFHSWHG WR WKH OLQN� (YHQ LI D OLQN LV

IXOO� VXEVFULSWLRQV DUH DFFHSWHG� DV ORQJ DV WKH FKDQQHO LV WXUQHG RQ� :KHUHDV�

LI WKH FKDQQHO LV LGOH EORFNLQJ RFFXUV� )RU VLQJOHVHUYLFH WUDpF� WKH VDWXUDWLRQ

SUREDELOLW\ RI WKH OLQN JLYHV DQ XSSHU ERXQG IRU WKH WLPH EORFNLQJ SUREDELOLW\�

7KH DSSUR[LPDWLRQ JLYHV DQ LQGLFDWLRQ WR KRZ D OLQN VKRXOG EH GLPHQVLRQHG DQG

LOOXVWUDWHV WKH UHODWLRQVKLS EHWZHHQ OLQN FDSDFLW\ DQG SRSXODWLRQ VL]H� )LJXUHV

��� DQG ��� VKRZ KRZ WKH UHTXLUHG FDSDFLW\ GHSHQGV RQ WKH SRSXODWLRQ VL]H

IRU WZR YDOXHV �%  ���� DQG %  ������ RI WKH WDUJHWHG EORFNLQJ SUREDELOLW\�

,Q nJXUH ���� DOO FKDQQHOV UHTXLUH RQH XQLW RI FDSDFLW\ DQG LQ nJXUH ���� RGG

FKDQQHOV UHTXLUH RQH XQLW RI FDSDFLW\ DQG HYHQ FKDQQHOV UHTXLUH WZR XQLWV RI

FDSDFLW\� 7KH SUHIHUHQFH GLVWULEXWLRQ LV VWLOO WKH JHRPHWULF GLVWULEXWLRQ ZLWK

SDUDPHWHU S  ���� )LJXUHV ��� DQG ��� VKRZ WKDW� DV WKH EORFNLQJ SUREDELOLW\

FRQVWUDLQW GURSV IURP ����� WR ����� WKH QXPEHU RI XVHUV DOORZHG XQWLO IXOO

FDSDFLW\ LV QHHGHG RQ WKH OLQN DOPRVW GRXEOHV�

��
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)LJXUH ���� 5HTXLUHG FDSDFLW\ YV� XVHU SRSXODWLRQ VL]H IRU OLQN RFFXSDQF\ EORFN�

LQJ SUREDELOLW\ %  ���� DQG %  ������ � FKDQQHOV ZLWK 3  ���� DQG RQH

XQLW RI FDSDFLW\ UHTXLUHG�
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)LJXUH ���� 5HTXLUHG FDSDFLW\ YV� XVHU SRSXODWLRQ VL]H IRU OLQN RFFXSDQF\ EORFN�

LQJ SUREDELOLW\ %  ���� DQG %  ������ � FKDQQHOV ZLWK 3  ���� DQG FDSDFLW\

UHTXLUHPHQW RI RQH XQLW IRU RGG DQG WZR XQLWV IRU HYHQ FKDQQHOV�
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����� 7LPH %ORFNLQJ 3UREDELOLW\ LQ D 6LQJOH /LQN

7KH nJXUHV VKRZQ LQ WKH SUHYLRXV VHFWLRQV JLYH D JRRG DSSUR[LPDWLRQ WR WKH

FDSDFLW\ UHTXLUHG RQ D PXOWLFDVW OLQN� 7KH H[DFW WLPH EORFNLQJ SUREDELOLW\ FDQ

EH IRXQG XVLQJ HTXDWLRQ �������

%W
L  

3&
M &bFL��

{M
�[L ��3&

M � {M
�

KHUH {
�[L ��
M LV WKH DJJUHJDWH VWDWH SUREDELOLW\ RI WKH OLQN RFFXSDQF\ LQFOXGLQJ

DOO VWDWHV ZLWK FKDQQHO L Rm�

{
�[L ��
M  

;
\cG M�\M�L �

}�\��

7KH VWDWH SUREDELOLW\ }�\� IRU 1  M8MM XVHUV LV REWDLQHG E\ 25�FRQYROYLQJ
WKH VWDWH SUREDELOLW\ IRU RQH XVHU {X�[X� JLYHQ LQ HTXDWLRQ ����� 1 b � WLPHV
DV H[SODLQHG LQ VHFWLRQ ����

)LJXUH ��� VKRZV WKH FDSDFLW\ QHHGHG IRU D VLQJOH OLQN FDUU\LQJ VLQJOHVHUYLFH

WUDpF LQ RUGHU IRU WKH EORFNLQJ SUREDELOLW\ WR EH EHORZ WKH JLYHQ XSSHU ERXQGV�

,Q nJXUH ��� WKH WUDpF FODVVHV KDYH GLmHUHQW FDSDFLW\ UHTXLUHPHQWV� 7KH SUR�

EDELOLW\ WKDW WKH XVHU SRSXODWLRQ VXEVFULEHV WR WKH FKDQQHO LV 3  ��� IRU DOO

VL]HV RI WKH XVHU SRSXODWLRQ� &RPSDULQJ WKHVH nJXUHV WR WKH RQHV REWDLQHG E\

WKH DSSUR[LPDWH EORFNLQJ SUREDELOLW\� nJXUHV ��� DQG ��� LW FDQ EH GHGXFHG

WKDW WKH DSSUR[LPDWH EORFNLQJ SUREDELOLW\ JLYHV UDWKHU JRRG UHVXOWV IRU VLQJOH�

VHUYLFH WUDpF� )RU VRPH QXPHULFDO YDOXHV WRR PXFK FDSDFLW\ LV DOORFDWHG� DV

WKH DSSUR[LPDWH EORFNLQJ SUREDELOLW\ LV DQ XSSHU ERXQG IRU WKH WLPH EORFNLQJ

SUREDELOLW\� )RU PXOWLVHUYLFH WUDpF� WKH VDWXUDWLRQ SUREDELOLW\ GRHV QRW DOZD\V

JLYH DQ XSSHU ERXQG IRU WKH WLPH EORFNLQJ SUREDELOLW\� DV WKH DFWXDO EORFNLQJ

VWDWHV LQFOXGH VWDWHV ZKHUH WKH FDSDFLWLHV RFFXSLHG RQ WKH OLQN DUH OHVV WKDQ

WKH VDWXUDWLRQ OHYHO�
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EORFNLQJ SUREDELOLW\ %  ���� DQG %  ������ � FKDQQHOV ZLWK 3  ���� DQG

FDSDFLW\ UHTXLUHPHQW RI RQH XQLW IRU RGG DQG WZR XQLWV IRU HYHQ FKDQQHOV�
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)LJXUH ���� 1HWZRUN XVHG WR WHVW 0RH
V FULWHULRQ�

��� 'LPHQVLRQLQJ WKH QHWZRUN XVLQJ

0RH
V SULQFLSOH�

7KH EORFNLQJ SUREDELOLW\ RI WKH QHWZRUN GHSHQGV RQ WKH FDSDFLWLHV DOORFDWHG

WR WKH OLQNV RI WKH QHWZRUN� 7KH GLPHQVLRQLQJ RI D QHWZRUN LV D WUDGHRm

EHWZHHQ WKH FRVW RI DOORFDWLQJ FDSDFLW\ WR WKH OLQNV DQG WKH ORVW UHYHQXH GXH

WR EORFNHG FXVWRPHUV� 7KH FDSDFLW\ VKRXOG WKHUHIRUH EH DOORFDWHG WR WKRVH

OLQNV WKDW DmHFW WKH EORFNLQJ SUREDELOLW\ WKH PRVW LQ UHODWLRQ WR WKH FRVW RI

WKH H[WUD FDSDFLW\� $V ZDV VKRZQ LQ WKH SUHYLRXV VHFWLRQ� LW LV QRW REYLRXV

ZKLFK FDSDFLW\ DOORFDWLRQ LV WKH RSWLPXP� 0RH
V SULQFLSOH FRPSDUHV WKH HmHFW

GLmHUHQW FDSDFLW\ DOORFDWLRQV KDYH RQ WKH EORFNLQJ SUREDELOLW\� DQG LQ DGGLWLRQ

WDNHV LQWR DFFRXQW WKH FRVW RI WKH DOORFDWLRQ� 0RH
V SULQFLSOH FDQ EH XVHG IRU

D V\PPHWULF QHWZRUN� ZKHUH WKH IDQ RXW RI WKH QHWZRUN LV HTXDO DW HDFK OHYHO�

7KH FDSDFLW\ LV DOORFDWHG WR WKH OHYHO WKDW GHFUHDVHV WKH EORFNLQJ SUREDELOLW\

WKH PRVW LQ UHODWLRQ WR WKH FRVW RI WKH FDSDFLW\� 7KH FRVW RI WKH FDSDFLW\

DOORFDWLRQ LV DVVXPHG HTXDO WR WKH WRWDO FDSDFLW\ DOORFDWHG WR HDFK OLQN�

7KH QHWZRUN XVHG DV DQ H[DPSOH KDV IRXU OHYHOV� 7KH FRPPRQ OLQN KDV ���

XVHUV FRQQHFWHG WR LW� 7KH QHWZRUN IDQV RXW LQWR � OLQNV� ZLWK HDFK KDYLQJ

�� XVHUV� 7KHVH OLQNV IDQ RXW WR IRXU OLQNV ZLWK �� XVHUV DQG nQDOO\ HDFK OLQN

ZLWK �� XVHUV IDQV RXW WR IRXU OLQNV ZLWK � XVHUV DV VKRZQ LQ nJXUH ���� 7KH

DOORFDWLRQ RI RQH XQLW RI FDSDFLW\ WR WKH FRPPRQ OLQN RQO\ FRVWV RQH XQLW� ZKLOH

WKH DOORFDWLRQ WR WKH IRXUWK OHYHO FRVWV �� XQLWV� DV WKHUH DUH �� OLQNV RQ WKH

��
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IRXUWK OHYHO RI WKH QHWZRUN� 'HnQH O DV WKH VWDJH RI WKH QHWZRUN VR WKDW WKH

OHDI OLQNV KDYH O  /  � DQG WKH FRPPRQ OLQN KDV O  �� 7KH QXPEHU RI

OLQNV EHORQJLQJ WR VWDJH O LV GHQRWHG E\ 0O� )RU WKH H[DPSOH QHWZRUN VKRZQ

LQ nJXUH ��� 0�  � DQG 0�  ���

7KH LWHUDWLRQ LV DV IROORZV

�� &KRRVH DQ LQLWLDO FDSDFLW\ DOORFDWLRQ &��

�� &DOFXODWH +O  
%�&��b%�&��HO�

0O
� ZKHUH % LV WKH FKDQQHO EORFNLQJ SUREDEL�

OLW\ DQG 0O LV WKH QXPEHU RI OLQNV DW VWDJH O�

�� $OORFDWH WKH FDSDFLW\ WR DOO WKH OLQNV M EHORQJLQJ WR VWDJH O� ZLWK WKH

PD[LPXP +O�

�� 8SGDWH WKH FDSDFLW\ DOORFDWLRQ RI WKH QHWZRUN &�  &� � HO�

�� 5HSHDW ���� XQWLO WKH HQG�WR�HQG EORFNLQJ SUREDELOLW\ LV OHVV WKDQ WKH

WDUJHW OHYHO �H�J� % � ������

7KH QHWZRUN LV GLPHQVLRQHG XVLQJ WKH H[DFW HQG�WR�HQG FKDQQHO EORFNLQJ SUR�

EDELOLW\ IRU WKH OHDVW XVHG FKDQQHO �L  ��� 8VXDOO\ WKH HQG�WR�HQG EORFNLQJ

SUREDELOLW\ XVHG LQ 0RH
V SULQFLSOH LV WKH VXP RI WKH EORFNLQJ SUREDELOLWLHV LQ

LQGLYLGXDO OLQNV� 7KLV LV DSSUR[LPDWHO\ WUXH ZKHQ WKH EORFNLQJ SUREDELOLWLHV

DUH VPDOO�

7KH LQLWLDO JXHVV FDQ EH GHGXFHG XVLQJ WKH VDWXUDWLRQ SUREDELOLWLHV RU WKH

EORFNLQJ SUREDELOLWLHV FDOFXODWHG LQ WKH SUHYLRXV VHFWLRQ� 7KH QXPEHU RI XVHUV

LQ WKH H[DPSOH QHWZRUN LV >� �� �� ���@� 7KH FDSDFLW\ QHHGHG WR HQVXUH D

EORFNLQJ SUREDELOLW\ OHVV WKDQ ���� LQ HDFK OLQN FDQ EH XVHG DV DQ LQLWLDO JXHVV�

)LJXUH ��� LQ VHFWLRQ ��� VKRZV WKDW D VXLWDEOH LQLWLDO JXHVV ZRXOG EH >� � �

�@� ,Q RUGHU WR VWXG\ WKH HmHFW RI WKH LQLWLDO FDSDFLW\ DOORFDWLRQ JXHVV WR WKH

VROXWLRQ� 0RH
V SULQFLSOH LV XVHG IRU GLmHUHQW LQLWLDO JXHVVHV >� � � �@� >� � � � @�

>� � � �@� DQG >� � � �@� 7KH\ DUH LQ WDEOHV ��� WKURXJK ���� 7KH LPSRUWDQFH RI

WKH LQLWLDO JXHVV FDQ EH VHHQ IURP WKH UHVXOWV�

)RU WKH LQLWLDO JXHVVHV >� � � �@� >� � � � @� DQG >� � � �@� WKH RSWLPDO FDSDFLW\

DOORFDWLRQ LV WKH VDPH >� � � �@ IRU EORFNLQJ SUREDELOLW\ EHORZ ���� RU >� � � �@ IRU

D EORFNLQJ SUREDELOLW\ EHORZ ������ WKRXJK WKH VWHSV WR UHDFK WKH RSWLPXP YDU\�

7KH LQLWLDO JXHVV >� � � �@ LV WRR ODUJH� DQG WKH RSWLPXP FDSDFLW\ DOORFDWLRQ

>� � � �@ XVHV WRR PXFK FDSDFLW\� )URP WKLV H[DPSOH� LW FDQ EH GHGXFHG WKDW

��



&+$37(5 �� 'LPHQVLRQLQJ D 0XOWLFDVW 1HWZRUN :LWK D )LQLWH 8VHU
3RSXODWLRQ

D QHWZRUN ZLWK ��� XVHUV WKDW DUH VXEVFULEHG WR WKH QHWZRUN RQH WHQWK RI WKH

WLPH� QHHGV IXOO FDSDFLW\ RQ WKH FRPPRQ OLQN DV ZHOO DV RQ WKH SUHFHGLQJ OHYHO�

ZLWK �� XVHUV�

7DEOH ���� 7KH LWHUDWLRQ VWHSV IRU WKH QHWZRUN LQ nJXUH ���� ZLWK WKH LQLWLDO

JXHVV >� � � �@�

/LQN FDSDFLWLHV
&� &� &� &� %F

L �

� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������

7DEOH ���� 7KH LWHUDWLRQ VWHSV IRU WKH QHWZRUN LQ nJXUH ���� ZLWK WKH LQLWLDO

JXHVV >� � � �@�

/LQN FDSDFLWLHV
&� &� &� &� %F

L �

� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������

��
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7DEOH ���� 7KH LWHUDWLRQ VWHSV IRU WKH QHWZRUN LQ nJXUH ���� ZLWK WKH LQLWLDO

JXHVV >� � � �@�

/LQN FDSDFLWLHV
&� &� &� &� %F

L �

� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������
� � � � ������

7DEOH ���� 7KH LWHUDWLRQ VWHSV IRU WKH QHWZRUN LQ nJXUH ���� ZLWK WKH LQLWLDO

JXHVV >� � � �@�

/LQN FDSDFLWLHV
&� &� &� &� %F

L �

� � � � ������
� � � � ������
� � � � ������
� � � � ������

��



&KDSWHU �

(QG�WR�HQG %ORFNLQJ

3UREDELOLWLHV LQ D 1HWZRUN

ZLWK %DFNJURXQG 7UDpF

7KH QHWZRUNV FRQVLGHUHG XQWLO QRZ ZHUH DVVXPHG WR WUDQVIHU RQO\ PXOWLFDVW

WUDpF� 7KH PRGHO FDQ� KRZHYHU� EH H[WHQGHG WR FRYHU QHWZRUNV ZLWK PL[HG

WUDpF� ,Q WKLV FDVH� WKH QHWZRUN WUDQVIHUV� LQ DGGLWLRQ WR PXOWLFDVW WUDpF� QRQ�

PXOWLFDVW WUDpF WKDW LV DVVXPHG LQGHSHQGHQW RQ HDFK OLQN� 7KH GLVWULEXWLRQ

GRHV QRW GHSHQG RQ WKH PXOWLFDVW WUDpF LQ WKH OLQN RU RQ WKH WUDpF LQ WKH RWKHU

OLQNV� 7KH QRQ�PXOWLFDVW WUDpF LQ OLQN M LV DVVXPHG WR EH 3RLVVRQ ZLWK D WUDpF

LQWHQVLW\ $M� 7KH FDSDFLW\ UHTXLUHPHQW LV HTXDO WR RQH XQLW RI FDSDFLW\� 7KH

OLQN RFFXSDQF\ GLVWULEXWLRQ RI WKH QRQ�PXOWLFDVW WUDpF LQ D OLQN ZLWK LQnQLWH

FDSDFLW\ LV WKXV

TM�]�  
�$M�

]

]�
Hb$M � �����

��� 7KH 5HnQHG $OJRULWKP

7KH LQFOXVLRQ RI QRQ�PXOWLFDVW WUDpF DmHFWV RQO\ WKH WUXQFDWLRQ VWHS RI WKH

DOJRULWKP SUHVHQWHG LQ VHFWLRQ ���� 7KH VWDWH SUREDELOLWLHV DUH GHnQHG DV LQ

VHFWLRQ ���� 7KH VWDWH SUREDELOLWLHV RI WKH OLQN VWDWHV WKDW UHTXLUH PRUH FDSDFLW\

WKDQ DYDLODEOH RQ WKH OLQN DUH VHW WR ]HUR DV EHIRUH� +RZHYHU� WKH VWDWH SURED�

ELOLWLHV RI WKH VWDWHV WKDW VDWLVI\ WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN DUH DOWHUHG�

DV WKH DYDLODEOH FDSDFLW\ RQ WKH OLQN GHSHQGV RQ WKH DPRXQW RI QRQ�PXOWLFDVW

��
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ZLWK %DFNJURXQG 7UDpF

WUDpF RQ WKH OLQN� $QRWKHU ZD\ RI GHVFULELQJ WKH UHODWLRQVKLS EHWZHHQ WKH

WZR GLmHUHQW W\SHV RI WUDpF� LV WR FRQVLGHU WKHP DV WZR WUDpF FODVVHV LQ D WZR

GLPHQVLRQDO LQnQLWH OLQN RFFXSDQF\ VWDWH VSDFH DV LV VKRZQ LQ nJXUH ���� 7KH

WUDpF FODVVHV DUH LQGHSHQGHQW RI HDFK RWKHU� 7KH FDSDFLW\ RI WKH OLQN LV D OLQ�

HDU FRQVWUDLQW RI WKLV VWDWH VSDFH� 1RWLFH WKDW WKH PDUJLQDO GLVWULEXWLRQ RI WKH

FDSDFLW\ RFFXSDQF\ RI WKH PXOWLFDVW WUDpF LV ZHLJKWHG E\ WKH VXPV RYHU WKH

FROXPQV RI WKH RFFXSDQF\ SUREDELOLWLHV RI WKH EDFNJURXQG WUDpF� ,I WKH PXO�

WLFDVW WUDpF RFFXSLHV F  G c \M XQLWV RI FDSDFLW\� DQG WKH OLQN FDSDFLW\ LV &M�

WKHQ SRVVLEOH QRQ�PXOWLFDVW WUDpF VWDWHV RQ WKH OLQN DUH WKRVH ZLWK ] � &MbF�

ZKHUH ] LV WKH QXPEHU RI QRQ�PXOWLFDVW FDOOV�
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]

&  �

F  � F  � F  � F  � F  �

)LJXUH ���� 6KDSLQJ RI WKH PDUJLQDO GLVWULEXWLRQ RI WKH FDSDFLW\ RFFXSDQF\

ZKHQ EDFNJURXQG WUDpF LV LQFOXGHG LQ WKH PRGHO�

7KHUHIRUH� WKH WUXQFDWLRQ RSHUDWRUV SUHVHQWHG LQ HTXDWLRQV ����� DQG ����� PXVW

EH UHSODFHG E\ WKH RSHUDWRUV

A7MI�\�  

�!!�
!!�

&MbGc\;
] �

TM�]�I�\� � LI \ � a6M
� � RWKHUZLVH

A7 X�L
M I�\�  

�!!!�
!!!�

&MbGc�\j�HL�M�5X��;
] �

TM�]�I�\� � LI \ � a6X�L
M

� � RWKHUZLVH�

��
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ZLWK %DFNJURXQG 7UDpF

7KH DOJRULWKP GLmHUV WKHUHIRUH RQO\ E\ WKH WUXQFDWLRQ RSHUDWRU XVHG�

A4M�\�  

�!!�
!!�
A7M{M�\� � LI M � 8
A7M>

2
N�1M

A4N@�\� � RWKHUZLVH�

6LPLODUO\�

A4X�L
M �\�  

�!!�
!!�
A7 X�L
M {M�\� � LI M � 8
A7 X�L
M >

2
N�1M

A4X�L
N @�\� � RWKHUZLVH�

7KH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ����� LV DJDLQ REWDLQHG E\ WZR VHULHV RI

FRQYROXWLRQV DQG WUXQFDWLRQV IURP WKH OHDI OLQNV WR WKH FRPPRQ OLQN - � 7KH

HQG�WR�HQG WLPH EORFNLQJ SUREDELOLW\ RI WKH QHWZRUN LV

AEFX�L  �b
3
\�6

A4X�L
- �\�3

\�6
A4-�\�

�

��� 1XPHULFDO 5HVXOWV IRU (QG�WR�(QG

&DOO %ORFNLQJ 3UREDELOLWLHV IRU DQ

,QnQLWH 8VHU 3RSXODWLRQ

7KH OHDI OLQN SUREDELOLW\

{X�[X�  
<
L�,

�SX�L�
[X�L��b SX�L�

�b[X�L�

DQG WKH DOJRULWKP SUHVHQWHG LQ WKH SUHYLRXV VHFWLRQ JLYH WKH HQG�WR�HQG FDOO

EORFNLQJ SUREDELOLW\ IRU D QHWZRUN ZLWK LQnQLWH XVHU SRSXODWLRQ DQG EDFN�

JURXQG WUDpF� 7KH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\ ZDV FDOFXODWHG XVLQJ

WKH VDPH QHWZRUN DV LQ VHFWLRQ ���� nJXUH ���� 7KH LQWHQVLW\ RI WKH QRQ�

PXOWLFDVW WUDpF ZDV VHW WR $M  ��� IRU DOO OLQNV� 7DEOH ��� VKRZV WKH HQG�WR�

HQG FDOO EORFNLQJ SUREDELOLW\ IRU D QHWZRUN ZLWK RQO\ PXOWLFDVW WUDpF DQG IRU D

QHWZRUN WUDQVIHUULQJ PXOWLFDVW DQG QRQ�PXOWLFDVW WUDpF� 7DEOH ��� VKRZV WKH

HQG�WR�HQG FDOO EORFNLQJ SUREDELOLWLHV ZKHQ WKH PXOWLFDVW WUDpF UHTXLUHV WZLFH

WKH FDSDFLW\ RI WKH QRQ�PXOWLFDVW WUDpF�

7KH LQWHQVLW\ RI QRQ�PXOWLFDVW WUDpF VWD\V WKH VDPH� DV WKH LQWHQVLW\ RI WKH

PXOWLFDVW WUDpF LQFUHDVHV� &OHDUO\� WKH EORFNLQJ SUREDELOLWLHV DUH DmHFWHG OHVV�

DV WKH LQWHQVLW\ RI WKH PXOWLFDVW WUDpF LQFUHDVHV� 7KLV FDQ DOVR EH VHHQ E\

VWXG\LQJ WKH UHODWLYH FKDQJH LQ EORFNLQJ SUREDELOLWLHV VKRZQ LQ WDEOHV ��� DQG

��
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���� 7KH HmHFW RI WKH QRQ�PXOWLFDVW WUDpF WR WKH EORFNLQJ SUREDELOLW\ LV RI WKH

VDPH PDJQLWXGH RQ ERWK URXWHV� )URP WDEOH ��� ZH VHH WKDW DQ LQFOXVLRQ RI

XQLFDVW WUDpF ZLWK RQH WHQWK WKH LQWHQVLW\ D  ��� RI WKH PXOWLFDVW WUDpF DO�

PRVW GRXEOHV WKH EORFNLQJ SUREDELOLW\� )URP WDEOH ��� WKH EORFNLQJ SUREDELOLW\

LQFUHDVHV E\ D IDFWRU RI ���� ZKHQ WKH WUDpF LQWHQVLW\ D LV LQFUHDVHG IURP ��� WR

���� 7KHVH WZR FDVHV DUH QRW HTXLYDOHQW DV WKH EDFNJURXQG WUDpF LV DVVXPHG

LQGHSHQGHQW RI WKH PXOWLFDVW WUDpF� EXW JLYH D JRRG UHIHUHQFH WR WKH HmHFW

WKDW WKH EDFNJURXQG WUDpF KDV RQ HQG�WR�HQG EORFNLQJ SUREDELOLWLHV�

7DEOH ���� %ORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH ��� ZLWK EDFNJURXQG

WUDpF DQG PXOWLFDVW WUDpF�

5RXWH� �X  �� 5RXWH� �X  ��

D 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH

��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����

7DEOH ���� %ORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH ��� ZLWK EDFNJURXQG

WUDpF UHTXLULQJ RQH XQLW DQG PXOWLFDVW WUDpF UHTXLULQJ WZR XQLWV RI FDSDFLW\�

5RXWH� �X  �� 5RXWH� �X  ��

D 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH 0XOWLFDVW %DFNJURXQG 5HO� FKDQJH

��� ������ ���� ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����
��� ������ ������ ���� ������ ������ ����

��� 1XPHULFDO 5HVXOWV IRU (QG�WR�(QG

&KDQQHO %ORFNLQJ 3UREDELOLWLHV IRU D

)LQLWH 8VHU 3RSXODWLRQ

7KH LGHD LV WKH VDPH DV LQ WKH SUHFHGLQJ FKDSWHU� DV RQO\ WKH WUXQFDWLRQ LV DI�

IHFWHG ZKHQ QRQ�PXOWLFDVW WUDpF LV LQFOXGHG LQWR WKH PXOWLFDVW QHWZRUN PRGHO�

8VLQJ WKH OHDI OLQN GLVWULEXWLRQ

{X�[X�  

�
� � LI [X  ��
� � RWKHUZLVH

��
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IRU XVHU X� DQG IRU DOO RWKHU XVHUV Xe � 8 WKH OHDI OLQN GLVWULEXWLRQ

{Xe�[Xe�  

�!!!�
!!!�

3Xe AmL � LI [Xe  HL� L � ,�

�b 3Xe � LI [Xe  ��

� � RWKHUZLVH

WR WKH DOJRULWKP SUHVHQWHG LQ VHFWLRQ ��� JLYHV WKH HQG�WR�HQG FKDQQHO EORFNLQJ

SUREDELOLW\ IRU D QHWZRUN ZLWK D nQLWH XVHU SRSXODWLRQ�

+RZHYHU� WKH FKRLFH RI WKH LQWHQVLW\ $M LV QRW QHFHVVDULO\ DV VWUDLJKWIRUZDUG�

:KHQ HDFK OHDI OLQN KDV DQ LQnQLWH XVHU SRSXODWLRQ� LW LV UHDVRQDEOH WR DVVXPH

WKDW WKH LQWHQVLW\ RI QRQ�PXOWLFDVW WUDpF LV HTXDO LQ DOO OLQNV LQ WKH QHWZRUN�

)RU D nQLWH XVHU SRSXODWLRQ� WKH QXPEHU RI XVHUV FRQQHFWHG WR D OLQN GHSHQGV

RQ WKH VWDJH RI WKH QHWZRUN WKDW WKH OLQN LV ORFDWHG DW� 2QH FRXOG DVVXPH WKDW

D OLQN ZLWK D XVHU SRSXODWLRQ RI IRXU KDV OHVV QRQ�PXOWLFDVW WUDpF WKDQ D OLQN

ZLWK ��� XVHUV� )XUWKHUPRUH� WKH DVVXPSWLRQ WKDW WKH QRQ�PXOWLFDVW WUDpF LV

IURP D 3RLVVRQ SURFHVV LPSOLHV WKDW WKH XVHU SRSXODWLRQ RI WKH QRQ�PXOWLFDVW

WUDpF LV LQnQLWH� 7KLV DVVXPSWLRQ DSSOLHV WR ODUJH QHWZRUNV ZLWK IHZ PXOWLFDVW

XVHUV�

7KH H[DPSOH QHWZRUN LV WKH VDPH DV LQ VHFWLRQ ���� 7KH PXOWLFDVW WUDpF LV

RmHUHG E\ D nQLWH XVHU JURXS� ZKLOH WKH EDFNJURXQG WUDpF LV RmHUHG E\ DQ

LQnQLWH XVHU JURXS DQG LQGHSHQGHQWO\ WR HDFK OLQN� 7KH nUVW QHWZRUN KDV

WKH VDPH QRQ�PXOWLFDVW WUDpF LQWHQVLW\ IRU DOO OLQNV� ZKLOH WKH VHFRQG KDV

D EDFNJURXQG WUDpF LQWHQVLW\ GHSHQGLQJ RQ WKH QXPEHU RI PXOWLFDVW XVHUV

VXEVFULEHG WR WKH OLQN� 1HLWKHU QHWZRUN KDV QRQ�PXOWLFDVW WUDpF LQ WKH OHDI

OLQNV WKDW KDYH RQH XVHU� 7KH UHVXOWV GHSLFWHG LQ WDEOH ��� VKRZ WKDW WKH

HmHFW RI KDYLQJ WKH VDPH DPRXQW RI QRQ�PXOWLFDVW WUDpF LQ DOO WKH OLQNV GRHV

QRW GLmHU PXFK IURP WKH FDVH RI KDYLQJ QRQ�PXOWLFDVW WUDpF SURSRUWLRQDO WR

WKH QXPEHU RI XVHUV LQ WKH OLQN� 2QO\ ZKHQ WKH EORFNLQJ SUREDELOLWLHV DUH

VPDOO� LV WKH HmHFW RI LQFOXGLQJ EDFNJURXQG WUDpF ODUJH� )RU VPDOO EORFNLQJ

SUREDELOLWLHV� WKH GLmHUHQFH LQ WKH WZR PL[HG WUDpF PRGHOV LV DOVR QRWDEOH�

��
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7DEOH ���� (QG�WR�HQG FKDQQHO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH

��� ZLWK PL[HG WUDpF DQG PXOWLFDVW WUDpF�

/LQN FDSDFLWLHV 0XOWLFDVW %DFNJURXQG $M  ��� %DFNJURXQG $M  ��� 1

&� &� &� &� %F
L � %F

L � 5HO� FKDQJH %F
L � 5HO� FKDQJH

� � � � ������ ������ ������ ������ ������
� � � � ������ ������ ������ ������ ������
� � � � ������ ������ ������ ������ ������
� � � � ������ ������ ������� ������ �������
� � � � ������ ������ ������� ������ �������
� � � � ������ ������ ������ ������ ������
� � � � ������ ������ ������ ������ ������
� � � � ������ ������ ������� ������ �������
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&RQFOXVLRQV

7KH WKHVLV KDV H[SORUHG QHZ PHWKRGV IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ

PXOWLFDVW QHWZRUNV� 7KH VWXG\ RULJLQDWHV IURP WKH ZRUN E\ .DUYR HW DO� >��@

DQG >��@� 7KH PDLQ UHVXOW RI WKH WKHVLV LV D QHZ H[DFW DOJRULWKP IRU FDOFXODWLQJ

HQG�WR�HQG EORFNLQJ SUREDELOLWLHV LQ WUHH�VWUXFWXUHG PXOWLFDVW QHWZRUNV�

%DVHG RQ WKH LQnQLWH XVHU SRSXODWLRQ PRGHO JLYHQ E\ .DUYR HW DO�� DQG WKH

ZHOO�NQRZQ DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXO�

WLVHUYLFH DFFHVV QHWZRUNV� D QHZ H[DFW DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUR�

EDELOLWLHV LQ WUHH�VWUXFWXUHG PXOWLFDVW QHWZRUNV ZDV SUHVHQWHG� $ QHZ XVHU

PRGHO ZDV WKHQ SUHVHQWHG DQG GHnQHG VR WKDW D nQLWH XVHU SRSXODWLRQ PRGHO

RI DUELWUDU\ VL]H 1 FRXOG EH FRQVWUXFWHG� )XUWKHUPRUH� WKH QHZ nQLWH XVHU

SRSXODWLRQ PRGHO ZDV GHnQHG LQ VXFK D ZD\ WKDW DV WKH SRSXODWLRQ VL]H JURZV�

WKH PRGHO FDQ EH UHSODFHG E\ WKH LQnQLWH XVHU SRSXODWLRQ PRGHO�

7KH GLmHUHQW UHVRXUFH XVDJH RI PXOWLFDVW WUDpF FDOOHG IRU D QHZ FRQYROXWLRQ

WHFKQLTXH� WKH 25�FRQYROXWLRQ� &DOFXODWLQJ WKH H[DFW VROXWLRQ IRU WKH HQG�WR�

HQG EORFNLQJ SUREDELOLW\� KRZHYHU� EHFRPHV LQIHDVLEOH DV WKH QXPEHU RI FKDQ�

QHOV LQFUHDVHV� ,Q FRQWUDVW WR RUGLQDU\ DFFHVV QHWZRUNV� WKH RQH GLPHQVLRQDO

DJJUHJDWH OLQN RFFXSDQF\ GHVFULSWLRQ LV QRW VXpFLHQW� VLQFH LQ D PXOWLFDVW QHW�

ZRUN LW LV HVVHQWLDO WR GR DOO FDOFXODWLRQV LQ WKH OLQN VWDWH VSDFH� ZLWK �, VWDWHV�

7KLV LV GXH WR WKH UHVRXUFH VKDULQJ SURSHUW\ RI PXOWLFDVW WUDpF� QDPHO\� WKH

FDSDFLW\ LQ XVH RQ D OLQN LQFUHDVHV RQO\ LI D FKDQQHO WKDW LV QRW DOUHDG\ EHLQJ

FDUULHG RQ WKH OLQN LV UHTXHVWHG�

,Q DGGLWLRQ WR H[WHQGLQJ WKH VLQJOH OLQN DSSURDFK E\ .DUYR HW DO� WR LQFOXGH

WKH ZKROH PXOWLFDVW QHWZRUN� WKH VWXG\ VKRZHG WKDW WKH QHZ DOJRULWKP GRHV

��
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QRW UHTXLUH WKDW WKH QHWZRUN OHDI OLQNV KDYH DQ LQnQLWH XVHU SRSXODWLRQ� 7KH

SURSRVHG nQLWH SRSXODWLRQ PRGHO DVVXPHV WKDW D VLQJOH XVHU FKDQJHV VWDWHV� L�H�

FKDQQHOV� WKURXJK DQ LGOH VWDWH� ,W LV GHnQHG LQ WKLV PDQQHU� LQ RUGHU WR SUH�

VHUYH WKH GHWDLOHG EDODQFH DQG WUXQFDWLRQ SULQFLSOH� 7KXV WKH DOJRULWKP� ZKHUH

OLQN RFFXSDQF\ GLVWULEXWLRQV DUH DOWHUQDWHO\ FRQYROYHG DQG WUXQFDWHG� ZDV DS�

SOLHG WR QHWZRUNV ZLWK nQLWH XVHU SRSXODWLRQV� (QG�WR�HQG FKDQQHO EORFNLQJ

SUREDELOLWLHV ZHUH FDOFXODWHG IRU nQLWH XVHU SRSXODWLRQV XVLQJ WKH DOJRULWKP�

DQG WKH GLPHQVLRQLQJ RI WKH QHWZRUN ZDV VWXGLHG XVLQJ 0RH
V SULQFLSOH�

0RVW QHWZRUNV GR QRW FDUU\ VROHO\ PXOWLFDVW WUDpF� 7KH WKHVLV DOVR JHQHUDOL]HG

WKH DOJRULWKP WR LQFOXGH EDFNJURXQG WUDpF� H�J� XQLFDVW WUDpF� %ORFNLQJ SUR�

EDELOLWLHV IRU ERWK� WKH LQnQLWH DQG nQLWH XVHU SRSXODWLRQ PRGHOV ZHUH VWXGLHG

LQ QHWZRUNV ZLWK EDFNJURXQG WUDpF�

7KH XVH RI RQH DSSUR[LPDWLRQ PHWKRG� WKH 5HGXFHG /RDG $SSUR[LPDWLRQ

�5/$�� ZDV VWXGLHG� DV WKH FRPSOH[LW\ RI WKH 5/$�DOJRULWKP GRHV QRW GH�

SHQG FULWLFDOO\ RQ WKH QXPEHU RI FKDQQHOV WUDQVPLWWHG LQ WKH QHWZRUN� 7KH

UHVXOWV VKRZHG WKDW WKH 5/$ JLYHV EORFNLQJ SUREDELOLWLHV RI WKH VDPH PDJQL�

WXGH DV WKH H[DFW UHVXOW� EXW HYHQ LQ D VPDOO QHWZRUN� ZLWK WKUHH VWDJHV� WKH

HUURU LV DURXQG ����

$V D UXOH� 5/$ JLYHV ODUJHU EORFNLQJ SUREDELOLWLHV WKDQ WKH H[DFW DOJRULWKP� ,W

LV WKHUHIRUH FOHDU WKDW QHZ DSSUR[LPDWLRQ PHWKRGV QHHG WR EH GHYHORSHG� ,Q DG�

GLWLRQ� HpFLHQW FRPSXWDWLRQDO PHWKRGV IRU WKH FDOFXODWLRQ RI 25�FRQYROXWLRQV

DUH DOVR QHHGHG LQ RUGHU WR DSSO\ WKH H[DFW PRGHO SUHVHQWHG LQ WKLV VWXG\ WR

SRLQW�WR�PXOWLSRLQW PXOWLFDVW QHWZRUNV RmHULQJ D YDVW VHOHFWLRQ RI SURJUDPV�

7KH ZRUN SUHVHQWHG LQ WKH WKHVLV OD\V WKH IRXQGDWLRQ IRU WKH VWXG\ RI PXO�

WLFDVW QHWZRUNV� 1HZ H[DFW PHWKRGV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV DQG

GLPHQVLRQ QHWZRUNV DUH SUHVHQWHG� GHULYHG� DQG DQDO\]HG� +RZHYHU� WKH VWXG\

LV PRUH RI D WKHRUHWLFDO NLQG� DQG IXUWKHU UHVHDUFK PXVW EH GRQH LQ GHYHORS�

LQJ WKH WKHRU\ IRU LPSOHPHQWDWLRQ LQ WKH GHVLJQ RI ODUJH QHWZRUNV� LQFOXGLQJ

QHWZRUNV ZLWK PRUH WKDQ RQH VRXUFH�

��
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>�@ $OPHURWK .�&� DQG $PPDU 0�+�� 0XOWLFDVW *URXS %HKDYLRU LQ WKH ,Q�

WHUQHW
V 0XOWLFDVW %DFNERQH �0%RQH�� ,((( &RPPXQLFDWLRQV 0DJD]LQH

������ -XQH ����� SS� ��� �����

>�@ $UPLWDJH *�� 6XSSRUW IRU 0XOWLFDVW RYHU 81, ������� %DVHG $70 QHW�

ZRUNV� ,QWHUQHW 5)& ����� 1RY� �����

>�@ %DJZHOO 5�7�� 0F'HDUPDQ -�5�� 0DUORZ '�7�� $ &RPSDULVRQ RI 1DWLYH

$70�0XOWLFDVW WR ,3�PXOWLFDVW ZLWK (PSKDVLV RQ 0DSSLQJ %HWZHHQ WKH

7ZR� 3URFHHGLQJV RI WKH 7ZHQW\�6HYHQWK 6RXWKHDVWHUQ 6\PSRVLXP RQ

6\VWHP 7KHRU\� ����� SS� ��� �����

>�@ &KDQ :�&�� *HUDQLRWLV (�� /LPLWLQJ WKH $FFHVV %DQGZLGWK RI D 9LGHR

6RXUFH� 0RGHO DQG 3HUIRUPDQFH $QDO\VLV� )RXUWK ,QWHUQDWLRQDO &RQIHU�

HQFH RQ &RPSXWHU &RPPXQLFDWLRQV DQG 1HWZRUNV� 3URFHHGLQJV� ����� SS�

��� �����

>�@ &KDQ :�&�� *HUDQLRWLV (�� 7UDGHRm %HWZHHQ %ORFNLQJ DQG 'URSSLQJ LQ

0XOWLFDVWLQJ 1HWZRUNV� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ &RPPXQLFD�

WLRQV� &RQIHUHQFH 5HFRUG� &RQYHUJLQJ 7HFKQRORJLHV IRU 7RPRUURZ
V $S�

SOLFDWLRQV SS� ���� � ����� �����

>�@ 'LRW &� � 'DEERXV :�� &URZFURIW -�� 0XOWLSRLQW &RPPXQLFDWLRQ� $ 6XU�

YH\ RI 3URWRFROV� IXQFWLRQV� DQG 0HFKDQLVPV� ,((( -RXUQDO RQ 6HOHFWHG

$UHDV LQ &RPPXQLFDWLRQV ������ ����� SS� ��������

>�@ )UHHPDQ 5� /�� ?7HOHFRPPXQLFDWLRQV 6\VWHP (QJLQHHULQJ�� �� HG�� -RKQ

:LOH\ 	 6RQV� �����

>�@ *XDUHQH (�� )DVDQR 3�� 9HUFHOORQH 9�� ,3 DQG $70 ,QWHJUDWLRQ 3HUVSHF�

WLYHV� ,((( &RPPXQLFDWLRQV 0DJD]LQH �� ���� SS� �� ���� -DQ� �����
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>�@ +XL -�� ?6ZLWFKLQJ DQG WUDpF WKHRU\ IRU LQWHJUDWHG EURDGEDQG QHWZRUNV��

.OXZHU $FDGHPLF 3XEOLVKHUV� %RVWRQ� �����

>��@ .DUYR -�� 9LUWDPR -�� $DOWR 6�� 0DUWLNDLQHQ 2�� %ORFNLQJ RI G\QDPLF PXO�

WLFDVW FRQQHFWLRQV LQ D VLQJOH OLQN� 3URF� RI %URDGEDQG &RPPXQLFDWLRQV


��� HG� 3� .�XKQ� 5� 8OULFK� ,),3� �����

>��@ .DUYR -�� 9LUWDPR -�� $DOWR 6�� 0DUWLNDLQHQ 2�� %ORFNLQJ RI '\QDPLF

0XOWLFDVW &RQQHFWLRQV� ,Q �WK ,1)2506 7HOHFRPPXQLFDWLRQV &RQIHU�

HQFH� %RFD 5DWRQ� )ORULGD� 0DUFK ����� �7R DSSHDU LQ 7HOHFRPPXQLFD�

WLRQV 6\VWHPV�

>��@ .HOO\ )�3�� ?5HYHUVLELOLW\ DQG 6WRFKDVWLF 1HWZRUNV�� -RKQ :LOH\ 	 6RQV�

�����

>��@ .LP &�.�� %ORFNLQJ 3UREDELOLW\ RI +HWHURJHQHRXV 7UDpF LQ D 0XOWLUDWH

0XOWLFDVW 6ZLWFK� ,((( -RXUQDO RQ 6HOHFWHG $UHDV LQ &RPPXQLFDWLRQV

������ ����� SS� ��������

>��@ /LVWDQWL 0�� 9HOWUL /�� %ORFNLQJ 3UREDELOLW\ RI 7KUHH�6WDJH 0XOWLFDVW

6ZLWFKHV� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ &RPPXQLFDWLRQV� &RQIHUHQFH

5HFRUG� ����� SS� ��� �����

>��@ 5RVV .� :�� ?0XOWLVHUYLFH /RVV 0RGHOV IRU %URDGEDQG 7HOHFRPPXQLFDWLRQ

1HWZRUNV�� 6SULQJHU�9HUODJ� /RQGRQ� �����

>��@ 6HPHULD &�� 0DXIHU 7�� ,QWURGXFWLRQ WR ,3�PXOWLFDVW 5RXWLQJ�

KWWS���ZZZ��FRP�FRP�QVF��������KWPO�

>��@ 6KDFKDP 1�� <RNRWD +�� $GPLVVLRQ &RQWURO $OJRULWKPV IRU 0XOWLFDVW 6HV�

VLRQV ZLWK 0XOWLSOH 6WUHDPV ,((( -RXUQDO RQ 6HOHFWHG $UHDV LQ &RPPX�

QLFDWLRQV ������ ����� SS� ��������

>��@ 6WDOOLQJV :�� ?'DWD DQG &RPSXWHU &RPPXQLFDWLRQV�� 0DFPLOODQ 3XE�

OLVKLQJ &RPSDQ\� �����

>��@ 6WDVLDN 0� DQG =ZLHU]\NRZVNL 3�� $QDO\WLFDO 0RGHO RI $70 1RGH ZLWK

0XOWLFDVW 6ZLWFKLQJ� 0HGLWHUUDQHDQ (OHFWURWHFKQLFDO &RQIHUHQFH� �����

SS� ��� �����

>��@ 9RLSLR .�� 8XVLWXSD 6�� ?7LHWROLLNHQQHDDSLQHQ�� 2WDWLHWR� �����
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>��@ <DQJ <�� $ &ODVV RI ,QWHUFRQQHFWLRQ 1HWZRUNV IRU 0XOWLFDVWLQJ� 7KH ��WK

,QWHUQDWLRQDO 3DUDOOHO 3URFHVVLQJ 6\PSRVLXP� 3URFHHGLQJV RI ,336 
���

����� SS� ��� �����

>��@ <DQJ <�� 2Q %ORFNLQJ 3UREDELOLW\ RI 0XOWLFDVW 1HWZRUNV� ,((( 7UDQVDF�

WLRQV RQ &RPPXQLFDWLRQV �� ���� SS� ��� ����� -XO\ �����

>��@ $70 8VHU�1HWZRUN ,QWHUIDFHV 6SHFLnFDWLRQ 9���� 3UHQWLFH�+DOO� ,QF������

>��@ ,QWHUQHW 3URWRFRO 5)& ���� ''1 1HWZRUN ,QIRUPDWLRQ FHQWHU� 65, ,QWHU�

QDWLRQDO� 0HQOR 3DUN� &$� 6HSWHPEHU �����
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